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e functions that strictly decrease at each program step. ..
@ ...and that are bounded from below

e Idea: computation of ranking functions by abstract interpretation

o family of abstract domains for program termination?

|
|
|
| o piecewise-defined ranking functions
! o backward analysis
I
|
I

o sufficient conditions for termination

@ instances based on

1Floyd - Assigning Meanings to Programs (1967)
2 Cousot&Cousot - An Abstract Interpretation Framework for Termination (POPL 2012)

3Urban - The Abstract Domain of Segmented Ranking Functions (SAS 2013)
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: Idea — define a ranking function counting the number Of !
, program steps from the end of the program and extractmg.

m the well-founded part of the program transition relation .

Theorem (Soundness and Completeness)

the termination semantics is sound and complete
to prove the termination of programs

Cousot&Cousot - An Abstract Interpretation Framework for Termination (POPL 2012)
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Int : x

X = ?

while (x > 0) do
X =x—1

od
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while *(x > 0) do
’x:=x—y (NODE{x—ySO} )
od’ "
_ _ LEAF: 1 (NODI;{X—ySO} )
the program terminates if <
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S
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N
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x <0
X =X—Yy lx > 0
»3 (LEAF o)
y
we start at the end
with O steps
before termination
0 S X
0
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2:  if ISLEAF(t) then return LEAF : FILTERE(f, c) [xt = LEAF : f */
3 else return NODE{¢.c} : FILTER-AUX(t.[, ¢); FILTER-AUX(t.r, ¢)
X NODE {X < O} 4. function FILTER(Z,c)
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AN
LEAF: 1 (LEAF: 1 )
s we have taken x < 0 into
account and we have
1 step to termination
0 S X IR
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2: if ISLEAF(t) then return LEAF : ASSIGNg(f, x := a) /¥t 2 LEAF : f %/
3 else
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0 X
0
X:i=X—Y
we have taken x ;= x — y
Into account and we have )
2 steps to termination 1T =
(NODE{x—y§O} ) ’
\ /7
N 7/
N 0 /—r > X
LEAF: 2 (LEAF: i ) 0
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A " Inction FILTER-AUX(%,c)
‘ if ISLEAF(¢) then return LEAF : FILTERE(f, ) [xt = LEAF : f */
’ else return NODE{¢.c} : FILTER-AUX(t.[, ¢); FILTER-AUX(t.r, ¢)
/
/
NODE{ x —v< inction FILTER(%,c)
( ODE { xoz= i ) 0/_|,’ » X | C < FILTER.(c)
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AN
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Decision Trees

thm 4 : Tree Filter

Inction FILTER-AUX(%,c)

(NODE{x§O} ) 1 e

else return NODE{¢.c} : FILTER-AUX(t.[, ¢); FILTER-AUX(t.r, ¢)

N ’
/ N\ ’
’

Inction FILTER(%,c)

"
(LEAF: J_) (NODE{X—ySO}) o—r'

D)

> X | C < FILTERL(c)
return AUGMENT(FILTER-AUX(t, ¢), C)

if ISLEAF(¢) then return LEAF : FILTERE(f, ) [xt = LEAF : f */

0
N
D
LEAF: 3 (LEAF: il )

1

C ={x<0} ¢x>o

2 ;T

(NODE{x—y§O} ) ,

0 > X
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Join

Algorithm 1 : Tree Unification

1: function UNIFICATION(%1,t2)
2: if ISLEAF(t1) A ISLEAF(t2) then

3 return (tq, to)
4 else if ISLEAF(¢1) V (ISNODE(t1) A ISNODE(t2) A ta.c < t1.c) then
5: (I1,13) < UNIFICATION(t1, to.1)
6: (r1,72) < UNIFICATION(t1, to.1)
7: return (NODE{t5.c} : l1;71, NODE{ta.c} : l2;72)
8: else if ISLEAF(t3) V (ISNODE(t1) A ISNODE(t3) A ty.c < ta.c) then
9: (I1,12) < UNIFICATION(t1.l, t2)
10: (r1,72) <= UNIFICATION(t1.7,t3)
11 return (NODE{t1.c} : l1;71, NODE{t1.c} : l2;72)

y 12: else

1 ' ]_ 13: (l1,12) <= UNIFICATION (1.1, t5.0)

= ‘ 14: (ro,T2) <— UNIFICATION(t1.7, t2.7)
p 15: return (NODE{#1.c} : l1;71, NODE{t2.c} : l3;72)
/7
0 4= > x (NODE{x§O} )
0 <

N
(N/ODE{XS\O} ) LEAF: 1 (LI;AF: " )
(LEAF: T ) (NODE{X_ySO} ) .

D)

N
D
LEAF: 3 (LEAF: ar ) 0 S X
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Algorithm 1 : Tree Unification
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5 if ISLEAF(¢1) V (ISNODE(¢1) A ISNODE(t3) A ta.c < t1.c) then
6: return LEFT-UNIFICATION (1, 2.l Ut to.7)
7: else
8: (I1,13) < LEFT-UNIFICATION(t1.l,t5.0)
9: (rg,7r2) <= LEFT-UNIFICA]

y y

" 10: return (NODE{¢1.c} : l1; 77 o

/ /
/ /
/ /

NODE{x<0} || ol B (NODE{x<0} )| o4 Sl

0 N 0
N\
A3
LEAF: 1 NODE{x—y<0} | LEAF: 1 (NODE{x—ySO} )
\ i
N\
N
LEAF: 3 LEAF: 5 LEAF: 3 (LEAF: 2[5 )
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N
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N
N
y N
T - LEAF: 3 (NODE{X—2y§0} )
P N
LN
/7 ,/ \
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/,.’ ~~~.~
0 7% > X “A
0 1 x <0
X ¢ X—Yy lx > 0
(NODE{x—ySO} ) K ‘ ____—V 2
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> 4 AN
LEAF: 2 (NODE{X—2y§0} ) , -
N 7 .7
N\ IR
S 0z S X
LEAF: 4 (LEAF: T ) 0
0 S X

12 / 24



Introduction
Termination Semantics

Piecewise-Defined Ranking Functions

Decision Trees

Conclusion
Example

(NODE{xS\O} )

Int: x, y

while *(x > 0) do ;
’X i =x—y T

od’

the analysis gives x <0V x <y 0 4

as sufficient precondition 0

N\
S
LEAF: 1 (NODE{X—ySO} )
N
N\
AN
e LEAF: 3 (LEAF: an )
V4
S X IR

1 x <0

=X =Yy lx >0
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Cosizgl

int: x, y LEAF: 1 (NODE{x—ySO} )
while !(x > 0) do » T
2X =X —y ™ , : LEAF: 3 (LEAF: T )
od’ y -
the analysis gives x <0V x <y 0 4 W R r
as sufficient precondition 0 x <0
the weakest precondition Xi=X—=y lx >0

sx<0vy>0
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Fig. 2. The heuristics h, improving on the standard widening.
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Fig. 7: Example of widening of abstract piecewise-defined ranking functions. The
result of widening v¥* (shown in (a)) with v¥ (shown in (b) is shown in (c).
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srmination Semantics ntics

Theorem (Soundness)

the abstract termination semantics is sound
to prove the termination of programs
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800 | ¢=FuncTion ® - |

e

- C [ www.di.ens.fr/~urban/FuncTion.html e @ @ =

Home Page Papers Talks/Posters FuncTion

An Abstract Domain Functor for Termination

Welcome to FuncTion’s web interface!

Type your program:

or choose a predefined example: | Choose File

and choose an entry point: main

| Analyze |

Forward option(s):

» Widening delay: |2
Backward option(s):

= Partition Abstract Domain: | Intervals  + |
» Function Abstract Domain: | Affine Functions = |
™ Ordinal-Valued Functions
= Maximum Degree: |2

» Widening delay: |2 21 /24
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Experiments

Implementation

Benchmark: 87 terminating C programs collected from the literature

Tools:

FuncTion

AProVE

")
o
@ [2
")

Ultimate Buchi Automizer

Result:
Tot | FuncTion | AProVE | T2 Ultimate | Time | Timeouts
FuncTion 51 — 8 8 3 0s 5
AProVE 60 17 — 7 2 35s 19
T2 73 30 20 — 3 2s 0
Ultimate 79 31 21 9 — Os 1
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@ Instances based on

Future Work

e more abstract domains

e non-linear ranking functions
o better widening

o

@ other properties
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