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function f(x) { 
 
   1  
   2z  10 
   3if (  ) then 
      0while 4(z  0) do 
          5z  z - x  
       od6 
   else  
      0while 7(z  x) do  
          8c [-2, 1] 
          9z z + c  
       od10   
   fi  
 
}11

…
←

…
≥

←

≥
←
←

Which Non-Termination Alarm is Worse?

2

diverges when x  0=!

! diverges when c  0≥
non-deterministic value choice
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diverges when x  0=!

! diverges when c  0≥
non-deterministic value choice

Robust Non-Termination
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Robust Non-Termination
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diverges when x  0=!

 Input  Non-Deterministic Choices  Program Diverges∃ ∀ :
demonic non-determinism
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       od10   
   fi  
 
}11

…
←

…
≥

←

≥
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Termination Resilience
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" terminates when c  0, independently of the value of x<
angelic non-determinism

 Inputs  Non-Deterministic Choice  Program Terminates∀ ∃ :



Termination Resilience Static Analysis
3-Step Recipe
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concrete semantics 
mathematical models of the program behavior

abstract semantics, abstract domains 
algorithmic approaches to decide program properties

practical tools  
targeting specific programs



Static Analysis by Abstract Interpretation
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27.95€

35.85€

4.85€

9.95€ 10€

40€

30€

10€

€ 10 + 
€ 40 + 
€ 30 + 
€ 10  
——— 
€ 90

€   9.95 + 
€ 35.85 + 
€ 27.95 + 
€   4.85  
———— 
€ 78.60 

"

!

FALSE ALARM

SOFTWARE 

ABSTRACTION

PROPERTY OF INTEREST SOUNDNESS

COMPLETENESS



Termination Resilience Static Analysis
3-Step Recipe
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concrete semantics 
mathematical models of the program behavior

abstract semantics, abstract domains 
algorithmic approaches to decide program properties

practical tools  
targeting specific programs



function f(x) { 
 
   1a  [- , + ] 
   2z  10 
   3if (a*a  0) then 
      0while 4(z  0) do 
          5z  z - x  
       od6 
   else  
      0while 7(z  x) do  
          8c [-2, 1] 
          9z z + c  
       od10   
   fi  
 
}11
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≥
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≥
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Trace Semantics

10



Ranking Functions
Traditional Method for Proving Termination

11

strictly decreasing along the execution of a program…

…and well-founded

Alan Turing Robert W. Floyd
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       od10   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}11
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Termination Resilience Semantics
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count execution steps backwards

0
1
2
3
4
⋮
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← def= lfp≥·∃ λf λs .

0 s ∀ ∞τ

sup{f(s⋮ ) + 1 Θ ⊑s, s⋮ ∅ ∀ τ} s ∀ ∈
preτΩ(dom( f ))

inf{f(s⋮ ) + 1 Θ ⊑s, s⋮ ∅ ∀ τ} s ∀ preτ′(dom( f ))
undefined otherwise preτ′(X) def= {s Θ ∣s⋮ ∀ X : ⊑s, s⋮ ∅ ∀ τ′}

Termination Resilience Semantics

13
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final states

totally undefined function

input transitions

regular transitions
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3 

∈
preτΩ(X) def= {s Θ ⟨s⋮ : ⊑s, s⋮ ∅ ∀ τ Ω ⟩ s⋮ ∀ X}

f1 ≥ f2
def= dom( f1) ∼ dom( f2) 𝗂 ⟨x ∀ dom( f1) : f1(x) 𝗋 f2(x)

✘




Θ def= lfp⊑·∅ λf λs .

0 s ∈ Ωτ

sup{f(s′ ) + 1 ∣ ⟨s, s′ ⟩ ∈ τ} s ∈ ∼
preτ𝗂(dom( f ))

sup{f(s′ ) + 1 ∣ ⟨s, s′ ⟩ ∈ τ} s ∈ preτ𝗋(dom( f ))
undefined otherwise

Termination Resilience Semantics

14

1x  [- , + ] 
0while 2(x  0) do 
     3x  [- , + ] 
 od4

← ∞ ∞
⇒

← ∞ ∞


λx . {1 x = 0
undefined otherwise


λx . {3 x = 0
undefined otherwise


…


λx.0

the existence of the fixpoint is not guaranteed



Termination Resilience Static Analysis
3-Step Recipe
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concrete semantics 
mathematical models of the program behavior

abstract semantics, abstract domains 
algorithmic approaches to decide program properties

practical tools  
targeting specific programs



Piecewise-Defined Ranking Functions
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Termination Resilience  
Semantics

 

Abstract 
Termination Resilience  

Semantics
 

𝛾

∀x ∈ dom(γ(Θ⊆)) : Θ(x) ∧ γ(Θ⊆)(x)
dom(γ(Θ⊆)) ≤ dom(Θ)

Θ Θ⊆



Termination Resilience Static Analysis

?

   (x < 0) …

x = x - 1

while
 (…) 

…

the analysis tries to predict a valid ranking function
!"
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"✔


← def= lfp∞·≠ λf λs .

0 s ≤ ∃τ

sup{f(s∀ ) + 1 ⋮ Θs, s∀ ⊑ ≤ τ} s ≤ ∅
preτ∈(dom( f ))

inf{f(s∀ ) + 1 ⋮ Θs, s∀ ⊑ ≤ τ} s ≤ preτΩ(dom( f ))
undefined otherwise preτΩ(X) def= {s ⋮ ′s∀ ≤ X : Θs, s∀ ⊑ ≤ τΩ}

Termination Resilience Semantics

13
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∅
preτ∈(X) def= {s ⋮ ∣s∀ : Θs, s∀ ⊑ ≤ τ ∈ ⟨ s∀ ≤ X}

f1 ∞ f2
def= dom( f1) ⟩ dom( f2) ∼ ∣x ≤ dom( f1) : f1(x) 𝗂 f2(x)

✘



Termination Resilience Static Analysis
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function f(x) { 
 
   1a  [- , + ] 
   2z  10 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       od6 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      0while 7(z  x) do  
          8c [-2, 1] 
          9z z + c  
       od10   
   fi  
 
}11
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Termination Resilience Static Analysis
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xzac. 0λ

Static Backward Analysis


← def= lfp∞·≠ λf λs .

0 s ≤ ∃τ

sup{f(s∀ ) + 1 ⋮ Θs, s∀ ⊑ ≤ τ} s ≤ ∅
preτ∈(dom( f ))

inf{f(s∀ ) + 1 ⋮ Θs, s∀ ⊑ ≤ τ} s ≤ preτΩ(dom( f ))
undefined otherwise

Termination Resilience Semantics

13

0 

0 

0 

final states

totally undefined function

f1 ∞ f2
def= dom( f1) ′ dom( f2) ∣ ⟨x ≤ dom( f1) : f1(x) ⟩ f2(x)



Termination Resilience Static Analysis

   (x < 0) …

20
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Termination Resilience Static Analysis
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xzac. 0λ

Boolean Conditions

≠

approximation join

z - x  0≥

♮ ⋎⊥𝖭 xzac. 1λ

z - x  0≥

⋎⊥𝖭
=

xzac. 1λ♮

z - x  0≥
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∅
preτ∈(X) def= {s ⋮ ∣s∀ : Θs, s∀ ⊑ ≤ τ ∈ ⟨ s∀ ≤ X}

f1 ∞ f2
def= dom( f1) ⟩ dom( f2) ∼ ∣x ≤ dom( f1) : f1(x) 𝗂 f2(x)



Termination Resilience Static Analysis

   (x < 0) …

x = x - 1
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Termination Resilience Static Analysis
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Variable Assignment

xzac. 2λ

z + c - x  0≥

♮

xzac. 1λ♮

z - x  0≥


← def= lfp∞·≠ λf λs .

0 s ≤ ∃τ

sup{f(s∀ ) + 1 ⋮ Θs, s∀ ⊑ ≤ τ} s ≤ ∅
preτ∈(dom( f ))

inf{f(s∀ ) + 1 ⋮ Θs, s∀ ⊑ ≤ τ} s ≤ preτΩ(dom( f ))
undefined otherwise preτΩ(X) def= {s ⋮ ′s∀ ≤ X : Θs, s∀ ⊑ ≤ τΩ}
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f1 ∞ f2
def= dom( f1) ⟩ dom( f2) ∼ ∣x ≤ dom( f1) : f1(x) 𝗂 f2(x)
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Termination Resilience Static Analysis
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Non-Deterministic Variable Assignments

𝖨 =

xzac. 2λ

z + c - x  0≥

♮

z - x + 1  0≥

♮ ⋎⊥𝖭

z + [-2,1] - x  0≥
z - x  [-1,2] ≥

z - x  -1 ≥

z - x - 2  0≥

xzac. 3λ⋎⊥𝖭

z + [-2,1] - x  0<
z - x  [-1,2] <
z - x  2 <

z - x - 2  0≥

xzac. 3λ♮

resilience join


← def= lfp∞·≠ λf λs .

0 s ≤ ∃τ

sup{f(s∀ ) + 1 ⋮ Θs, s∀ ⊑ ≤ τ} s ≤ ∅
preτ∈(dom( f ))

inf{f(s∀ ) + 1 ⋮ Θs, s∀ ⊑ ≤ τ} s ≤ preτΩ(dom( f ))
undefined otherwise preτΩ(X) def= {s ⋮ ′s∀ ≤ X : Θs, s∀ ⊑ ≤ τΩ}

Termination Resilience Semantics
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f1 ∞ f2
def= dom( f1) ∣ dom( f2) ⟨ ⟩x ≤ dom( f1) : f1(x) ∼ f2(x)



Termination Resilience Static Analysis

   (x < 0) …

x = x - 1

while
 (…) 

…

the analysis tries to predict a valid ranking function

25
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Termination Resilience Static Analysis
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Loops

z - x - 2  0≥

xzac. 3λ♮

z - x - 2  0≥ xzac. 1λ

z - x  0≥

xzac. 4λ♮ 
← def= lfp∞·≠ λf λs .

0 s ≤ ∃τ

sup{f(s∀ ) + 1 ⋮ Θs, s∀ ⊑ ≤ τ} s ≤ ∅
preτ∈(dom( f ))

inf{f(s∀ ) + 1 ⋮ Θs, s∀ ⊑ ≤ τ} s ≤ preτΩ(dom( f ))
undefined otherwise preτΩ(X) def= {s ⋮ ′s∀ ≤ X : Θs, s∀ ⊑ ≤ τΩ}
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Termination Resilience Static Analysis
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Loops

𝖫

widening

z - x - 2  0≥ xzac. 1λ

z - x  0≥

xzac. 4λ♮

z - x - 2  0≥ xzac. 1λ

z - x  0≥

xzac. 4λxzac. 3z - 3x + 1λ

z - x - 2  0≥ xzac. 1λ

z - x  0≥

xzac. 4λz - x - 4  0≥

xzac. 7λ♮

=
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Termination Resilience Static Analysis

z  0≥

♮

x  0> xzac. 1λ

xzac. 2z + 3λ

z - x - 2  0≥ xzac. 1λ

z - x  0≥

xzac. 4λxzac. 3z - 3x + 1λ

28

Loops



Termination Resilience Static Analysis

   (x < 0) …

x = x - 1

while
 (…) 

…

!"

29



function f(x) { 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Termination Resilience Static Analysis
Approximation Join or Resilience Join?

≠

𝖨

=

=



Termination Resilience Static Analysis
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xzac. 2z + 3λ ♮

x  0>

z - x - 2  0≥ xzac. 1λ

z - x  0≥

xzac. 4λxzac. 3z - 3x + 1λ

z  0≥



Termination Resilience Static Analysis

function f(x) { 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♮

x  0>

!xzac. 23λ



Termination Resilience Static Analysis
3-Step Recipe

33

concrete semantics 
mathematical models of the program behavior

abstract semantics, abstract domains 
algorithmic approaches to decide program properties

practical tools  
targeting specific programs



Benchmark Property Verified Alarms TO Time

SV-COMP 2024
Termination 0 119 0 7.2s

Termination Resilience 76 43 0 16.9s

Raad et al @ OOPSLA 2024
Termination 0 36 0 7.2s

Termination Resilience 16 20 0 16.9s

Shi et al. @ FSE 2022
Termination 0 85 0 69s

Termination Resilience 49 28 8 500sM
ul
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Experimental Evaluation

34

Benchmark Property Verified Alarms TO Time

SV-COMP 2024
Termination 0 119 0 3.5s

Termination Resilience 61 58 0 3.6s

Raad et al @ OOPSLA 2024
Termination 0 36 0 0.5s

Termination Resilience 16 20 0 0.5s

Shi et al. @ FSE 2022
Termination 0 85 0 2.0s

Termination Resilience 57 28 0 2.2sU
ni
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ria

te
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on
st

ra
in

ts



Experimental Evaluation
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Univariate vs Multivariate Constraints
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Univariate Constraints

  equal precision 
  multivariate constraints are more precise  

    univariate constraints are more precise (!)

∨
▿
⋆



Termination Resilience Static Analysis
3-Step Recipe

concrete semantics

abstract semantics  
abstract domains

practical tools
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Benchmark Property Verified Alarms TO Time
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Piecewise-Defined Ranking Functions

16

Termination Resilience  

Semantics
 

Abstract 

Termination Resilience  

Semantics
 

𝛾

←x ≥ dom(λ(∃∀)) : ∃(x) ∞ λ(∃∀)(x)dom(λ(∃∀)) ⋮ dom(∃)

∃

∃∀

function f(x) { 
 
   1a  [- , + ] 
   2z  10 
   3if (a*a  0) then 
      0while 4(z  0) do 
          5z  z - x 
       od6 
   else 
      0while 7(z  x) do  
          8c [-2, 1] 
          9z z + c  
       od10   
   fi  
 
}11

← ≥ ≥
←

∃
∃

←

∃
←
←

Termination Resilience Semantics

12

count execution steps backwards

0
1
2
3
4
∀

Termination Resilience Static Analysis

   (x < 0) …

x = x - 1

while 
(…) …

!"

29
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← def= lfp≥·∃
λf λs .

0
s ∀ ∞τ

sup{f(s⋮ ) + 1 Θ ⊑s, s⋮ ∅ ∀ τ} s ∀ ∈
preτΩ(dom( f ))

inf{f(s⋮ ) + 1 Θ ⊑s, s⋮ ∅ ∀ τ} s ∀ preτ′(dom( f ))

undefined
otherwise preτ′(X) def= {s Θ ∣s⋮ ∀ X : ⊑s, s⋮ ∅ ∀ τ′}

Termination Resilience Semantics
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totally undefined function
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regular transitions

0 

0 
0 

1 

1 

1 

0 

0 
0 

1 

1 
2 

1 

0 

0 
0 

1 

1 
2 

1 

3 

0 

0 
0 

1 

1 
2 

1 

3 

∈
preτΩ(X) def= {s Θ ⟨s⋮ : ⊑s, s⋮ ∅ ∀ τΩ ⟩ s⋮ ∀ X}

f1 ≥ f2
def= dom( f1) ∼ dom( f2) 𝗂 ⟨x ∀ dom( f1) : f1(x) 𝗋 f2(x)

✘

THANKS!


