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Introduction
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Guarantee and Recurrence
Conclusion

o safety properties: “something good always happens”
(e.g., partial correctness, mutual exclusion)

g

o guarantee properties: “something good happens
at least once” (e.g., termination)

O

e recurrence properties: “something good happens
infinitely often” (e.g., starvation freedom)

O

e persistence properties: “something good eventually happens
continuously” (e.g., stabilization)

OOy

Manna & Pnueli - A Hierarchy of Temporal Properties (PODC 1990)
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Ranking Functions

Ranking Functions

o functions that strictly decrease at each program step. ..
o ...and that are bounded from below

2 B
Frid 2Lth June, . E‘
Sridar, 2hth June, 2

/gmm‘_mwm by Dr, A, Turing. (3 Robert W. Floyd
- How can cne check & routine in the sense of making sure that it is right? e
o In order that the man wio checks may not have too difficult a task the &
programer should make a number of definite assortions which can be checked g
individually, and fras which the correctness of the whole progresme casily v

follows,

NG

Conaldor the analogy of checking an addition. If it is given ass

u7 : % ASSIGNING MEANINGS TO PROGRAMS!

y 5906 %
6719 §
1337 A
7768 : Introduction. This paper attempts to provide an adequate basis for
SRR formal definitions of the meanings of programs in appropriately defined
26104 [ programming languages, in such a way that a rigorous standard is established

for proofs about computer programs, including proofs of correctness,
equivalence, and termination. The basis of our approach is the notion of

one must oheck the whale at one aitting, because of the carries,

But 17 the totals for the various ocolumns are given, as below:

an interpretation of a program: that is, an iation of a proposition
g ;;& with each connection in the flow of control through a program, where the
6719 proposition is asserted to hold whenever that connection is taken. To prevent
‘};i; an interpretation from being chosen arbitrarily, a condition is imposed on
each d of the prog This condition guarantees that whenever
397 a command is reached by way of a ion whose iated propositi
215 is then true, it will be left (if at all) by a ion whose iated
26104, y proposition will be true at that time. Then by induction on the number of

commands executed, one sees that if a program is entered by a connection
whose associated proposition is then true, it will be left (if at all) by a
tion whose iated proposition will be true at that time. By this

the chscker's work is much easter being split up into the checking of the
Varicus aseestions 3 + 9+ 7 ¢ 3 + 7 = 29 oto, and the mall addition

zﬁ?’ means, we may prove certain properties of programs, particularly properties
T of the form: “If the initial values of the program variables satisfy the

This principle can be applied to the process of checking a large routine
but we will illustrate the method by means of & wuall routine vie. one to
obtain n without the use of a multiplier, multiplication belng carried cut
by repoated addition.

At a typical moment of the process we have rocorded r and s r for same
T, . We can change s r to (se1) r, by eddition of r, When 8 = ret
w3 can change r to re! by a transfer, Unfortunately there is no coding -
systoa sufficlently gonerally known to Justify giving the routine for this
process in full, but the flow dlagraa given in Fig.1 will be surfioient
for 1llustration.

Each 'box of the flow disgram reprosents a straight sequence of
inatructions without changes of control, The following convention is used;

(1) & dashed letter indicates the value at the end of the process
ropresented by the bax:

(11) aa undeshed letter represents the initial valus of a quantity,

One cannot equate siailar letters appoaring in dirferent boxes, but it
13 inteniod that the following identificaticns be walid throughout

67.

relation R,, the final values on completion will satisfy the relation R,.”
Proofs of termination are dealt with by showing that each step of a program
decreases some entity which t d indefinitely.

These modes of proof of correctness and termination are not original;
they are based on ideas of Perlis and Gorn, and may have made their
earliest appearance in an unpublished paper by Gorn. The establishment
of formal standards for proofs about programs in languages which admit
assignments, transfer of control, etc., and the proposal that the ics
of a programming language may be defined independently of all p
for that language, by establishing standards of rigor for proofs about

! This work was d by the Ad d R ch Projects Agency of the Office of
the Secretary of Defense (SD-146).

Turing - Checking a Large Routine (1949)

Floyd - Assigning Meanings To Programs (1967)
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e Idea: inference of ranking functions by abstract interpretation
e termination semantics

Cousot&Cousot - An Abstract Interpretation Framework for Termination (POPL 2012)
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Guarantee and Recurrence QOutline
Conclusion

e Idea: inference of ranking functions by abstract interpretation

e termination semantics
o guarantee semantics
e recurrence semantics

o family of for liveness properties

@)
e backward analysis
e sufficient preconditions

Urban - The Abstract Domain of Segmented Ranking Functions (SAS 2013)
Urban&Miné - An Abstract Domain to Infer Ordinal-Valued Ranking Functions (ESOP 2014)
Urban&Miné - A Decision Tree Abstract Domain for Proving Conditional Termination (SAS 2014)
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Termination Semantics

An Abstract Interpretation Framework for Termination

Patrick Cousot Radhia Cousot
ficole Normale Supérieure, and INRIA, Frazce CNRS, Ecole Normale Supéricure, snd INRIA, France
Courant Institute ", NYU, USA roousol@ans ir
COUSOIANS I, PoouUsOICITS. nyL.edu

Abstract obtained by observing quantitics that strictly decrease within Joops
Proot, vesificarion snd aselysis methods foe termination ol sly ca o While resmaining lower-bounded, or dually, So most termissation
indoctcn pecipes (1) o visae omcson o ducion 00 s enurieg amlysis methods imdiroctly reduce 10 a relatiomal imvariance anslysis
e = and (2) some form of induction on the program  hence can reuse classical static analysis methods.
strectere. The abstract interpeesation design principle is instankiated with
m‘?\?::‘x::ﬁ“:: hfmm ;";:‘ is fir “"“’,"I‘"""’ foe "= suitsble abstractions for safery and termination analysis, peoof,
methods for afery. The safty colocting. semarrics desining the ronpest  ond checking/verificatian (either potential sermination o defnite
terminsgion for noodetermisistic systems).
The first emmin idea for termination is thal there exists & most
tatic analysis of alatract safely geopenties  precise variash function that can be exgressed in fixpoint form by
a5 imariance ae constuctively designed by fixgoint shanictioa  abstract interpretation of a teemisation collecting sersantics itself
toraially) infer safely propertio, S0 7 %0 ahwracting the peogram operational race semartic yields
: seatic analysis methods sutomatically inferring abseractions of that
For (1) e o s i g aqodly e PR function by the constructive fixpaint appraximaticn methods
textial and definite roc termination collectizg sbatract interpretation.
vomantics i iven a fixpoint deinition. Hs sbstraction yickds a ntp‘«nl The d main ides introduced in this pager both for safety
definition of e best varar fusccn. By further abstraction of this best  and lenmination is (it of semantic structural induction, nlunlmg
variast functis, we derive the Floyd/Turiag termisssion pecol method termination peoafs, over frace \qmmnmmm.uh ir abstras
as well as sow stari: analysis metheds %0 ctctively compste approxie-  Trace segments ane mare powerful than binary relations. berween
R — N i states which have been used xndmmll) in program termination
For @) we introdzce 2 genenlization of e syreactic proas (foe example, the transitiam invariants used in ($3) are binary
uural inductice (i fousd is Hoare Jogic) ito a 1 an
i bascd o 50w seare: conceptof indcrve e cover cverig Feltion absrcticns of the st of trace segments). Examples inchade
‘excoution traces by segments, a new basis for foemulating peogram prop- structienl induction ca the program syntax (inchdisg loop imvaiants
crties. s abactions allow for gescralized recursive procd, veificeicn & I Floydl (401 induction on dat, 3 Ia Burstall [3], the coveriag

i ) of the transitica relation closure by well-founded relations, 3 I
trol. amd . Exampies of paticulr matances incluse Floyd's hand! Podelski-Rybakhesko [53]. their combizations and gencralizations.
of loop cet-points as well as sesied Joops, Burstalls ietermisien: awee-
o wotal correctness peool method, asd Podelski-Rybakhenko transtcica
2. Fixpoints, fixpoint induction, abstraction, and
approximation
We eapress seanlics & fixpoints of mags £ € A s A i.c. clemests
¢ and Reasoning about Programs], 5 € A such that x = f(x). We let - £ be the lewst fispoint of
General Terms  Langusges. Relisbily. Securey, Theory. VEi6ss: 7 ¢ 4 v 4 oo the posel (A, ) preer than or equal 0.0 € A, if
Son. any. The dual sotica is that of greatest fixpoine gfal
Keywords  Abstract lnterpeetation, Induction, Proof, Safety, Static Mg~ 7 if a is the infimum of A, and Ifp f if the partial arder C is
analysis, Variant function, Verification, Tenmination. clear from the context. By Tarski/Pataria’s fixpoint hearem [ 50, 58),
troducti Sf = Al \ f(P) © P exists for f increasing’
L In on ca s complete latice (A, C. 4, T, U, M} ocon a cpe (A, C. &,
FloydTuring peogram proof methods foe invarsance and lermization The fixpoint iterates arc 7 & a, ¥n € r\ £ = U
, 40, 59) bave imspired most soend static analysis methods. f isa pee-fixpoint and f
For static dwvariance analysis by abstract interpretation (19, s contmous® S, If £ is inereasing but not .u'lmu\t)\lramﬁmlr
21), 2 key step is to express the strongest invariant 2 3 XPOIT  igcrations may Bave to be used [22],
and next to approximate this strongest imvanant to stomatically :
infer an absiract inductive invarisst using the comstroctive fixpoint T7 €A e Als ncrearine (also oo . . A, Chif
approximation methods. wndocly i Vr,y € A
Foe static fermination sealysis, the discovery of varian! fenctions 30 oo o T s .
is cither decidsble in limited cases [S4] or clse is based on the o ot e predten -y
Floyd(Turing idex of vasiamt functicas into well 4.5t
[ akeast
i= \j foe lhr urcl\ chain.
‘1»4»—-4u ansksuous on a poset (A, C. L) if and caly if for all
increasing chains C A) such that its Iub UC does exist then the b
USIC] exists and is that USIC) = fILUO)
. e set of all subsets of & set X.
“The pos-image (oc image) of X € p(A)by amap f € A ~ Bis

Work segpored i pn by e CMACS NSF Expadtions in
o1
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‘idea = define 2 ranking function countmg

Tec 2—=0 ' the number of program steps |
T, = e Ifp F; : from the end of the program :
0 sE
Fo(v)s = dsup{ v(s')+ 1| (s,s’Y €T} s pre(dom(v))
undefined otherwise
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‘idea = define 2 ranking function countmg

Tec 2—=0 ' the number of program steps |
T, = e Ifp F; : from the end of the program :
0 sE
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Theorem (Soundness and Completeness)

the termination semantics is sound and complete
to prove the termination of programs
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Abstract. The traditional method for proving program termination

y ‘programs
g function over nataral
to
automatieally infer ranking functions over ardinak.
We extend an existing domain for plecewise-defined natural valoed ranking
functions to polynomials in w, where the polynomial cocfficients are
wtiursl-valued fu ns of the progra wuriables, The abwtract domain
e choion of the maximum degree of the polynomial,
ypes of functioes used as polynomial coeficients.

We have implemented a prototype static analyzes for a while-language
instastinting our domain wsirg afine functions as polynomial eoeffcets.
We sucomsafully analyand seosll bt inteicate exampies that ane out of the

"To our knowledge this is the first abstract domsin able o resson about
ordinals. Handling ordinals Jeads to a pawerful approach or proving
termination of imperative programs, which in particalar subsumes cxisting
echriques based on lexicographic ranki

1 Introduction

‘The traditional method for proving program termination [12] consists in inferring
ki ppings from program states to elements of & wel
e.5. ordinals) whose value decrenses during program exeeution.
Intuitively, we can define & partinl ranking function from the states of o
program to ordinal mumbers in an incremental way: we start from the
final states, where the fanction has value 0 (and is undefined elsewheee); then,
we ndd states to the domain of the function, retracing the program backwrds
and counting the maximum number of performed program steps as value of
function, In [10), this intuition is formalized into n most precise ranking
function that can be expressed in xpoint form by ahstract interpretation [8] of
the progrum maximal trace semantios.
The research leading to these results has roceived funding froem the ARTEMIS Joint
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Int : X

1 4
while *(x < 10) do
s x < 4 lxg 10
if “(x > 4) then
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3

we map each point
to a function of x giving
an upper bound on the
steps before termination
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Int : x >
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while *(x < 10) do
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‘idea = define 2 ranking function countmg
the number of program steps
from the end of the program

T: € X—0
Tt S prFt

---------------------------------

0 sEB
Fe(v)s = {sup{ v(s') + 1| (s,s") €T} s € pre(dom(v))
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Int: x, y
while 1(x > 0) do
’x == x +1 1
od x:=x4+1 lXZO x < 0
while *( true ) do 9
if “( x<10)
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else 3 7
6, . x:=x+1

od’
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Guarantee Property x <10 m
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X =x-+1
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50 the analysis gives x < 3 as
sufficient precondition
Int : x, y N ..
) 1 0 e S x s~ AN
while *(x > 0) I - 41 50 N
2., .
x:=x+1
od x:=x+1 leO x < 0 N
while *( true ) do 0 —— 2 5%
4 ,'I 0 10
if “( x<10) ‘
- o false
x =x++1 "/\
else 3
6, . = 1
X .= =X e true X = —X
od’
Guarantee Property x <10 m
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uarantee Semantics Abstr ntics

Theorem (Soundness)

the abstract p-guarantee semantics is sound
to prove the guarantee property <>
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T, € X—~0
T?.O d=6f gfp7—g<.0 F;P
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\ undefined otherwise

Theorem (Soundness and Completeness)

the p-recurrence semantics is sound and complete
to prove the recurrence property 1 ¢

23 /33



Introduction

Termination

Guarantee and Recurrence
Conclusion

Recurrence Properties

antics

24 /33



Introduction

Termination

Guarantee and Recurrence
Conclusion

Recurrence Properties

Int: x, y
while 1(x > 0) do
’x == x +1 1
od x:=x+1 lXZO x < 0
while *( true ) do 9
if “( x<10)
“xi=x+1 T
else 3 7
6, . X :=x-+1

od’
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Recurrence Property x <10 m

O x=3 5 6
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Int : x, y
while “(x > 0) do 50 .

X =x-+1
od x =x+1 lXZO x < 0 N
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i > O > X N
while “(x > 0) 0 . ’ "

X =x-+1
od x:=x-4+1 lXZO x <0
while “( true ) do 2 0 > X

4 0 10
( X < ].O ) T ’
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X . —I— ]_ "l' /_\
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50 the analysis gives x < 0 as
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x:=x+1
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while ( true ) do 0 — = > 2%
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Dual Widening

Let (D,C) be a poset. A dual widening V: D x D — D obeys:
(1) for all element x,y € D, we have x dxVyandy dxVy

(2) for all decreasing chains xg J x; J --- J x, 3 - -+, the chain

def def —
Yo — X0 Yn+1 — Yn V Xn+1

Is ultimately stationary
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ecurrence Semantic antics

(X =~ 0,5)

Theorem (Soundness)

the abstract p-recurrence semantics is sound
to prove the recurrence property (1
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Peterson’s Algorithm

flag, := 0; flag, := 0;

‘while *( true ) do ‘while *( true ) do
*flagy = 1 ’flagy = 1
Sturn = 2 Sturn = 1
await “( flago =0V turn=1) | await *( flagi =0V turn = 2 )
’ CRITICAL_SECTION ’ CRITICAL_SECTION
°flagy = 0 °flagy = 0

Recurrence Property

& 5 true
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800 | ¢=FuncTion ® - |

e

- C [ www.di.ens.fr/~urban/FuncTion.html e @ @ =

Home Page Papers Talks/Posters FuncTion

An Abstract Domain Functor for Termination

Welcome to FuncTion’s web interface!

Type your program:

or choose a predefined example: | Choose File

and choose an entry point: main

| Analyze |

Forward option(s):

» Widening delay: |2
Backward option(s):

= Partition Abstract Domain: | Intervals  + |
» Function Abstract Domain: | Affine Functions = |
™ Ordinal-Valued Functions
= Maximum Degree: |2

- Widening delay: 2 29 /33
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Implementation

implemented in OCaml

ad-hoc parser generated using Menhir

http://cristal.inria.fr/~fpottier/menhir/

abstract domains implemented on top of the APRON library
http://apron.cri.ensmp.fr/library/

participating to SV-COMP 2014 (demo) and SV-COMP 2015
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Reduction to

@ Biere & Artho & Schuppan - Liveness Checking as Safety Checking (ENTCS 2002)

@ Bradley & Somenzi & Hassan & Zhang - An Incremental Approach to Model Checking
Progress Properties. (FMCAD 2011)

Reduction to

@ Podelski & Rybalchenko - Transition Predicate Abstraction and Fair Termination (POPL
2005)

@ Cook & Gotsman & Podelski & Rybalchenko & Vardi - Proving that Programs Eventually
do Something Good (POPL 2007)

@ Massé - Property Checking Driven Abstract Interpretation-Based Static Analysis (VMCAI
2003)
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Conclusions

o family of abstract domains for proving and
program properties
o piecewise-defined ranking functions

o backward analysis
o sufficient preconditions for the program properties

Future Work

e express and handle fairness properties

@ other properties
Q & 2
o liveness properties
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