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Ranking Functions
Outline

safety properties: “something good always happens”

(e.g., partial correctness, mutual exclusion)

⇤'

guarantee properties: “something good happens

at least once” (e.g., termination)

⌃'

recurrence properties: “something good happens

infinitely often” (e.g., starvation freedom)

⇤⌃'

persistence properties: “something good eventually happens

continuously” (e.g., stabilization)

⌃⇤'

Manna & Pnueli - A Hierarchy of Temporal Properties (PODC 1990)
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Ranking Functions

functions that strictly decrease at each program step. . .

. . . and that are bounded from below

Turing - Checking a Large Routine (1949)
Floyd - Assigning Meanings To Programs (1967)
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idea: inference of ranking functions by abstract interpretation

termination semantics
guarantee semantics
recurrence semantics

family of abstract domains for liveness properties

piecewise-defined ranking functions
backward analysis
su�cient preconditions

Cousot&Cousot - An Abstract Interpretation Framework for Termination (POPL 2012)
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idea: inference of ranking functions by abstract interpretation

termination semantics
guarantee semantics
recurrence semantics

family of abstract domains for liveness properties

piecewise-defined ranking functions
backward analysis
su�cient preconditions

Urban - The Abstract Domain of Segmented Ranking Functions (SAS 2013)
Urban&Miné - An Abstract Domain to Infer Ordinal-Valued Ranking Functions (ESOP 2014)
Urban&Miné - A Decision Tree Abstract Domain for Proving Conditional Termination (SAS 2014)
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Piecewise-Defined Ranking Functions

program 7! maximal trace semantics

finite traces ⌃⇤

infinite traces ⌃!

� final states

⌃ states ⌧ transition relation
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program 7! maximal trace semantics ! termination semantics

T t 2 ⌃ * O

T t
def
= lfp Ft

Ft(v)s
def
=

8
><

>:

0 s 2 �

sup{ v(s0) + 1 | hs, s0i 2 ⌧ } s 2 fpre(dom(v))
undefined otherwise

idea = define a ranking function counting
the number of program steps

from the end of the program

Example
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Cousot&Cousot - An Abstract Interpretation Framework for Termination (POPL 2012)
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program 7! maximal trace semantics ! termination semantics

T t 2 ⌃ * O

T t
def
= lfp Ft

Ft(v)s
def
=

8
><

>:

0 s 2 �

sup{ v(s0) + 1 | hs, s0i 2 ⌧ } s 2 fpre(dom(v))
undefined otherwise

idea = define a ranking function counting
the number of program steps

from the end of the program

Theorem (Soundness and Completeness)

the termination semantics is sound and complete
to prove the termination of programs

Cousot&Cousot - An Abstract Interpretation Framework for Termination (POPL 2012)
8 / 33



Piecewise-Defined Ranking Functions



Introduction
Termination

Guarantee and Recurrence
Conclusion

Termination Semantics
Piecewise-Defined Ranking Functions

Termination Semantics

h⌃ * O,vi
Abstract Termination Semantics

hV,v\i

�

States Abstract Domain S

Functions Abstract Domain F

Piecewise-Defined Ranking Functions Abstract Domain V(S,F)

x

5 9

Urban - The Abstract Domain of Segmented Ranking Functions (SAS 2013)
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Example

int : x

while

1
(x  10) do

if

2
(x > 4) then

3
x := x + 2

fi

od

4

1

2

3

4

x > 10

x  10x  4

x := x + 2

x > 4
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Example

int : x

while

1
(x  10) do

if

2
(x > 4) then

3
x := x + 2

fi

od

4

1

2

3

4

x > 10

x  10x  4

x := x + 2

x > 4

we map each point

to a function of x giving

an upper bound on the

steps before termination



Introduction
Termination

Guarantee and Recurrence
Conclusion

Termination Semantics
Piecewise-Defined Ranking Functions

12 / 33

Example

int : x

while

1
(x  10) do

if

2
(x > 4) then

3
x := x + 2

fi

od

4

1

2

3

4

x > 10

x  10x  4

x := x + 2

x > 4

x

0

we start at the end

with 0 steps

to termination
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the analysis gives x � 5
as su�cient precondition

Example

int : x

while

1
(x  10) do

if

2
(x > 4) then
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fi
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Termination Semantics

h⌃ * O,vi
Abstract Termination Semantics

hV,v\i

�

Theorem (Soundness)

the abstract termination semantics is sound
to prove the termination of programs
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Example

int : x , y

while

1
(x � 0) do

2
x := x + 1

od

while

3
( true ) do

if

4
( x  10 )

5
x := x + 1

else

6
x := �x

od

7

1

2

3

4

5 6

7

x < 0x � 0

x := x + 1

false

true

x  10 x > 10

x := x + 1
x := �x
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Theorem (Soundness and Completeness)

the '-guarantee semantics is sound and complete
to prove the guarantee property

⌃'
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�

x
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19 / 33



Introduction
Termination

Guarantee and Recurrence
Conclusion

Guarantee Properties
Recurrence Properties
Implementation

20 / 33

1

2

3

4

5 6

7

x < 0x � 0
x := x + 1

false

true

x  10 x > 10

x := x + 1
x := �x

Example

int : x , y

while

1
(x � 0) do

2
x := x + 1

od

while

3
( true ) do

if

4
( x  10 )

5
x := x + 1

else

6
x := �x

od

7

Guarantee Property

⌃
x = 3



Introduction
Termination

Guarantee and Recurrence
Conclusion

Guarantee Properties
Recurrence Properties
Implementation

20 / 33

1

2

3

4

5 6

7

x < 0x � 0
x := x + 1

false

true

x  10 x > 10

x := x + 1
x := �x

Example

int : x , y

while

1
(x � 0) do

2
x := x + 1

od

while

3
( true ) do

if

4
( x  10 )

5
x := x + 1

else

6
x := �x

od

7

x

0 10

50

0

Guarantee Property

⌃
x = 3



Introduction
Termination

Guarantee and Recurrence
Conclusion

Guarantee Properties
Recurrence Properties
Implementation

20 / 33

1

2

3

4

5 6

7

x < 0

x � 0
x := x + 1

false

true

x  10 x > 10

x := x + 1
x := �x

Example

int : x , y

while

1
(x � 0) do

2
x := x + 1

od

while

3
( true ) do

if

4
( x  10 )

5
x := x + 1

else

6
x := �x

od

7

x

0 10

50

0

x

0 10

50

0

Guarantee Property

⌃
x = 3



Introduction
Termination

Guarantee and Recurrence
Conclusion

Guarantee Properties
Recurrence Properties
Implementation

20 / 33

1

2

3

4

5 6

7

x < 0

x � 0
x := x + 1

false

true

x  10 x > 10

x := x + 1
x := �x

Example

int : x , y

while

1
(x � 0) do

2
x := x + 1

od

while

3
( true ) do

if

4
( x  10 )

5
x := x + 1

else

6
x := �x

od

7

x

0 10

50

0

x

0 10

50

0 x

0 10

50

0

Guarantee Property

⌃
x = 3



Introduction
Termination

Guarantee and Recurrence
Conclusion

Guarantee Properties
Recurrence Properties
Implementation

20 / 33

1

2

3

4

5 6

7

x < 0x � 0
x := x+ 1

false

true

x  10 x > 10

x := x + 1
x := �x

Example

int : x , y

while

1
(x � 0) do

2
x := x + 1

od

while

3
( true ) do

if

4
( x  10 )

5
x := x + 1

else

6
x := �x

od

7

x

0 10

50

0

x

0 10

50

0

x

0 10

50

0

Guarantee Property

⌃
x = 3



Introduction
Termination

Guarantee and Recurrence
Conclusion

Guarantee Properties
Recurrence Properties
Implementation

20 / 33

1

2

3

4

5 6

7

x < 0x � 0
x := x+ 1

false

true

x  10 x > 10

x := x + 1
x := �x

Example

int : x , y

while

1
(x � 0) do

2
x := x + 1

od

while

3
( true ) do

if

4
( x  10 )

5
x := x + 1

else

6
x := �x

od

7

x

0 10

50

0

x

0 10

50

0 x

0 10

50

0

x

0 10

50

0

Guarantee Property

⌃
x = 3



Introduction
Termination

Guarantee and Recurrence
Conclusion

Guarantee Properties
Recurrence Properties
Implementation

20 / 33

1

2

3

4

5 6

7

x < 0x � 0

x := x + 1

false

true

x  10 x > 10

x := x + 1
x := �x

Example

int : x , y

while

1
(x � 0) do

2
x := x + 1

od

while

3
( true ) do

if

4
( x  10 )

5
x := x + 1

else

6
x := �x

od

7

x

0 10

50

0

x

0 10

50

0

x

0 10

50

0

Guarantee Property

⌃
x = 3



Introduction
Termination

Guarantee and Recurrence
Conclusion

Guarantee Properties
Recurrence Properties
Implementation

20 / 33

1

2

3

4

5 6

7

x < 0x � 0

x := x + 1

false

true

x  10 x > 10

x := x + 1
x := �x

Example

int : x , y

while

1
(x � 0) do

2
x := x + 1

od

while

3
( true ) do

if

4
( x  10 )

5
x := x + 1

else

6
x := �x

od

7

x

0 10

50

0 x

0 10

50

0

x

0 10

50

0

x

0 10

50

0

Guarantee Property

⌃
x = 3



Introduction
Termination

Guarantee and Recurrence
Conclusion

Guarantee Properties
Recurrence Properties
Implementation

20 / 33

1

2

3

4

5 6

7

x < 0x � 0

x := x+ 1

false

true

x  10 x > 10

x := x + 1
x := �x

Example

int : x , y

while

1
(x � 0) do

2
x := x + 1

od

while

3
( true ) do

if

4
( x  10 )

5
x := x + 1

else

6
x := �x

od

7

x

0 10

50

0

x

0 10

50

0

x

0 10

50

0

Guarantee Property

⌃
x = 3



Introduction
Termination

Guarantee and Recurrence
Conclusion

Guarantee Properties
Recurrence Properties
Implementation

20 / 33

1

2

3

4

5 6

7

x < 0x � 0
x := x + 1

false

true

x  10 x > 10

x := x + 1
x := �x

Example

int : x , y

while

1
(x � 0) do

2
x := x + 1

od

while

3
( true ) do

if

4
( x  10 )

5
x := x + 1

else

6
x := �x

od

7

x

0 10

50

0

x

0 10

50

0

x

0 10

50

0

Guarantee Property

⌃
x = 3



Introduction
Termination

Guarantee and Recurrence
Conclusion

Guarantee Properties
Recurrence Properties
Implementation

20 / 33

1

2

3

4

5 6

7

x < 0x � 0

x := x+ 1

false

true

x  10 x > 10

x := x + 1
x := �x

Example

int : x , y

while

1
(x � 0) do

2
x := x + 1

od

while

3
( true ) do

if

4
( x  10 )

5
x := x + 1

else

6
x := �x

od

7

x

0 10

50

0

x

0 10

50

0

x

0 10

50

0

Guarantee Property

⌃
x = 3



Introduction
Termination

Guarantee and Recurrence
Conclusion

Guarantee Properties
Recurrence Properties
Implementation

20 / 33

Example

int : x , y

while

1
(x � 0) do

2
x := x + 1

od

while

3
( true ) do

if

4
( x  10 )

5
x := x + 1

else

6
x := �x

od

7

1

2

3

4

5 6

7

x < 0x � 0

x := x + 1

false

true

x  10 x > 10

x := x + 1
x := �x

x

0 10

50

0

x

0 10

50

0

Guarantee Property

⌃
x = 3



Introduction
Termination

Guarantee and Recurrence
Conclusion

Guarantee Properties
Recurrence Properties
Implementation

20 / 33

Example

int : x , y

while

1
(x � 0) do

2
x := x + 1

od

while

3
( true ) do

if

4
( x  10 )

5
x := x + 1

else

6
x := �x

od

7

1

2

3

4

5 6

7

x < 0x � 0

x := x + 1

false

true

x  10 x > 10

x := x + 1
x := �x

x

0 10

50

0

x

0 10

50

0

the analysis gives x  3 as
su�cient precondition

Guarantee Property

⌃
x = 3



Introduction
Termination

Guarantee and Recurrence
Conclusion

Guarantee Properties
Recurrence Properties
Implementation
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h⌃ * O,vi
Abstract '-Guarantee Semantics

hV,v\i

�

Theorem (Soundness)

the abstract '-guarantee semantics is sound
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⌃'
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Dual Widening

Definition

Let hD,vi be a poset. A dual widening

¯O : D ⇥D ! D obeys:

(1) for all element x , y 2 D, we have x w x

¯O y and y w x

¯O y

(2) for all decreasing chains x0 w x1 w · · · w xn w · · · , the chain

y0
def
= x0 yn+1

def
= yn ¯O xn+1

is ultimately stationary

Example

x

5 9

ŌOO
x

2 5 9

=

x

5 9
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Peterson’s Algorithm

Example

flag1 := 0; flag2 := 0;

2

666666666666666666666664

while

1
( true ) do

2
flag1 := 1

3
turn := 2

await

4
( flag2 = 0 _ turn = 1 )

5
CRITICAL SECTION

6
flag1 := 0

3

777777777777777777777775

k

2

666666666666666666666664

while

1
( true ) do

2
flag2 := 1

3
turn := 1

await

4
( flag1 = 0 _ turn = 2 )

5
CRITICAL SECTION

6
flag2 := 0

3

777777777777777777777775
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Peterson’s Algorithm

Example

flag1 := 0; flag2 := 0;

2

666666666666666666666664

while 1( true ) do
2flag1 := 1
3turn := 2

await 4( flag2 = 0 _ turn = 1 )
5
CRITICAL SECTION

6flag1 := 0

3

777777777777777777777775

k

2

666666666666666666666664

while 1( true ) do
2flag2 := 1
3turn := 1

await 4( flag1 = 0 _ turn = 2 )
5
CRITICAL SECTION

6flag2 := 0

3
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Recurrence Property

⇤⌃ 5 : true
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implemented in OCaml

ad-hoc parser generated using Menhir

http://cristal.inria.fr/

~

fpottier/menhir/

abstract domains implemented on top of the APRON library

http://apron.cri.ensmp.fr/library/

participating to SV-COMP 2014 (demo) and SV-COMP 2015
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Reduction to Safety

Biere & Artho & Schuppan - Liveness Checking as Safety Checking (ENTCS 2002)

Bradley & Somenzi & Hassan & Zhang - An Incremental Approach to Model Checking

Progress Properties. (FMCAD 2011)

Reduction to Fair Termination

Podelski & Rybalchenko - Transition Predicate Abstraction and Fair Termination (POPL

2005)

Cook & Gotsman & Podelski & Rybalchenko & Vardi - Proving that Programs Eventually

do Something Good (POPL 2007)

Abstract Interpretation

Massé - Property Checking Driven Abstract Interpretation-Based Static Analysis (VMCAI

2003)
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Conclusions

family of abstract domains for proving guarantee and

recurrence program properties

piecewise-defined ranking functions

backward analysis

su�cient preconditions for the program properties

Future Work

express and handle fairness properties

other liveness properties

persistence properties ⌃⇤'
existential liveness properties
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