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e termination

e ranking functions!
e functions that strictly decrease at each program step. ..
e ...and that are bounded from below

e idea: computation of ranking functions by abstract interpretation?

e family of parameterized abstract domains for program termination ,
e piecewise-defined ranking functions |

e backward invariance analysis \

o sufficient conditions for termination '

1

1

= ——————

@ instance based on intervals and affine functions

LFloyd - Assigning Meanings to Programs (1967)
2Cousot&Cousot - An Abstract Interpretation Framework for Termination (POPL 2012)
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while 1(x > 0) do X = —2x+10 lxzo

2x := —2x + 10 9 3
Od3 B _-Y ~

' we map each point |
''to a function of x giving,
' an upper bound on the ,
! steps before termination




Introduction
Concrete Semantics @y el

An Abstract Domain for Termination
Conclusion and Future Work
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Example and we are now at

2 steps to termination

int : x

while 1(x > 0) do
2x .= —2x+10

od?

' we map each point |
''to a function of x giving,
' an upper bound on the ,
! steps before termination

N
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Example

0 1 0 1 0 1 _»0
2 2
0 0 0 0

Theorem (Soundness and Completeness)

v, is sound and complete to prove the termination of programs

Cousot&Cousot - An Abstract Interpretation Framework for Termination (POPL 2012)
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Intervals Abstract Domain®

VE

QE

E* & {1g}U{[a,b] | a € IU{—oc}, b € TU{+00}} I1e{z,...}
join: Ug

meet: Mg

widening: Vg

backward assignments: ASSIGNg

tests: FILTEREg

3Cousot&Cousot - Static Determination of Dynamic Properties of Programs (1976)

N
N
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@ join: Llp

X
X1 47~ 4 2 X1 g4~ 4 X1 4~ 14

f(x, %) = *%X2 +2  fhx,x)= *%X1 +2  f(x,x)= *%Xl — %X2 + 4

@ backward assignments: ASSIGNp

H x:=x+1 H

3 9 2 8
f(x)=x—2 fx)=x+1-2+1=x
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o V# & [(E# x F#)k | k >0}
@ segmentation unification

Example

y
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@ backward assignments: ASSIGNy

ple

X x:=x+[0,4] X

6 — 6
<X = (_0075]a J—F> <X = (—OO, 1]’ J-F>
(x = [6,+0),y = 4) (x = [2,5], LF)

(x — [6,+00),y =5)

o tests: FILTERy
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S*[statement] € Vfos-r — VfRE
S#[x := A]v £ ASSIGNy(x := A, v)
S*[if B then S; else S, fijv £

FILTERy(B, 87[S1]v) Yv FILTERy(-B, S¥[S:]v)
S*[while B do S od]v £ Ifp#3¥ ¢#

where ¢7 2 Ax. FILTERy (-8B, v) Yy FILTERy (B, 8¥[S]x)
S7[S1 5 S2v & ST[S1](S7[S2]v)

Theorem (Soundness)

v is sound to prove the termination of programs
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1 x> 10
int: x
while *(x < 10) do x=xt1| |x<uo
2y i =x+1 2 3
od? __,_—"" 4
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. 1 x> 10
Int : x
while *(x < 10) do x=xt1| |x<uo
2x =x+1 Z S 2 3
od? I 2
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%
Alias& Darte& Feautrier& Gonnord - H
Multi-Dimensional Rankings, Program H
Termination, and Complexity Bounds | -
of Flowchart Programs (SAS 2010) 4%:::::% .
8 10
1 x> 10
int : x
while I(x < 10) do x=xf1| o |x<10
2x =x+1 4“# \ 2 3
| -
H L 1T R 1
saasn I
79 “

Berdine&al. - Variance Analyses -“—)- x

from Invariance Analyses (POPL 2007)
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int : xq, X0
while 1(x1 >0Axp >0)do
if 2(?) then
3

xp i =x3—1
else

4x2 =x —1
fi

od®
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Simple-Loops

int @ xg, xo
while 1(x1 >0Axp >0)do
if 2(?) then

3x1 =x3 —1
else
4x2 =x —1
fi
od®

Cook&Podelski&Rybalchenko -
Terminator: Beyond Safety (CAV 2006)
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Sufficient Preconditions for Termination

- Flx) = 3 5<x<9
L 10<x
int : x
while !(x < 10) do
Zx 1= 2% x
od®
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Sufficient Preconditions for Termination

int : x

while !(x < 10) do 9 x—1

2x :=2xx 7 x=

od? f(x)=4{5 3<x<4
3 5<x<9
1 10<x
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Sufficient Preconditions for Termination

int : x
while !(x < 10) do 9 x—1
2XZ:2*X 7 x=2
od3 f(x)=<5 3<x<4
3 5<x<9
1 10< x

Cook&al - Proving Conditional Termination (CAV 2008)
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http://www.di.ens.fr/~urban/FuncTion.html

@ written in OCaml

@ implemented on top of Apron*

e forward reachability analysis to improve precision

int : xq, X

le =1

while 2(x; < 10) do
3

X1 = X1 + X2

od*

“http://apron.cri.ensmp.fr/library/
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Conclusions

o family of parameterized abstract domains for program termination

e piecewise-defined ranking functions
e backward invariance analysis

@ instance based on intervals and affine functions

e segmentation overcomes non-existence of linear ranking functions
e analysis not limited to simple loops
o sufficient conditions for termination

Future Work

e more abstract domains (e.g. non-linear functions)
@ other liveness properties
@ cost analysis

@ non-termination
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“...the purpose of abstraction is not to be
vague, but to create a new semantic level in
which one can be absolutely precise.”
(Edsger Dijkstra)
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