
To Infinity. . . and Beyond!1

Caterina Urban and Antoine Miné
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Urban&Miné - An Abstract Domain to Infer Ordinal-Valued Ranking Functions (ESOP 2014)
15 / 31



Introduction
Termination Semantics

Piecewise-Defined Ranking Functions
Conclusion

Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions
Implementation

Ordinals

finite ordinals

transfinite ordinals

successor ordinals
succ(α) , α ∪ {α}

limit ordinals

16 / 31



Introduction
Termination Semantics

Piecewise-Defined Ranking Functions
Conclusion

Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions
Implementation

Ordinals

finite ordinals

transfinite ordinals

successor ordinals
succ(α) , α ∪ {α}

limit ordinals

16 / 31



Introduction
Termination Semantics

Piecewise-Defined Ranking Functions
Conclusion

Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions
Implementation

Ordinals

finite ordinals

transfinite ordinals

successor ordinals
succ(α) , α ∪ {α}

limit ordinals

16 / 31



Introduction
Termination Semantics

Piecewise-Defined Ranking Functions
Conclusion

Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions
Implementation

Ordinals

finite ordinals

transfinite ordinals

successor ordinals
succ(α) , α ∪ {α}

limit ordinals

16 / 31



Introduction
Termination Semantics

Piecewise-Defined Ranking Functions
Conclusion

Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions
Implementation

Ordinals

finite ordinals

transfinite ordinals

successor ordinals
succ(α) , α ∪ {α}

limit ordinals

16 / 31



Introduction
Termination Semantics

Piecewise-Defined Ranking Functions
Conclusion

Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions
Implementation

Ordinal Arithmetic

addition

α + 0 = α (zero case)

α + succ(β) = succ(α + β) (successor case)

α + β =
⋃
γ<β

(α + γ) (limit case)

associative: (α + β) + γ = α + (β + γ)
not commutative: 1 + ω = ω 6= ω + 1

multiplication

17 / 31



Introduction
Termination Semantics

Piecewise-Defined Ranking Functions
Conclusion

Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions
Implementation

Ordinal Arithmetic

addition

multiplication

α ··· 0 = 0 (zero case)

α ··· succ(β) = (α ··· β) + α (successor case)

α ··· β =
⋃
γ<β

(α ··· γ) (limit case)

associative: (α · β) · γ = α · (β · γ)
left distributive: α · (β + γ) = (α · β) + (α · γ)
not commutative: 2 · ω = ω 6= ω · 2
not right distributive: (ω + 1) · ω = ω · ω 6= ω · ω + ω

17 / 31



Introduction
Termination Semantics

Piecewise-Defined Ranking Functions
Conclusion

Natural-Valued Ranking Functions
Ordinal-Valued Ranking Functions
Implementation

Ordinal-Valued Ranking Functions Domain

〈Σ ⇀ O,v〉 〈V , P(S ×O),vV〉

γ

States Abstract Domain
S , Intervals Abstract Domain

Natural-Valued Functions Abstract Domain
F , Affine Ranking Functions Abstract Domain

Ordinal-Valued Functions Abstract Domain
O , {⊥O} ∪ {

∑
i ω

i · fi | fi ∈ F \ {⊥F,>F}} ∪ {>O}

x

5 9
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ωk · ω = ωk+1 · 1 + ωk × 0 = ωk+1
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Widening

segmentation left-unification: O

Example

x
4

OOO

x
2 4
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x
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widening: OF
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Termination Semantics

〈Σ ⇀ O,v〉
Abstract Termination Semantics

〈V,v〉

γ

Theorem (Soundness)

the abstract termination semantics is sound
to prove the termination of programs
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Example

int : x1, x2

while 1(x1 > 0 ∧ x2 > 0) do

if 2( ? ) then
3x1 := x1 − 1
4x2 := ?

else
5x2 := x2 − 1

od6

f1(x1, x2) =

{
1 x1 ≤ 0 ∨ x2 ≤ 0

ω · (x1 − 1) + 7x1 + 3x2 − 5 x1 > 0 ∧ x2 > 0
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Example

int : x1, x2

while 1(x1 6= 0 ∧ x2 > 0) do

if 2(x1 > 0) then

if 3( ? ) then
4x1 := x1 − 1
5x2 := ?

else
6x2 := x2 − 1

else / ∗ x1 < 0 ∗ /
if 7( ? ) then

8x1 := x1 + 1

else
9x2 := x2 − 1

10x1 := ?

od11

f1(x1, x2) =


ω2 + ω · (x2 − 1)− 4x1 + 9x2 − 2 x1 < 0 ∧ x2 > 0

1 x1 = 0 ∨ x2 ≤ 0

ω · (x1 − 1) + 9x1 + 4x2 − 7 x1 > 0 ∧ x2 > 0

the coefficients and their order are
inferred by the analysis
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Non-Linear Ranking Functions

Example

int : N, x1, x2

1x1 := N

while 2(x1 ≥ 0) do
3x2 := N

while 4(x2 ≥ 0) do
5x2 := x2 − 1

od6

7x1 := x1 − 1

od8

f2(x1, x2,N) =

{
1 x1 < 0

ω · (x1 + 1) + 6x1 + 7 x1 ≥ 0

the loop terminates in a
finite number of iterations
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FuncTion: http://www.di.ens.fr/~urban/FuncTion.html
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Experiments

Benchmark: 38 programs collected from the literature

25 always terminating programs

13 conditionally terminating programs

9 simple loops

7 nested loops

13 non-deterministic programs

Result: proved 30 out of 38 programs

proved 8 out of 9 simple loops

proved 4 out of 7 nested loops
ordinals required for 2 out of 4

proved 10 out of 13 non-deterministic programs
ordinals required for 5 out of 10
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Conclusions To Infinity. . .

family of abstract domains for program termination

piecewise-defined ranking functions
sufficient preconditions for termination

instances based on ordinal-valued functions
lexicographic orders automatically inferred by the analysis
analysis not limited to programs with linear ranking functions

Future Work . . . and Beyond!

more abstract domains
non-linear ranking functions
better widening

fair termination
other liveness properties
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Fair Termination

Example (Dijkstra’s Random Number Generator)

int : x , b

, z1, z2

1x := 0, b := true

, z1 := [0,+∞], z2 := [0,+∞]

while 2(b) do

if 3(?) then
4x := x + 1

, z1 := [0,+∞], z2 := z2 − 1

else
5b := false

, z2 := [0,+∞], z1 := z1 − 1

od6

f2(x , b, z1, z2) =


1 ¬b
4 b ∧ z1 > z2

5z2 + 9 b ∧ z1 ≤ z2
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Example (Dijkstra’s Random Number Generator)

int : x , b, z1, z2

1x := 0, b := true, z1 := [0,+∞], z2 := [0,+∞]

while 2(b) do

if 3(z1 ≤ z2) then
4x := x + 1, z1 := [0,+∞], z2 := z2 − 1

else
5b := false, z2 := [0,+∞], z1 := z1 − 1

od6

f2(x , b, z1, z2) =
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