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In numerical analysis, error propagation refers to how small inaccuracies in input data or intermediate
computations accumulate and affect the final result, typically governed by the stability and sensitivity of the
algorithm with respect to some perturbations. The definition of a similar concept in approximated program
analysis is still a challenge. In abstract interpretation, inaccuracy arises from the abstraction itself, and the
propagation of this error is dictated by the abstract interpreter. In most cases, such imprecision is inevitable.
In this paper we introduce a logic for deriving (upper) bounds on the inaccuracy of an abstract interpretation.
We are able to derive a function that bounds the imprecision of the result of an abstract interpreter from the
imprecision of its input data. When this holds we have what we call partial local completeness of the abstract
interpreter, a weaker form of completeness known in the literature. To this end, we introduce the notion of a
generator for a property represented in the abstract domain. Generators allow us to restrict the search space
when verifying whether the bounding function holds for a given program and input. We then introduce a
program logic, called Error Propagation Logic (EPL), for propagating the error bounds produced by an abstract
interpretation. This logic is a combination of correctness and incorrectness logics and a logic for program
w-continuity that is also introduced in this paper.

Additional Key Words and Phrases: Abstract Interpretation, Program Analysis, Program Logic, Galois Connec-
tion, Generator, Partial Completeness, Program Continuity.

1 INTRODUCTION

Abstract interpretation [Cousot and Cousot 1977, 1979] is a general theory for the approximation
of program semantics. The approximation is achieved by interpreting programs in a simplified
domain, called the abstract domain. The object of approximation are properties of programs, for
instance the set of values stored in variables at some program point or the set of reachable program
points. In its classical formulation, abstract interpretation considers a domain of concrete (or exact)
properties C and a domain of abstract (or approximated) properties A, both assumed to be partially
ordered sets, related by a Galois connection, namely by a pair (@,y) where the abstraction function
a: C — A maps any concrete property into an approximated abstract one, and the concretization
function y: A — C gives the meaning to any abstract property as a corresponding concrete one.

The precision of an abstract interpretation has been the subject of an extensive study over the
past decades (see, e.g., [Bruni et al. 2022, 2023; Campion et al. 2022; Giacobazzi et al. 2015]). It is
well-known that interpreting a program in an abstract domain typically differs from abstracting its
concrete semantics. This difference arises because abstract interpreters approximate intermediate
program computation states, introducing and propagating imprecision, which cumulates. Although
abstract interpretation guarantees soundness, thus preventing false negatives, its imprecision may
result in false alarms, commonly referred to as false positives. This phenomenon is known as
incompleteness or imprecision of the static analysis.

Completeness is a desirable property that expresses the absence of imprecision in the abstract
interpreter with respect to the abstraction of the concrete execution [Giacobazzi et al. 2000]. If
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[P]: C = C is the concrete semantics of a program P, and [[Pﬂﬁ: A — A is its abstract interpreta-
tion, completeness corresponds to the equation:

Ve € C.a([P]c) = [[P]}ﬁa(c) (1)

When the universal quantification in (1) is restricted to a strict subset S C C of concrete properties,
namely, Vc € S, condition (1) is referred to as local completeness [Bruni et al. 2021, 2023]. In the
context of static verification, completeness means that no false positives are raised by the abstract
interpretation-based static analysis when used to verify any abstract property on the program
computation [Cousot 2021; Rival and Yi 2020]. Completeness, however, is a very rare condition
to be satisfied in practice, even in its local form [Campion et al. 2022; Giacobazzi et al. 2015].
Abstract domains can be refined in order to achieve completeness (e.g., see [Giacobazzi et al.
2000]), but the refinement may result in a way too concrete abstract domain, making the abstract
interpreter inefficient if not boiling down to the concrete interpretation [Giacobazzi et al. 2015].
The weaker notion of local completeness may produce a more complete abstract domain tailored on
a specific program and (set of) input states by means of the so called Abstract Interpretation Repair
(AIR) [Bruni et al. 2022], a technique that shares similarities with the principles of the well known
Counter-Example Guided Abstraction Refinement (CEGAR) in abstract model-checking. However,
local completeness can still be too strong as an assumption, as a certain degree of imprecision may
be acceptable (or even unavoidable) in analysis or verification without compromising the overall
quality of the results.

To address this, Campion et al. [2022] introduced a more permissive notion of standard local
completeness, called e-partial local completeness. Partial completeness relaxes the equality require-
ment between the abstraction of the concrete execution and the result of the abstract interpretation,
by allowing a bounded level of imprecision by the constant ¢ € Ry¢. This imprecision is measured
by a distance 7 : A X A — Ry over the elements of the abstract domain, and it is formalized
in [Campion et al. 2023] as a pre-metric compatible with the underlying ordering of the abstract
domain. Formally, (1) in its local form is weakened by:

Ve € S.8a(a([P]e), [P]Fa(c)) < ¢ @)

where ¢ € Ry is the allowed amount of imprecision. Notably, when the pre-metric d4 is able
to distinguish equal elements (formally, Vay,a; € A.a; = a; © Ja(ay, az) = 0), then 0-partial
local completeness boils down to standard local completeness. Note that both (1) and (2) involve
quantification over elements of the concrete domain. Specifically, for (2), the condition must hold
at each individual input in the set S, while for (1), it must hold over the entire concrete domain.

Understanding how this limited imprecision is preserved or amplified during program analysis
is a key challenge. This brings us to the central question that guides our work:

Can we define a program logic that models error propagation in abstract interpretation?

1.1 Main Contribution

In this paper, we address the above question by introducing a novel program logic, called Error
Propagation Logic (EPL), designed to provide a logical framework for reasoning about the imprecision
of abstract interpreters. Specifically, it enables the derivation of upper bounds on the output
imprecision of an abstract interpreter as a function of the imprecision in its input, where the
imprecision is parametrized by the chosen pre-metric. By capturing how error propagates through
program constructs, EPL facilitates compositional reasoning and supports the systematic verification
of precision guarantees in abstract interpretations. To this end, we first characterize the minimal
set of program properties that play a key role in the error propagation, which we call generators.



A Logic for the Imprecision of Abstract Interpretations

Building on this notion, we then design EPL by combining correctness and incorrectness logics
with a program logic for the w-continuity.

1.1.1  Generators of an Abstract Domain. We observe that certain abstract properties in A admit a
minimal representation in the concrete domain, with respect to the concrete partial ordering Cc.
We refer to these minimal concrete properties as generators. Intuitively, for an abstract property
a € A, the concrete property g € C qualifies as a generator of a when «(g) = a, meaning that g
maps to a via the abstraction function «, and there is no other concrete property ¢ € C such that
¢ C¢ g and a(c) = a. In other words, g captures the least amount of concrete information required to
represent a in the abstract domain via a.

One of the simplest examples that naturally illustrates the notion of generators is the interval
abstract domain, defined as follows:

Int ¥ {[a,b]|acZU{-0},beZU{+o0},a<b}U{Ln}

The interval abstraction ajn, defined by Cousot and Cousot [1977], abstracts a set of integers
S € 9(Z) to the smallest interval in Int containing it. Let [a, b] € Int be a closed interval, namely
a,b € Z.In this case, the set containing the extreme values of [a, b], i.e., the set {a, b}, represents
the minimal information in the concrete domain @(Z), in terms of C, which is necessary to
describe the interval. Clearly, the generator of every closed interval is unique. But there are also
abstract properties not admitting generators. This is the case for all infinite intervals of the form
[a,+00], [0, b], [—00, +0].

Generators play a central role in proving (1) and (2) as, for certain sets of concrete properties
S C C, establishing (partial local) completeness on the generators alone is a necessary and sufficient
condition to ensure the property on the whole set S. We illustrate this result through an example.

Example 1.1. Consider the following program computing the absolute value of an input:
ABS : if x > 0 then x := x else x := —x

Assume [ABS]: 9(Z) — ¢(Z) is the standard collecting reachability semantics and consider the
standard interval abstract interpretation [ABS] ?m: Int — Int. Suppose that we are interested in
studying the local completeness of [ABS] f(m over the set of inputs

S={Nep@)|{1,5} S N C{1,2,3,45}} Cc p(Z)

namely all the integer sets whose abstraction gives the interval [1, 5]. Then [[ABS]]IIj . islocal complete
at S if and only if it is complete at the integer set {1,5}, namely at the generator of the abstract
property [1,5] € Int. Thls is indeed the case: ot ([ABS]{1,5}) = [1,5] = [[ABS]]IM[I 5], and so we
can conclude that [[ABS]]I . is local complete at S without further checking the property on the other
sets in S. Instead, if we consider the set of inputs

R={Ne€p(Z)| {44} C N C {-4,-3,-2,-1,0,1,2,3,4}} C p(Z)

then a proof of local incompleteness at the generator {—4, 4} also entails a proof of incompleteness
of [[ABS]]Int over all integer sets in R. Indeed:

it ([ABS] {4, 4}) = [4,4] Tyt [0,4] = [ABS]" [4,4]

We observe a similar result for the partial local completeness property with a slightly different
consequence: a proof of e-partial local completeness at the generator {—4,4} provides an upper
bound ¢ of imprecision for all integer sets in R. For example, we can consider an error measure
G such that §, ([4,4], [0,4]) = 4, modeling the fact that the interval }0, 4] has four more values
than the interval [4, 4]. Then the distance ¢, (aint([ABS]{—4,4}), [ABS]} . [—4, 4]) corresponds to 4,
namely [ABS] ﬁ]t is 4-partial local complete at {—4, 4}, and thus also at all the sets in R. )
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More generally, instead of considering a constant bound ¢, we introduce a bounding function
e: C — Ry that assigns a specific bound to each concrete property. The partial local completeness
property in (2) is then reformulated as:

Ve € S. da(a([P]e), [[P]]ﬁ(x(c)) <e(c)

thus enabling a more flexible and expressive framework for reasoning about incomplete analyses.
In the example above, a suitable bounding function for any closed set N € ¢(Z)—that is, a set
whose abstraction is a closed interval—is defined as follows: e(N) = 0 if N is empty or max(N) < 0;
otherwise e(N) = max(N). This choice is motivated by generators of the form {n;, n,} with n, e N
and n; = —n,, for which we obtain:

Gt (aint ([ABS]{n1, n2}), [[ABS]]Fntalnt({nb nz})) = ny

This represents a worst-case scenario: the concrete result is always the singleton ny, while the
abstract semantics includes 0 due to the guard, yielding an over-approximation of size n,. Hence,
[[ABS]][ ; Will never return an interval whose imprecision—measured in terms of the number of
spurious elements—exceeds e(N) relative to the abstraction of the concrete execution.

At this point, a natural follow-up question we aim to address is the following:

Can generators be leveraged to propagate, inductively on the syntax of the program, a
bounding function e that estimates the worst-case imprecision incurred by an abstract
interpretation over a given set of concrete properties?

1.1.2  An Error Propagation Logic. Building on the notion of generators, we introduce EPL that
derives judgments of the form: e-BouND(P, g)#, where P is a program and ¢ is a generator of an
abstract property a € A. The goal of EPL is to soundly establish the worst-case imprecision of an
abstract interpretation with respect to a concrete semantics and a chosen imprecision distance d4,
over the chain of properties {c € C | g E¢ ¢ C¢ y(a)}, denoted by [g,y(a)]. The proof system
derives a bounding function e inductively on the syntax of P: it starts from basic commands (assign-
ments and Boolean guards), and then propagates and updates the bounding function compositionally
through the program structure. The result is twofold:

(1) if e(g) > 0 for a given generator g, then e(g) provides an upper bound on the imprecision
over all elements in [g,y(a)];
(2) ife(g) = 0, then the abstract interpreter is able to precisely analyze every element in [g, y(a)].
The last scenario further implies that any representable specification in the abstract domain can be
verified without false positives on these inputs.

The key challenge in designing EPL lies in defining the bounding function e for the composition
P1; P2 of two programs in terms of the bounding functions e; and e, for the individual programs:

[9]P1[h]
e;-BoUND(P1,9)n  €2-BoUND(P2, ) w-CoNT(P2)a  {g}P:1{ya(h)}

e-BouND(Py; P2, 9)a (SzQ)
It turns out that, if the abstract interpretation of the second program P, satisfies w-continuity,
captured by the predicate w-CoNT(P;,) #, then the resulting bounding function e for the composition
P1; P, can be expressed as the sum e(c) = ez(h) + w(eq1(g)), for all ¢ € [g, y(a)]. The function w in
w-CoNT(P;) 4, called the modulus of continuity, quantifies how much the output of a program analysis
can change in response to small changes in the input. As we will see in Section 6.3, our proposed
notion of w-continuity is strictly weaker than uniform continuity (and, in fact, than continuity in
general) allowing it to capture arbitrary forms of error propagation in abstract interpretation. By
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leveraging the pre-metric 4, the w-continuity of an abstract interpretation [[F’]]ﬁ&zl of a program P is
formally defined as the inequality:

Vai, az € A.8a([P) (ar), [PI% (@2)) < 0(8a(ar, az))

In particular, when the modulus of continuity is linear, that is, w(#) = Kt for some constant K, we
obtain Lipschitz continuity, a well-known notion widely used to model bounded linear variations in
program behavior under small input perturbations [Chaudhuri et al. 2011; de Amorim et al. 2017].

We introduce a simple sound proof system for deriving a modulus of continuity function w of
a program inductively on its syntax, i.e. for inferring the validity of w-CoNT(P) #. Interestingly,
EPL integrates three distinct logical frameworks: standard Hoare-style correctness logic [Hoare
1969], here encoded by the triple {g}P1{ya(h)}, O’Hearn’s incorrectness logic [O’'Hearn 2020], here
encoded by the triple [g]P;[h], and our own modulus of continuity logic for deriving w-CoNT(P) #.
The combination of the first two is essential to capture the nature of local completeness and, in fact,
aligns with the LCL fragment introduced in [Bruni et al. 2021, 2023]. The modulus of continuity
logic, in turn, ensures compositional reasoning in the presence of error-bounding functions. The
entire EPL proof system is made parametric with respect to the generators of the abstract domain.
This design choice allows the inference rules to operate over a minimal and representative set of
abstract elements. Instead of reasoning over sets of concrete properties, one can focus on proving
properties for the generators, which serve as a basis for the abstract domain’s structure.

Our broader vision is to integrate error propagation into a Dijkstra-style discipline of program-
ming, thereby ensuring that code design is inherently aligned with the analyzer responsible for
verifying the generated code. One possible scenario is that, during the evaluation of a program
analysis, the user proposes an error bound and the proof assistant—guided by our logic—verifies its
validity online. Moreover, since program analysis is intensional—that is, its precision depends on
how the code is written—our proof system can also serve as a guide in code construction. It makes
explicit how the program analysis imprecision propagates through the program under analysis and
helps ensure that a desired upper bound on imprecision is ultimately achieved. In this perspective,
the new notions of w-continuity and generators of an abstract domain are fundamental: The former
is the key notion to let error-bounds propagate in our program logic, while the latter both prunes
the search space in the proofs and propagates error-bounds to all elements belonging to the same
chain as the generator.

1.2 Structure of the Paper

We summarize our contributions as follows:

We generalize the notion of partial (local) completeness to use bounding functions (Section 3).
We formally define the notion of generator for an abstract property (Section 4).

We establish key results for reducing a proof of partial local completeness from a set of concrete
properties S C C to the generators only (Section 5).

We provide a logic for deriving w-continuity inductively on the program syntax (Section 6.3),
as well as the EPL, a logic for deriving a bounding function (Section 6.4).

All the presented results rely on minimal assumptions on the concrete and abstract semantics,
the chosen distance function, and the structure of the concrete and abstract domains. For ease of
exposition, we complement these results with examples on the interval domain, although they
remain fully general and apply to any Galois connection. All proofs can be found in Appendix A.
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2 BACKGROUND

We introduce preliminary concepts and notations on order theory, trace and reachability semantics
(Section 2.1), and abstract interpretation (Section 2.2). Lastly, in Section 2.3 we recall the notion
of pre-metric compatible with a partial ordering, which will be used to formalize the partial
completeness property in abstract interpretation.

2.1 Program Semantics

Functions and Order Theory. Given two sets S and T, ¢(S) denotes the powerset of S, the symbol
@ corresponds to the empty set, S \ T denotes the set-difference, |S| denotes the cardinality of
S. Set inclusion is denoted by S C T while S C T denotes strict set inclusion. We denote with
N, Z and R the sets of all natural, integer and real numbers, respectively, and with I € {N,Z, R}
any one of the three number sets. We will use the notation I with the following meaning:
IZ, Y {nel|n>0}U{co}, whereforalln €I, n < co. As calculation rules, any sum, difference
or multiplication that involves the symbol oo, returns co, except for 0 - co = c0 - 0 = 0.

When a binary relation C C S X S is defined over a set which differs from N, Z and R, we will
use the subscript Cs except for well-known relations, like equality = and set inclusion C. We will
highlight sets that form a partially ordered set by using calligraphic font on letters, e.g. L, instead
of standard font for a generic set of objects, e.g. L. That is, (L, E z) is called a partially ordered set,
or briefly poset, when C s is a partial order relation (i.e., reflexive, antisymmetric and transitive). Its
strict version is denoted by the symbol C y such that, forallx,y € L, xCpyif x Ty yand x # y.

A poset (L, C r) is called a join-semilattice if for all {a, b} C L, their join (i.e. least upper bound,
or simply lub), denoted by a Vz b, is an element of £, and is called a meet-semilattice if for all
{a,b} C L, their meet (i.e. greatest lower bound, or simply glb), denoted by a Az b, is an element
of L. (L,Cr) is called a lattice if it is both a join- and a meet-semilattice. A lattice is complete
when all subsets X C L have lubs \/, X and glbs A ; X in L (empty subset included). A complete
lattice L with partial order C s, lub V-, glb Ar, the greatest element (top) T s, and the least element
(bottom) L r is denoted by (L, C ¢, Vg, Ap, Tr, Lr).

A function f: £ — L over a poset (L, C r) is order-preserving (resp. order-reversing) if, Vx,y €
L such that x Tz y, f preserves (resp. reverses) the order, i.e., f(x) Ez f(y) (resp. f(x) Iz f(y)).
A function is said to be injective when it satisfies: Vx,y € L. f(x) = f(y) = x = y. It is surjective
when Vy. 3x. f(x) = y. The composition of two functions f;: Ly — Ly, fo: Ly — L3 is denoted
by f2 o fi: L1 — Ls;. We also denote by f" the function obtained by applying f n times, where
fO(x) = x and ™! (x) = f(f"(x)). A function f: L; — L, between complete lattices is additive
if, forallY € Ly, f(Vr,Y) = Vg, f(Y). We will abuse notation by writing fi C s f; for functions
fi, fo: L — L, to denote their pointwise ordering: Vx € L. fi(x) Ty fo(x).

Trace and Reachability Program Semantics. Let (Z, T) be a transition system, where X is a (potentially
infinite) set of program states and the transition relation 7 € ¥ X ¥ describes the feasible transitions
between states [Cousot 2021]. Let =" ¥ {sy...s,_1 | Vi < n.s; € 3} be the set of all sequences
of exactly n program states, where € denotes the empty sequence, i.e., 2° ¥ {e}. We define
* & U, =" as the set of all finite sequences, =+ & 3* \ 2° as the set of all non-empty finite
sequences, 2*° ¥ {s;... | Vi € N.s; € X} as the set of all infinite sequences, and =™ & x+ U £®
as the set of all non-empty finite or infinite sequences. Given o € X**, we write oy € X to denote
the initial state of o and o, € ¥ to denote the final state when o € =*. The sequence o € Z*®
is called a trace whenever it respects the transition relation z, i.e., for every pair of consecutive
states s,s” € o, it holds that (s,s”) € 7. The trace semantics generated by a transition system (2, )
is the union of all finite traces that are terminating in a final state, and all non-terminating infinite
traces [Cousot 2021]. Let Prog be the set of all syntactically well-defined programs in some Turing



A Logic for the Imprecision of Abstract Interpretations

complete programming language. Given a program P € Prog, we write [[P]]T to denote the trace
semantics of the specific program P.

The trace semantics fully describes the behavior of a program. However, reasoning about a
particular property of a program is facilitated by the design of a semantics that abstracts away
from irrelevant details about program executions. For instance, the reachability semantics of a
program focuses on the final states reachable from a starting set of input states. It is defined by
the function [P]: 9(2) — ¢(X). Given an initial set of states S € (=), [P]S collects all the final
program states starting from S and reaching the end of program P. It is the standard predicate
transformer semantics (also called strongest post-condition semantics) since [P]S € ¢(Z) turns out
to be the strongest state predicate for the state precondition S € p(3). For all P € Prog, [P] is an
additive function on the complete lattice (p(X), S, U, N, %, @), so that [P]S = Uses [P]{s} holds.
When [P] is applied to a singleton {s}, we use the simpler notation [P]s in place of [P]{s}.

2.2 Abstract Interpretation

We recall some background on the standard Galois connection-based abstract interpretation frame-
work as defined by Cousot and Cousot [1977, 1979] and based on the correspondence between a
domain of concrete (or exact) properties and a domain of abstract (or approximate) properties.

Abstractions. Galois connections (sometimes called Galois adjunctions) formalize the correspon-
dence between concrete elements, also called concrete properties (e.g., sets of traces), and abstract
elements, also called abstract properties (e.g., sets of reachable states) in case there is always a most
precise abstract property over-approximating any concrete property.

Definition 2.1 (Galois connection). Given posets (C,C¢), called the concrete domain, and
(A,Ca), called the abstract domain, the pair of order-preserving functions ¢ : C — A (the
abstraction or lower adjoint) and y : A — C (the concretization or upper adjoint) is a Galois
Connection (GC) when the following holds:

Vee C.VYae A.a(c) Caa & cCeyl(a)
which will be denoted by (C.C¢) == (A, Ca). -

The concretization y provides the concrete meaning y(a) € C of abstract properties a € A. y(a) is
the least precise element of C (according to C¢) that can be over-approximated by a. We say that
an abstract property a € A is a sound (over-)approximation of a concrete property ¢ € C whenever
¢ Cc y(a). The abstraction a(c) of a concrete element c is the best (most precise in terms of C #)
sound over-approximation of ¢ in the abstract domain A. We say that a concrete element ¢ € C is
representable in A whenever y(a(c)) = c. The following two properties are satisfied by all GCs:

(i) yoa: C — C (which will be simply denoted by ya) is an upper closure operator, namely,
it is order-preserving, idempotent (ya o ya = ya) and extensive (V¢ € C.c E¢ ya(c));

(ii) aoy : A — A (which will be simply denoted by ay) is a lower closure operator, namely,
it is order-preserving, idempotent and reductive (Ya € A. ay(a) T4 a).

A GC is a Galois Insertion (GI for short, sometimes also called Galois retraction) whenever one of
the following conditions is satisfied: (i) ay = id (where id & Ax.x ), (ii) « is surjective, (iii) y is
injective. Every GC can be transformed into a GI by removing all these “spurious” abstract elements
from A, namely, all a € A for which no ¢ € C abstracts into a. That is, GIs contain non-useless
abstract properties, namely, for every abstract element a € A there exists a concrete element ¢ € C
such that a(c) = a. The following proposition is a direct result from the previous reasoning.

ProprosITION 2.2. Leta € A, then: (dc € C.a(c) =a) = ay(a) =a. )
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Example 2.3 (Interval abstraction). A classic example of GC is (p(I), C) &——= e (Int,Cjnt), where
Int is the interval abstract domain [Cousot and Cousot 1976] (Section 1.1. 1) commonly used for
verifying the absence of arithmetic overflows or out-of-bounds array accesses. It is endowed with
the standard ordering Cjn induced by interval containment. Consider the function min: p(I) —
Tu {—00} defined as min(S) ¥ x if there exists x € S such that for all y € S,x < y, while
min(S) ¥ —co otherwise, and the function max: p(I) — IU {+oo} dually defined. The abstraction
it : 9(I) — Int is defined by: o1, (S) & Lyt if S = @; 0therw1se ant(S) ¥ [min(S), max(S)]. The
concretization yin : Int — @(I) is defined by: yint(Lint) & @, and yine([a, b]) £ {0 | v € [a, b]}. Tt is
easy to note that aj, is surjective and therefore gives rise to a GI. ¢

Y
Abstract Interpretation. Consider a GC (C,C¢) - (A,Ex),let f: C — C be a concrete order-

preserving function and let f#: A — A be a corresponding abstract (not necessarily order-
preserving) function. Then f* is a sound (or correct) approximation of f on A when

foyCeyoft

holds. If # is correct for f then abstract least fixpoint correctness holds, that is a(Ifp(f)) T4 Ifp(f*)
holds, where Ifp is the least fixpoint operator. When dealing with GCs, between all abstract functions
that approximate a concrete one, we can define the most precise one.

Definition 2.4 (Best correct approximation). The abstract function f*: A — A defined as
fa def oo f o }/
is called the best correct approximation (bca for short) of f on A. ]

It turns out that any abstract function f* is a correct approximation of f if and only if f* C .4
f# [Cousot 2021]. An abstract function f* is precise when it is complete.

Definition 2.5 ((Local) Completeness). Given a set of inputs S C C, a function f#: A — A
is said to be a local complete approximation (or simply local complete [Bruni et al. 2021, 2023]) of
f: C— CatS cC C, denoted by the predicate Cs(f, f*), when the following holds:

Ve e S.a(f(c)) = fﬁ(a(c))

It is a complete approximation [Cousot 2021] if f# is local complete for the set S = C, namely
when the equation

aof = fﬂ o
holds. Completeness will be denoted by the predicate C(f, f*). ]

For the singleton set {c}, we use the simpler notation C.(f, f*) in place of Cia (f, f#). This
completeness notion is sometimes referred to as a-completeness [Cousot 2021] or backward-
completeness [Giacobazzi and Quintarelli 2001]. Intuitively, local completeness encodes an optimal
precision for f* at the inputs in S, meaning that the abstract behavior of f# on A exactly matches
the abstraction in A of the concrete behavior of f on all inputs in S. When this holds for all
elements of the concrete domain C, then f* is complete. It turns out that, when dealing with GIs,
such as the interval abstraction of Example 2.3, the possibility of defining a complete approximation
f¥ of f only depends upon the concrete function f and the abstraction A, that is, f¢ is the only
possible option as complete approximation of f [Cousot 2021; Giacobazzi et al. 2000]. The same holds
for the local version [Bruni et al. 2021, 2023].
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Verification. Establishing whether a concrete order-preserving, possibly uncomputable, operator
f: C — C satisfies a given property p € C, means checking the inequality Vc € C. f(c) C¢ p. The
idea of abstract interpretation is to leverage an abstract sound, possibly computable, computation
¥ A — A with respect to f, over a Galois connection (C, C¢) — (A,Cx), to prove the

(abstract) inequality *(a(c)) Ca a(p), as shown by the following theorem.

THEOREM 2.6. Consider the GC {(C,C¢) # (A, Ca). Letfﬁ: A — A be a sound approxima-

tionof f: C — C.Letp € C be a property representable in A, namely ya(p) = p. Then the following
hold for all c € C:

(1) fia(e) Caalp) = f(c)Ecp;
(2) if C(f. f*) holds then: f¥(a(c)) Ca a(p) & f(c)Ecp- =

The abstract interpretation f # raises an alarm when f ta(c)) Za a(p), and this alarm is a false
positive when f(c) C¢ p holds, true alarm otherwise. When f* is proved to be complete, then, for
representable properties p € C, proving f(c) C¢ p is equivalent to checking whether f¥(a(c)) Ca
a(p) holds, i.e. no false positives can arise from checking the specification through the abstract
computation. Giacobazzi et al. [2015] proved that, when f# represents an always terminating
computation (e.g., a static program analyzer [Miné 2017; Rival and Yi 2020]) and A is not trivial
(i.e., A # Cand A # {T a}), the presence of false positives is unavoidable due to the need of f #
to over-approximates the concrete computation f.

2.3 Pre-metrics on Posets

It is known that (local) completeness is hard to achieve [Campion et al. 2022; Giacobazzi et al. 2015].
For this reason, Campion et al. [2022, 2023] introduced a weaker notion of local completeness, called
partial local completeness, by allowing a limited amount of imprecision introduced by f¥(a(c)) with
respect to a(f(c)). The distance between a(f(c)) and fﬁ(a(c)) can be measured by pre-metrics
that manifest a form of compatibility with the underlying partial order of the abstract domain A.
This compatibility is formalized by the (chain-order) axiom [Campion et al. 2023].

Definition 2.7 (Order-compatible pre-metric). Let (L,Ez) beaposet. 5y : Lx L — 1T isa
pre-metric compatible with the partial ordering (E p-compatible for short) if the following hold:

(if-identity) Vx,y e L: x=y = p(x,y) =0;
(chain-order) Vx,y,z€ L:xCryCTyrz = dr(xy) <8c(x,2) A dp(y,2) <p(x,2) .1

The first axiom states that when & calculates the distance between two equal elements, it must
return 0. However, the converse may not hold: d, (x, y) could be 0 even if x # y. This may happen,
for instance, when §y is computing the distance with some level of approximation, leading to
recognizing two elements as “close” even if they are not the same element. Axiom (if-identity) alone
defines dy to be a pre-metric [Deza and Laurent 1997], a weakening of the standard metric definition.
The second axiom asks for a compatibility with the ordering C ;. More specifically, the distance
between the two extremes of a chain x E ; y Ty z, must always be greater or equal than the distance
between intermediate elements. For instance, let f{ and fz’j be two sound abstract computatlons
of a concrete order-preserving function f. If f1 is more precise than f2 ,ie., fl Ca f2 , we expect
a decrease in the imprecision (distance) Wlth respect to the concrete computation when using
f1 rather thanf2 ,ie,Vce Cda(a(f(c)), fl (a(c))) < da(a(f(c)), f2 (a(c))), and, furthermore,
the distance between the two abstract computat1ons da(f; (a(c)), f;' (a(c))) should never exceed

Sa(a(f(0), ff (@(c))) since a o f T ff Ca f.



Marco Campion, Mila Dalla Preda, Roberto Giacobazzi, and Caterina Urban

Definition 2.7 is general enough to be instantiated with distances used in the literature of abstract
interpretation (see, e.g., [Campion et al. 2025, 2022; Casso et al. 2019; Di Pierro and Wiklicky 2000;
Liew et al. 2024; Logozzo 2009; Sotin 2010]). We briefly recall some of these, as they will be used
extensively in the examples throughout the paper.

Example 2.8 (Equality distance). The following distance between any element x,y € £

0 ifx=y,
oo otherwise

op(xy) & {

satisfies both axioms of Definition 2.7, therefore it is a C p-compatible pre-metric, and it will be
called the equality distance. In fact, §; is only able to distinguish equal elements in L. ¢

Example 2.9 (Volume distance). Let us consider the GC (p(R"), C) ZL_—N_) (N,Cn) where N
N

contains a specific class of convex numerical polytopes. For instance, N could be the domain
of hyperrectangles (N = Int"), or zonotopes [Gehr et al. 2018; Girard 2005] (N = Zone), or
octagons [Miné 2006] (N = Oct). The abstraction a abstracts a set of points S € p(R") into
the smallest n-dimensional convex polytope in A containing them. We define the C a,-compatible
pre-metric 5}‘31: N x N — RY as follows:

SH(NL, Np) & Av(WI(Nz) — WI(Ny))

calculating the absolute value (Av) of the difference between the volume of two polytope Ni, N, € N.
The volume function ! : N'— RZ is assumed to be order-preserving on yu (i.e., if yp(N1) C
Y~ (N2) then WI(N;) < WI(N)) and it could be an over-approximation of the exact volume
computation, thus satisfying (if-identity) of Definition 2.7. The order-compatible pre-metric 5?1
could be used to compare the volume between numerical invariants generated by two program
analysis or between a program analysis and the actual strongest invariant from the concrete
computation. ¢

Example 2.10 (Counting distance over Int). We define the following distance §_, : Int X Int — N
over the domain of integer intervals Int:

. w [0 if [a,b] = [c.d],
%*“”L“JD“{Auwmkﬂu—wmq@mm otherwise.

Intuitively, §, counts how many more integer values one interval has compared to the other:
if §,([a, b], [c,d]) = k for some k € N, then the interval [c,d] contains exactly k more values
than the interval [a,b]. The distance §, is clearly a Cj,t-compatible pre-metric. For instance,

ot ([0,0], [-1,2]) = 3 as the interval [—1, 2] has 3 more elements than the singleton [0, 0], namely:
-1,1,2; §,([0,10], [0,+00]) = oo as [0, +c0] has an infinite number of more values than [0, 10].
This distance can be used to evaluate the results of interval-based program analysis by counting
the number of spurious elements that one invariant includes with respect to another. ¢

When an order-compatible pre-metric §, also satisfies the axiom
(chain iff-identity) xCry = (e(xy)=0 = x=y)

then it is precise enough to distinguish between comparable elements that are not equal—that is, it
assigns distance zero only when the two elements coincide. For instance, 67 and g, satisfy (chain

iff-identity), while 5%1 only when ! calculates the exact volume.
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3 GENERALIZING PARTIAL COMPLETENESS

Local completeness for an input ¢ € C is defined by the equality a(f(c)) = fﬂ (a(c)) between
the abstraction of the concrete computation and the (sound) abstract computation applied to
the abstraction of the input (Definition 2.5). This property was first weakened by Campion et al.
[2022, 2023] by allowing a bounded discrepancy between the concrete and abstract computations.
This discrepancy is measured using an order-compatible pre-metric d4, and must not exceed a
fixed bound ¢ € IY). In [Campion et al. 2022, 2023], the authors define a sound abstract function
f#: A — A to be an ¢-partial local complete approximation of f: C — C at an input ¢ € C if the
following inequality holds: 54 (a(f(c)), f#(a(c))) < e.

In this section, we generalize the previously defined notion of ¢-partial local completeness to
a more flexible property in which the bound is no longer a fixed constant ¢ € IZ, but instead a
functione: C — I, whose output depends on the concrete input element. We refer to this function
e as a bounding function. The idea is that the bounding function e maps the imprecision of an input
abstraction to an upper bound on the imprecision of the corresponding abstract semantics applied
to that input. The resulting generalized property, called e-partial (local) completeness, supports
reasoning at different levels of granularity: locally, over a single input or a set of inputs, and globally,
over the entire concrete domain.

Y
Definition 3.1 (e-Partial (Local) completeness). Consider a GC (C,C¢) — (ACa), a
C #-compatible pre-metric d# and a bounding function e: C — I. A sound abstract function

¥ A — A is said to be an e-partial local complete approximation of f: C — C at the set of
inputs S C C, denoted by the predicate C{(f, f #), when:

Ci(f. ) & Ve eS.8a(alf(©). fH(ale) < e(e)

It is an e-partial complete approximation whenever it holds for the entire concrete domain:

CE(f ) S Vee € dalal(f(©). fH(ale) < e(e) L

Intuitively, when evaluating d# (a(f(c)), f #(a(c))), the T a-compatible pre-metric §# quantifies
the imprecision of interest between a(f(c)) and f #(a(c)). For instance, when the abstract function
is a sound abstract reachability semantics f# = [P] "z approximating the (concrete) reachability
semantics f = [P] of a program P € Prog, then §z may measure the number of spurious elements
(e. g states) added by [[P]7;, or the difference in volume of the numerical invariant generated by
[[Pﬂyl respect to a o [[P].

When C{(f, %) holds, the imprecision for inputs in S generated by f¥ is guaranteed to be
bounded by the bounding function e. When the global property C¢(f, f#) holds, e provides an
upper bound on the imprecision introduced by f # with respect to f for all inputs in C. In other
words, e characterizes the input-dependent imprecision behavior of f¥.

Example 3.2. Consider the following program
ABS : if x > 0 then x := x else x := —x

which computes the absolute value of an integer input. Let [ABS]: 9(Z) — ¢(Z) be the standard
(collecting) reachability semantics mapping a set of integers S € 9(Z) to the union of outputs
produced by running ABS on each s € S, i.e., [ABS]S = [J,cs [ABS]s. As abstract semantics, we
consider the standard interval semantics over Int (Example 2.3), denoted [ABS] Fnt: Int — Int. Our

goal is to define a bounding function e proving that [ABS] Pnt is e-partially complete with respect to
the distance ¢, (Example 2.10). Note that the imprecision measured by §, could not be bounded
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by a constant function e(S) = ¢ for any S € p(Z), where ¢ € N. For example, consider the input
{—2, 2}. The abstraction of the concrete semantics and the abstract semantics returns, respectively:

aint ([ABS]{~2,2}) = a({2}) = [2,2]
[[ABS}]?ntmnt({—Z, 2}) = [0,2]

thus 4, ([2,2],[0,2]) = 2. More generally, for any symmetric pair {n;,n,} with n, € N and
ni = —n,, we obtain

& (@it ([ABS] {11, n2}), [ABS]* it ({n1, n5})) = nz

This corresponds to a worst-case scenario: the concrete result is always a singleton ny, while the
abstract semantics includes 0 due to the guard, resulting in a spurious over-approximation of size
ny. To bound this imprecision, we define the following bounding function: e(S) = 0if S = @ or

max(S) < 0, e(S) = max(S) otherwise. Thus the predicate C°([ABS], [[ABS}]?M) holds. )

From now on, we use red bold letters (e.g., e, u), to indicate bounding functions, and red bold
numbers (e.g., 0, 1) to indicate their respective constant functions. For instance, 0 & }x.0 denote the
constant function returning 0, 1 & Ax.1 the one returning 1, and so on. The following proposition
is a direct consequence of Definition 3.1.

ProprosITION 3.3. The following statements hold:
(i) Ifu < e then: CL(f, f*) = C(f. f*);
(ii) IfS C S then: C&(f,f%) = C&(f.f*);
(iii) If S satisfies (chain iff-identity), then: Cg(f,fﬁ) & Cs(f, fH. O

When f # is u-partial local complete, then any pointwise increase of the bounding function, i.e.,
u < e, ensures the validity of the predicate CS(f, f #). Conversely, if Ce(f. f #) holds and the input
set is restricted to S C 8, then f* is e-partial local complete on S. The left-to-right implication
of point (iii) always holds due to the (if-identity) axiom of a pre-metric. However, the reverse
implication does not generally hold unless d# satisfies (chain iff-identity). In this latter case, stating
that f¥ is 0-partial local complete on S becomes equivalent to stating that f* is locally complete on
S since, by (chain iff-identity) and f* sound, a zero distance implies equality.

Naturally, one may ask how such a bounding function e can be determined in order to establish the
validity of the predicate C¢(f, f¥) or its local variant Cf. f #). This question is particularly crucial
in the context of program analysis, where understanding how the imprecision varies depending
on the input is fundamental for assessing the reliability and precision of the analysis results,
identifying sources of imprecision and guiding the refinement or design of abstract domains and
transfer functions. In Section 6 we will propose a dedicated proof system for deriving a bounding
function inductively from the program syntax.

Before moving on to the next section, let us note that all four properties introduced in Defini-
tions 2.5 and 3.1, and summarized in Table 1, rely on universal quantification—either over a subset
of inputs (Vc € S, in the local case) or over the entire input space (V¢ € C, in the global case).
Starting from the next section, we will show that there are certain distinguished elements in the
concrete domain (C, C¢) that can characterize the overall precision and imprecision behavior of an
abstract interpretation f° #. This allows us to avoid checking the predicate over the full quantification
range. These key elements are referred to as generators.
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Completeness e-Partial Completeness
Cs(f. f% Cf fH
Local s =
Ve e S.a(f(e) = fi(ale)) | VeeS.dala(f(e), fH(ale) < e(c)
(.15 CE(f. £
Global S =
aof=floa Ve € C.8ala(f(c), fH(a(c))) < e(c)

Table 1. Completeness and partial completeness definitions.

4 GENERATORS OF AN ABSTRACT PROPERTY
In this section, we formally define the notion of generators of an abstract property. To achieve
this, the minimum structure required in both the concrete and abstract domains is a partial order
that models the amount of information (with larger properties exposing more information) and a
GC between them that enables the existence of an abstraction function «. Thus, from now on, we
assume the following three components:

(1) aposet (C,E¢) representing the concrete properties,

(2) aposet (A, C 4) representing the abstract properties, and

(3) aGC (C,C¢) # (A,Cx) between the two domains.

Definition 4.1 (Generator). The generator function &: A — ¢(C) is a map that associates to
each abstract property a € A the set £(a) € p(C) of its generators:

(i) a(g)=a A }

(i) Vee C.cCeg = al(c) ca alg) .

C(a) ¥ {ge C

Intuitively, for a concrete property g € C to be a generator of the abstract property a € A, g
must be represented by a in the abstract domain through the abstraction function « (condition (i)).
Additionally, g must contain the minimal information, in terms of the ordering C¢, necessary to be
represented by a via « (condition (ii)). This means that, if we consider any other concrete property
¢ € C that contains less information than g according to the strict ordering C¢, then the abstract
representation of c is strictly lower than the abstract representation of g in the abstract domain
according to the abstract ordering C#. Note that « is order-preserving for the partial ordering
Cc but not for its strict version C¢. For instance, if we consider the abstraction «a,; defined in
Example 2.3, the two sets {1,3} C {1, 2,3} do not maintain the strict subset ordering after applying
aint because aint({1,3}) = [1,3] Zine [1,3] = a1ne ({1, 2,3}).

When a € A has at least one generator, i.e., ¥ (a) # @, we say that a is generable. Many properties
in the hierarchy of semantics given by Cousot [2002] admit generators and are therefore generable.

Example 4.2 (Abstraction of a trace property into a reachability property). The trace to reachability
property abstraction a s abstracts a trace property P € p(2**) to an invariant S € () collecting
the possible values of the variables on the last state of each finite trace. The GC

0 Yr
(9(3), ) £ (9(3), €)
is defined as:

ar(P) ¥ {0, |ce PNt} vr(S) ¥ {o|o,€SVoez™}
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Fig. 1. The square Q of Example 4.3.

Given a set of states S € p(X), the set of generators of S is
€S)={Gep(E*) |VoeG.o, €S5S A VseS.Aloc€G.o, =s}

where 3! is the unique existential quantification. That is, the generator G € €(S) is a set of
traces containing only one trace that ends with a final state in S, for all possible s € S. Removing
a trace ¢’ from G implies that there is a state s’ € S not reachable from any ¢ € G, namely
ar(G N\ {d’}) C az7(G). Therefore, G satisfies condition (ii). Moreover, for every set of states
S € p(2), S is generable and there is exactly one generator: |€(S)| = 1. Note that, as opposed to
the previous example where the generator is always unique, here |Z(S)| > 1, namely we can have
more than one generator describing S (there could be more than one trace leading to a final state). 4

Example 4.3 (Abstraction of a reachability property into an interval property). Letus con51der =7

The interval abstraction e, defined in Example 2.3, gives rise to the GC (p(Z), C) &——= _> (Int, Cint).
Let [a, D] € Int be a closed interval, namely a,b € Z and a < b. Then the generator of [a,b] is

9([a,b]) = {{a,b}}
In fact, a and b represent the minimal information which is necessary to describe the interval
[a, b]. A similar reasoning can be applied to hyperrectangles Int” over n-dimensions. For instance,
let us consider ¥ = Z? and the GC (p(Z?), C) “f& (Int?, Cint), where aint, ¥int and Cn; are
extended componentwise. The square Q € Int? depicl’zéd in Figure 1a has four angles located at the
coordinates: (1, 1), (1,3), (3,1), (3,3). The generators of Q are (see Figure 1b):
2(Q) = {{(1.1),(33)}{(1,3), (3, D} {(1,2),(2.3),(3,2), (2, D} {(1, 1), (1,3),(2,3)},

{(3,1),(3,3), (1,2)},{(3,3),(1,3), (2, D} {(1,3), (1,1),(3,2) } }

For every generator G € &(Q), removing a coordinate would generate a new rectangle. Con-

sider {(1,2), (2,3), (3,2), (2,1)}. Then, by removing the coordinate (1, 2), a1,:({(2,3), (3,2), (2,1)})
corresponds to the blue rectangle in Figure 1c, which is clearly strictly included in a1, (Q):

aint({(2,3), (3,2), (2, 1)}) Cint aint({(1,2),(2,3),(3,2), (2, 1)}) = aine(Q) ¢
The following proposition outlines some basic properties that directly derive from Definition 2.1
of GC and Definition 4.1 of generators.
PrRoOPOSITION 4.4. The following statements hold:
(i) Lce C = Y(a(Lle)) ={Lch
(ii) a € A generable = ay(a) = a;
(iii) Ic € C.alc) =a = Z(a) = {c}.
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The first point (i) states that the generators of the abstraction of the bottom element of C (in case
it exists) is exactly L ¢ itself as, by definition, L ¢ is the minimal element of C. The next point (ii)
states that for all generable abstract properties (i.e., € (a) # @) going back to the concrete domain
through y and then abstracting again the result through «a, gives as result the same property. This
means that for all generable abstract properties a there is at least one concrete property ¢ such that
a(c) = a. Finally, (iii) simply specifies that when there is only one concrete property represented
by a in the abstract domain then for sure that concrete property is a generator of a.

However, not all abstract properties admit generators. This means that, in the abstract domain
A, there could exist non-generable abstract properties, i.e., those for which €(a) = @. There
are two possible reasons for this. The first one is when condition (i) of Definition 4.1 cannot be
satisfied. This happens when the GC is not a G, i.e. @ is not surjective. In this case, all points
a € A which are not the abstraction of any property of C, are not generable. The second reason
occurs when condition (ii) could not be satisfied, namely, it is not possible to find a minimal
quantity of information in C that generates a through a. For example, in the interval abstraction
(p(2), <) % (Int, Eint) all infinite intervals have no generators. These are all the intervals
of the form [an, +00], [—00, b], [-00, +0] € Int where a, b € Z. This is because there is no minimal
elements in p(Z) able to generate, e.g., [0, +00].

When studying an abstract property a € A, one might be interested only in the generators g of
a that are approximated by a concrete property ¢ € C according to E¢, that is those generators for
which g C¢ ¢ holds. When a(c) = a, these generators identify the minimal elements of ¢ that are
responsible of the fact that ¢ gets abstracted in a.

Definition 4.5 (Generators approximated by a concrete property). The set of generators of

a € A that are approximated by a concrete property ¢ € C with respect to C¢, written & (a)c., is
defined as:

Y(a)ce © {9€%(a) |gEcc} "

Example 4.6. The generators of Q (Figure 1b) contained in the set of coordinates {(1, 1), (1, 3), (3,3) }
are

G363 = {{(11),(3,3)}}
because {(1,1), (3,3)} is a generator of Q and it holds that {(1, 1), (3,3)} € {(1,1),(1,3),(3,3)}. ¢

We will extensively use this last definition in the following sections.

5 GENERATORS AND PARTIAL LOCAL COMPLETENESS

In this section, we show that a proof of local completeness over a set of concrete properties whose
abstractions are generable, can be reduced to proving local completeness on their generators. The
elegance of these results lies in the fact that generators not only characterize the precision (i.e.
completeness) of an abstract interpretation but also capture its bounded imprecision through a
bounding function. Indeed, we show that the result also holds for the e-partial local completeness
property. We will consider minimal assumptions about the concrete and abstract operators, as
well as the underlying structure of the concrete and abstract domains. To this end, building on the
elements introduced at the beginning of Section 4, we now additionally consider:

(4) a concrete order-preserving function f: C — C over the concrete domain,

(5) an abstract (not necessarily order-preserving) function f#: A — A over the abstract
domain which is a sound over-approximations of f, and

(6) a Cx-compatible pre-metric dz: A X A — I measuring the imprecision of interest,
together with a bounding function e: C — I3,.
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Fig. 2. Input abstractions of Example 5.3.

Let us begin with the first result, which shows what it means to prove (e-partial) local complete-
ness directly on generators. Given [, r € C such that [ C¢ r, we denote with the interval [[, r] the
set [[,7] € {c € C|IC¢ c Cc r} of all concrete properties in between [ and r.

THEOREM 5.1. Let a € A be a generable abstract property and g € & (a) be a generator of a. Then:

Co(f fF) = Cy i (15
where é(c) € e(g) ifc € [g,y(a)], é(c) ¥ e(c) otherwise. m|

In simpler terms, if f#(a(g)) has an imprecision bounded by e(g) at the generator g according to
8, then this bound is also an upper bound for the imprecision of f¥ at all inputs within the chain
[g.y(a)]. As a corollary result, proving the local completeness of f# at the generator g is equivalent
to proving that f* is actually precise at all inputs in [g, y(a)].

COROLLARY 5.2. Cg(f,fﬂ) & C[g,y(a)](f,fﬂ) O

Example 5.3. Consider the following while-loop program W € Prog;:
whilex > ydo{y:=y+x; x:=x-1}
Suppose we want to analyze the interval invariant (over R) at the end of W by using the standard
interval analysis [[W]]11 : Int?> — Int? defined in [Cousot and Cousot 1976] (also in [Miné 2017,

Int?

Chapter 4.5]), on the input S = {(3,0),(6,2)} (points p; and p, in Figure 2). The abstraction
of S through aj,, gives rise to the rectangle i (S) = ([3,6],[0,2]) (the yellow rectangle in
Figure 2). We measure the imprecision of our abstract interpreter by using the C,,;-compatible
pre-metric 5I‘ft12 defined in Example 2.9. In particular, since the objects in Int? are 2-dimensional,

5|‘th2 ((x1, Y1), (x2, y2)) calculates precisely (the absolute value of) the difference between the areas of
the rectangle (x2,y,) € Int? and the rectangle (x1,y;) € Int?, where x;, X2, y1, y2 € Int. The interval
abstraction of the reachability semantics [W] and the output of the interval analysis [W] ?ntz are:

i (IW]S) = aime ({(2.3), (5.8)}) = ([2.5]. [3.8])
[WIE oenme($) = WIE. (13,61, [0,2]) = ([0,6], [0, 11])
Their distance is:

8L (et (TWIS), IWIE et (8)) = 8% (([2, 51, [3.81), ([0, 6], [0, 11])) = 51

Int
Suppose the (constant) bounding function to verify is 55. This means that C3’ ([W], [W] ?ntz) holds.
Moreover, since S € Z(a(S)), namely, the set of points {p;, p.} is a generator of the rectangle
a({p1, p2}), Theorem 5.1 guarantees that [W] ?ntz will satisfy the same imprecision bound 55 when
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considering all the (concrete) sets of pointsin {I C R? | S C I C yjntaint(S)}, namely all the possible
forms that are contained within the yellow rectangle of Figure 2 and that also contain the set S. 4

It is worth noting that the implication Cfg (@] f.fH = Cy(fo f #) is trivially valid by g €
[9,y(a)] and Proposition 3.3. However, deriving an upper bound of imprecision e(c) for some c

in the chain (g, y(a)] where g is excluded, does not imply that f# satisfies the same bound for the
generator g. The following example illustrates this point.

Vin
Example 5.4. Let us consider the GC (p(Z), C) _% (Int,Cjyt) and, as abstract function,
Int

[[ABS]][nt of the program ABS € Prog of Example 3.2. Suppose we are interested in measuring the
“spurious” points added by [ABS] ?nt, by employing the Cjnt-compatible pre-metric §,, defined in

nt’
Example 2.10, and we are tolerating a bound of imprecision quantified by e = 1 over the input

{-3, -1, 2}. The abstract semantics [[ABS]]Int is 1-partial local complete at {3, —1, 2} since:

ot ([ABS]{=3,-1,2}) = [1,3] Cin¢ [0,3] = [ABS]" [-3,2]
and & ([1,3], [0,3]) = 1. Thus, the predicate Cl s 12}([[ABS]} [[ABSﬂlnt) holds. However, the predi-
cate Cl 32} ([ABS], [[ABSﬂlnt) does not hold on the generator {—3, 2} because:

aine ([ABS]{~3,2}) = [2,3] Cine [0,3] = [ABS]F [-3,2]
and &7, ([2,3].[0,3]) =2 > 1. ‘

We now want to further generalize the result of Theorem 5.1. To this end, we define two sets of
concrete properties denoted by Cyen, G € 9(C). The former is defined as

Cgen = {C € C | ?((X(C));C # ®}

and corresponds to the set of all concrete properties that approximate at least one generator of

a(c). The latter
¢ )%
acA
is the set of all generators of generable abstract properties of A. Clearly, G C Cyep sinceif g € G
then g € ¥ (a(g))cy, which means that g € Cgen.

Example 5.5. Consider the GC (p(Z"), <) &—= ____, (Int", Ejnt). We have seen that all the generable

elements of Int are the closed intervals [aq, b] "with a,b € Z. A similar reasoning applies over
n-dimensional intervals Int". This implies that Cy., C Z" is the set of all closed sets, namely, for all
S € Cyen: max(5(i)) € Z and min(S(i)) € Z both exist with i € [1,n], and &1, (S) € Int" represents
an n-dimensional closed hyperrectangle. ¢

THEOREM 5.6. Suppose §7: A X A — N, then
Co(f.fh = ¢ (f

gen

where é(c) & min({e(g) | g € €(a(c))c.}) ifc € Cgen \ G, é(c) € e(c) otherwise. o

Note that Theorem 5.6 generalizes the result of Theorem 5.1, extending it from chains to the set
of properties Cyep. Specifically, Theorem 5.6 shows that a proof of e-partial local completeness
over all possible generators G of the GC can be lifted to a proof of é-partial completeness over all
concrete properties in Cg.,, by redefining the bounding function e as a new function é. This new
bounding function assigns to each ¢ € Cye,, the minimum imprecision bound among all generators
approximated by c. For distances defined as §z: A X A — RY, a minimum may not exist. In such
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cases, é can be defined by selecting an arbitrary bound from those associated with the approximated
generators. This value still constitutes a valid upper bound on the imprecision over the set Cye,.
The local completeness property is a special case of Theorem 5.6.

CororLary 5.7. Cg(f, fH) & chen(fsfﬁ) =

Theorem 5.6 and Corollary 5.7 both capture the key insight that analyzing the (im)precision of
f¥ over the set of inputs Cyen—those that approximate at least one generator—can be effectively
reduced to analyzing the (im)precision over the generators G of the GC.

Example 5.8. Consider the program
ReLU: if x < 0 then x := 0 else x := x

which corresponds to the well-known ReLU activation function used in neural networks to suppress
negative inputs [Nair and Hinton 2010]. We consider the reachability semantics [ReLU] and its sound

approximation via [ReLU] ]ﬂm over the interval abstract domain Int. We evaluate the imprecision
introduced by the abstract interpretation using the pre-metric §,. If we measure the imprecision
for input sets of the form {i, j}, where i, j € Z, we observe:

&7 (@t ([ReLU] (i, j}), [ReLU]® e ({3, j})) = 0

Since each set {i, j} is a generator of the closed interval oy ({i, j}), it follows that [[ReLU]]?m is
0-partial local complete at all inputs in G. By Theorem 5.6, this implies that 0 is also a valid bounding

function over the entire set Cgep, i.e., the predicate C"Cg ([ReLU], [ReLU] fm) holds. Furthermore,
since g, satisfies (chain iff-identity), we can invoke point (iii) of Proposition 3.3 to conclude that
[ReLU]]?nt is also locally complete at all inputs in Cgep,, that is chen ([ReLU], [[ReLU]]’i ) holds. ¢

Int

6 A LOGIC FOR PROPAGATING ERROR BOUNDS

In this section, building on the notion of generators and the results from the previous section, we
introduce a program logic designed to soundly establish the worst-case imprecision of an abstract
semantics with respect to a concrete semantics, across all inputs in the chain [g,y(a)] between a
generator g of an abstract property a € A. The proof system derives a bounding function e
inductively from the program syntax: it starts from base cases (no-ops, assignments, Boolean
guards), and then propagates and updates the bound compositionally through the program structure.
In this sense, we are performing an analysis of the analyzer itself. The proof system will be introduced
in Section 6.4. In Section 6.1, we fix the programming language and its semantics. We briefly recall
the (in)correctness triples in Section 6.2. Section 6.3 introduces the notion of w-continuity, which
plays a fundamental role in propagating a bounding function when composing programs.

Before proceeding to the syntax of our programming language, let us remark that the results
presented in Section 5 apply to any distance d# satisfying Definition 2.7 of order-compatible
pre-metric. This definition is based on a minimal and weak set of axioms sufficient to give meaning
to the measurement of imprecision between the abstraction of a concrete operator and its sound
abstract interpretation. However, the axiom (chain-order) alone does not provide guidance on how
to compute an upper bound e between elements of a chain. To address this limitation, we introduce
a stricter class of pre-metrics, which we call strong pre-metrics.

Definition 6.1 (Strong pre-metric). A C p-compatible pre-metric dy is said to be strong when
the following auxiliary axioms hold Vx,y,z € L:

(chain iff-identity) xEry = (Je(xy) =0 = x=1y);
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(triangle-inequality) Sr(x,z) < 8p(x,y) + ¢ (y,2) . [

For example, the distance 5%1 introduced in Example 2.9 qualifies as strong when ! computes
the exact volume. The same holds for the order-compatible pre-metrics &, and §;, defined in
Examples 2.8 and 2.10, respectively. Conversely, if 0! over-approximates the actual volume, then
5%1 may violate both axioms of Definition 6.1. This also applies, in general, to order-compatible pre-
metrics that approximate, rather than compute exactly, the distance between elements [Campion
et al. 2023]. Note that, within the theory of metric spaces, a strong pre-metric does not qualify as a
metric, as it may lack symmetry and the iff-identity over the entire domain. Instead, it corresponds
to a form of weak quasi-metric [Wilson 1931], where the iff-identity is required only along chains.

6.1 The Programming Language and its Semantics
In the following, the programming language Prog is assumed to be defined as follows:
Prog>Pu= c|P;P|P®P|P"

which corresponds to the language of regular commands also used in, e.g., [Bruni et al. 2023;
O’Hearn 2020]. The language Prog is general enough to cover deterministic imperative languages
as well as nondeterministic and probabilistic programming. The term Pq; P; represents sequential
composition, the term P; & P, represents a nondeterministic choice command, and the term P*
represents the Kleene iteration of P, where P can be executed 0 or any finite number of times.

The language Prog is parametric on the syntax of basic commands ¢ € BCom which can be
instantiated with different kinds of instructions such as (deterministic or nondeterministic or
parallel) assignments, (Boolean) guards or assumptions, etc. In the examples we will consider
standard deterministic basic commands used in while programs, i.e., no-op, assignments and
Boolean guards: BCom > ¢ == skip | x := a | b? where a ranges over arithmetic expressions on
integer values in Z, variables x € Var, and b ranges over Boolean expressions. A deterministic
imperative while language can be defined using guarded branching and loop commands as syntactic
sugar as follows [Kozen 1997]:

if b then c; else c; & (b?;c;) @ (—b?;cy)
while b do ¢ ¥ (b?;¢)*;-b
We assume that basic commands have a semantics (-) p: BCom — £ — L on a complete
lattice (L, C p,Up, My, Ly, T r) such that, for all c € BCom, (c|) g £ — L is order-preserving.

[]g: Prog — L — L is the semantics of Prog on the complete lattice £ and it is inductively
defined as follows:

[el ! (c) gl [Pr@Pe] L € [Pi] L Uy [P2],l
PrPol ol € Pl Pl [Pl | ([P I n e )
It is easy to check, by structural induction, that the semantics above is order-preserving for C .
v
In particular, given a GC (C,C¢) A (A, C 4) where both the concrete and abstract domains
are complete lattices, it turns out that [P[, o y C¢ y o [P]4 holds, namely the soundness of the
abstract semantics [P]4 with respect to the concrete one [P],, provided that (c)coy Ce y o (c)a
holds, namely the soundness on the basic commands. For instance, the concrete domain could be
the complete lattice (p(Z"), C,U,N, @, Z") of n-tuples of integers representing the program states
of a program with n variables, and [P], . (simply denoted as [P] in the previous and following

examples) is the standard collecting reachability semantics, where (b?)S filters all the program
states in S € p(Z") that make b true.
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6.2 Correctness and Incorrectness Triples

We briefly recall here two fundamental notions that will be used in our logic for propagating the
imprecision bound: Hoare correctness and O’Hearn incorrectness triples.

A correctness triple is the central feature of the Hoare logic [Hoare 1969] for proving partial
correctness of programs. Given a formal description of a program’s behavior through the semantics
[Ply: £ — L, acorrectness triple is denoted by {pre}P{post} s, where P € Prog is a program and
pre, post € L are the pre- and post-conditions, respectively. Formally, the validity of {pre}P{post}
is defined by the over-approximation condition:

{pre}P{post}r g [[P]]Lpre E s post
In other words, the behavior of the program P with input pre, formalized by the semantics [-] .,
satisfies the post-condition post.
Conversely, an incorrectness triple is the central feature of the O’'Hearn logic [O'Hearn 2020]
for proving program incorrectness, and it is denoted by [pre]P[post]s. Formally, the validity of
[pre]P[post] s is defined by the under-approximation condition:

[prelP[postly & post Tz [P] pre

In other words, the post-condition post represents an under-approximation of the behavior of the
program P with input pre. O’Hearn [2020] originally designed the program logic for bug detection:
if post describes error states and the triple [pre]P[post] s holds, then any error state appearing in
the post-condition is guaranteed to be reachable from some input state satisfying the pre-condition.

In Section 6.4, the combination of Hoare correctness and O’Hearn incorrectness triples plays a
key role in modeling rules (SEQ) and (ITERATE) of the proposed program logic for propagating
error bounds.

6.3 w-Continuity

The problem is to establish the validity of the predicate Cy([P1;P2]¢, [P1;P2]4) for the sequential
composition of two programs Py, P; € Prog, given that both Cg' ([P1]¢, [P1] ) and C;* ([P2]lc, [P2]l )
hold for generators g, h € C. Our goal is to derive the bounding function e for the composition
P1; P, in terms of the individual bounding functions e; and e;. We show that if the abstract semantics
[P2] 4 of the second program P; satisfies a form of quantitative continuity, captured by a function
o, then the bounding function for the composition Py; P, can be expressed as the sum between
o e7 and e;. We refer to this continuity property as w-continuity.

Definition 6.2 (w-Continuity). Let f: £ — L be a function on a poset (L, C r), and d a strong
C g-compatible pre-metric. Let w: RY) — RY be an order-preserving function satisfying »(0) = 0
which, from now on, will be referred to as the modulus of continuity. The function f is w-continuous
when the following condition holds:

Vil € L.5,(f(h), f(l2)) < w((h, 1)) u

For a function f that satisfies w-continuity, applying o to the distance between any pair of inputs
always yields an upper bound on the distance between the corresponding outputs of f. Note that if
0o 18 defined as we (t) & oo for all t > 0, then any function f is trivially we-continuous. Thus, we
represents the weakest (i.e., least informative) modulus of continuity.

It is worth remarking that Definition 6.2 is different from the standard notion of uniform
continuity in calculus where only a finite modulus of continuity is allowed for every finite distance,
namely w(t) # oo for all t € Ry (see, e.g., [Rudin 1976]). In our setting, Definition 6.2 allows

every function to admit an w such that f is w-continuous—including those that are not uniformly
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[c]; w-continuous w-CoNT(P)r w <o’
(BASE,)

(WEAKEN,)

w-CoNT(C) £ w’-CoNT(P) s

o)l—CONT(Pl)L o)g—CONT(Pz)L wl—CONT(Pl)L wz—CONT(Pg)L

(SeQ,,) (Join,,)

w2 o w1-CoNT(Py; PZ)L w,-CoNT(P1 @ Pg)[

w-CoNT(P) £
——————— (ITERATE,,)
@+-CoNT(P¥) p

Fig. 3. A proof system for deriving a modulus of continuity of programs.

continuous or even continuous—thanks to the presence of we. Although this may seem unusual, our
Definition 6.2 of w-continuity is designed to model functions f representing any abstract interpreter,
which are well known not to be uniformly continuous due to their intrinsic approximation process
(e.g., through the use of widening operators to ensure termination [Cousot and Cousot 1977]).

Given a program P € Prog and the semantics [-] » defined in Section 6.1, a modulus of continuity
for [P], can be derived inductively from the syntax of P, as shown in Figure 3. The predicate
@-CoNT(P) £ is defined as follows:

def . .
w-ConT(P)z & [P],is w-continuous.

Rule (BASE,,) provides the base cases for primitive commands. Once the w moduli are derived
for the base cases, they can be propagated inductively using the following rules.

(WEAKEN,,) allows to switch the modulus of continuity » with a new function &’ > w, where
> is assumed componentwise, which is still a modulus of continuity for P.

(SEQ,,) formalizes that the modulus of continuity of a sequential composition is obtained by
composing the moduli of its components, exactly as in calculus.

The rule (Join,)) is less straightforward and, as already observed by Campion et al. [2022], it
requires a deeper analysis of both the underlying complete lattice £ and the chosen strong pre-
metric 7. The challenge arises from the fact that the resulting modulus function cannot, in general,
be determined based only on the moduli associated with P; and P,. Additional information is
needed, specifically, a bound on the imprecision introduced by the lub operator LI s of the complete
lattice £ with respect to the distance §,. This additional information is captured by the function
®s, , referred to as the join-bound, and defined as follows [Campion et al. 2022]:

Definition 6.3 (Join-bound). Given a complete lattice £ and a strong C s -compatible pre-metric
g, the function &5, : RSy X RY) — RY is a join-bound if the following condition is satisfied for
allx,y,z,u € Landforalle f e R‘;’O:

XErzANYCruAdp(x,2) <e Ndp(yu) B = p(xUgyzUsu) <s,.(s,f) =

Every complete lattice equipped with a strong order-compatible pre-metric admits a join-bound:
the constant function Ax, y. oo is the weakest such join-bound, although it provides no meaningful
information about the possible bound on lub.

Example 6.4. Consider the complete lattice of one-dimensional intervals Int and the strong
pre-metric . In this setting, the addition operation + (extended to also handle infinities) serves as
a valid join-bound, namely @5~ % +. This is because the join operation merges each input interval
into a single interval that contains both. Given intervals i1, 12, j1, j2 € Int such that i; Ty iy and

J1 Cint Jo, if iy has € more elements than iy, and j, has  more elements than j;, then the sum ¢ + f
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provides an upper bound (though not necessarily optimal) on the number of elements introduced
by iz Lt jo» With respect to iy Uy j1. A similar argument applies to n-dimensional convex numerical
polytopes A equipped with the strong pre-metric §'%/, when the volume is computed exactly. ¢

We assume that the join-bound @, is a parameter of the proof system in Fig. 3, and that the
same join-bound is also used in the EPL introduced in Section 6.4. Given that both predicates
©1-CoNT(P1) r and wz-CoNT(P2) r hold, w, for rule (Join,,) is defined as:

Wy (t) o @6L ((")1 (t)s [27) (t))
Given the validity of w-CoNT(P) £, rule (ITERATE,,) defines the modulus w. as the ®s, -limit

w. (1) & @w"(t)
n=0

where @Szzo w"(t) = t and @Hl w"(t) = (@;zo w"(t)) @5, w™*'(t). Each iteration of Pls
corresponds to an application of w. The join-bound operation accounts for the additional imprecision
introduced by the join at each step.

Example 6.5. Let us consider the interval domain Int and the interval semantics [[-]]Fnt. To simplify
the calculations, from now on we assume that the abstract semantics for basic commands coincides
with their bca (Definition 2.4) over the concrete collecting reachability semantics, that is, [[cﬂInt
[c]ine- We use the counting distance §, introduced in Example 2.10, and the join-bound Oy, =+
of Example 6.4. We proceed to derive the modulus of continuity for the absolute-value program,
written in our programming language

MBS : (x 2 0%;x:=x)® (x < 0?;x := —x)
by following the rules of Figure 3.

We observe that, in general, the abstract semantics [x := kx + qﬂ of a linear assignment, where
k,q € Z, is w-continuous with modulus w(t) = Av(k)t, where Av(k) denotes the absolute value of k.
Indeed, applying the abstract linear assignment [x := kx + ¢] ?nt can increase the size of an interval
by at most a factor of Av(k), therefore, for any two input intervals whose distance is t, the distance
between their abstract images is at most Av(k)¢. This allows us to derive id-CONT(x := x)j¢ and
id-CoNT(x := —x)int by rule (BASE,,).

For Boolean guards of the form x > 0?7 and x < 07, the corresponding abstract transformers can
only reduce the size of an interval or leave it unchanged. Therefore, w = id is a valid modulus for
both guards, and we can derive id-CONT(x > 0)),t and id-CONT(x < 0)|,¢ by (BASE,,).

We can now compose x > 0? and x := x by rule (SEQ,,) obtaining id-CONT(x > 0?;X := X)int,
and x < 0? with x := —x obtaining id-CONT(x < 0?;x := —X)int. Rule (JoIN,,) with &5~ = + allows
to derive w;,-CONT(ABS)nt namely [[ABS]]?nt is wy-continuous with w_,(t) = id(t) + id(t) = 2t. ¢

Example 6.6. Consider the program R* where

R:x>12%x:=x/2

and the semantics [[R*]]IIi i, Where Intg is the interval domain over the real numbers. We use the

volume distance SI‘r{]’tI where 161 ([a,b]) = b — a, and the join-bound & sl = + (Example 6.4). Then,

[x = x/ 2]]I i 1S AL £-continuous, while [x > 1]]I , 18 id-continuous. Thelr sequential composition
gives, by rule (SEQw), id o At. E—CONT(R)mtR. Since id o At. L 3 =At. L 7 and the series 3,7 o ( 2)”t isa
geometric sum converging to 2¢, we can apply rule (ITERATE,,) and conclude At.2t-CONT(R®)nty -

¢
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e-BounDp(P,g)a  [g]P*[postlc {a(g) Ua inv}P{a(g) Ua inv}a

g € &(ya(g) C;([[Cﬂc: [cla)
é-BounDp(c, 9)a

(BASE) 8(c) {e(g) ifc € [g,ya(g)],

e(c) otherwise.

e-BounD(P,g)a e <e’
e’-BounD(P, 9)#

(WEAKEN)

e-Bounp(P,g)a  a(g) = a(h)

< BOONDB a9 <€) (G pnswircm) o {e(g) ife  [g,ya(g)] 0 [, yah)],
e”’-Bounp(P, h)# e’ (c) = .
e’(h) otherwise.
o) O)—CONT(Pz)_7() . }[9]{”1 [}E]C)}
e1-BoUND(P1,9)a  €2-BoUND(Pa, h)a  {g}P1{ya(h)}c .
e-BouND(Py; P2, 9)at (S20) e(c) @ {82(}1) rolelg) ifee [g.’ ra(@)l
ey(c) otherwise.
¢;-BoUND(P1,g)a  e2-BOUND(P2, g)at i
e-BounND(P; @ P;, 9)a (Jor) e(c) & {®5ﬂ er(ohex@) B [g, va(g)l
eq(c) otherwise.

e-Bounn(P*, )z

(ITERATE) o(c) da(a(post),a(g) Ug inv) ifc € [g,ya(g)],
e(c) otherwise.

Fig. 4. Rules of EPL.

Let  w-CoNT(P) £ denote a derivation of the w-continuity predicate for program P according to
rules of Figure 3. The following theorem states the soundness of all rules in Figure 3.

THEOREM 6.7 (SOUNDNESS). + w-CONT(P) y = w-CoNT(P)p O

6.4 EPL: Error Propagation Logic

We now have all the necessary components to present our program logic for deriving a bounding
function e inductively from the syntax of a program, in support of the partial local complete-
ness property. Let us fix a GC (C,E¢) # (A,Ca) and a strong order-compatible pre-metric
da. The goal of the Error Propagation Logic (EPL), defined in Figure 4, is to derive the predicate
e-BouND(P, g)# defined as follows. For clarity, from this point on, we will use the color blue to
highlight the generators in the concrete domain C.

Definition 6.8 (EPL predicate). LetP € Prog,g € Cande: C — I. The predicate e-BounD(P, g)#
holds when the following two conditions are satisfied:

c-Bounn(P.gla & (i) g€ Z(yalg) A (i) €5, ooy ([Pl PLa) .

Deriving a proof of e-BoUND(P, g)# establishes that e(g) is an upper bound on the imprecision
introduced by the abstract semantics [P] 4 with respect to the abstraction of the concrete semantics
[P];> measured by the distance d#, for all inputs in the set [g, yar(g)]. In particular, if we can derive
e(g) = 0, then two important consequences follow:

(1) [P]4 introduces no imprecision at any input in [g, ya(g)];

(2) by Theorem 2.6, any specification Spec € A can be precisely proved by [P]4 on this
input set, i.e., with no false positives, by checking whether [P] 4a(c) Tz Spec holds for all
¢ € [gya(9)]-

We now provide an intuitive explanation of the EPL in Figure 4, where the deductive rules are
shown on the left, and their corresponding effects on the bounding function on the right.
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An inductive proof for P begins with its base commands. Rule (BASE) asserts that if the abstract
interpretation [c] 4 of a base command ¢ € BCom is e-partial local complete at the generator g,
then, by Theorem 5.1, it is also é-partial local complete over the entire chain [g, ya(g)]. Here, € is a
new bounding function with value e(g) for all elements in the chain.

(WEAKEN) simply states that we may safely replace a bounding function e with any pointwise
greater function e’ > e, without affecting the validity of the predicate.

By (GEN-SWITCH), suppose we have two derivations, e-BoUND(P, g)# and e’-BounD(P, h)#,
corresponding to two different generators of the same abstract property (i.e., (g) = a(h)), where
e(g) provides a tighter (i.e., lower) bound than e’ (h). In this case, it is possible to retain h in the
predicate while updating the bounding function e’ to a new function e’’ that incorporates the im-
proved result obtained at g. Specifically, e’ assigns the value e(g) to all elements in the intersection
between the set [g, ya(g)] and [h, ya(h)], while preserving the original bounds elsewhere. This
rule is particularly useful for two main purposes: first, to refine a bounding function by injecting
better (i.e., lower) bounds for overlapping portions of chains; and second, to align EPL predicates
at a common or suitable generator, which is required in order to apply rules (SEQ) and (JoIn).

To apply (SEQ) for the sequential composition of P; and P, under the premises e;-BouND(Py, 9)a
and e,-BouND(P,, h)4, three additional conditions must be verified. First, the abstract semantics
[P2] | 4 must be w-continuous, that is, the predicate w-CoNT(P3) # must hold. This condition ensures
that for any two inputs, thus including all the elements in the chain [a([P1].9). [P1]4(g)], the
distance between their abstract outputs under [P;] 4 is bounded above by applying the modulus
function w to the distance between those inputs. In other words, o provides a sound upper bound
on how the abstract semantics of P, propagates imprecision through its inputs within the chain.
Second, the triple [g]P;[h]¢ corresponds to the incorrectness logic of O’Hearn [2020], which requires
that h C¢ [P1],g, that is, h under-approximates the concrete behavior of P; on g. Third, the triple
{g}P1{ya(h)}c encodes standard Hoare partial correctness, requiring that ya(h) over-approximates
[P1]cg. Together, these two triples ensure that the image of the set [g, ya(g)] under the concrete
semantics [P1]; is contained within [k, ya(h)], making the sequential composition well-defined.

(Jo1n) leverages the join-bound function @5, defined in Definition 6.3 to derive a new bounding
function for the join of the two programs. Here the bound assigned to P; @ P, at the generator g is
given by ®s, (e1(g), e2(g)). This bound is then propagated to the entire chain [g, ya(g)].

(ITERATE) addresses the Kleene iteration of a program. The idea is to derive an upper bound
on the distance between a([P*],g) and [P*]4a(g) by relating them to, respectively, an abstracted
under-approximation and an abstract over-approximation. Specifically, we consider an under-
approximation post of [P*]g, encoded by the (concrete) incorrectness triple [g]P*[post]c, and an
abstract invariant ino € A of [P]4 containing a(g), encoded by the (abstract) correctness triple

{a(g9) Un inv}P{a(g) Uxn inv}n

By (chain-order) of d#, the distance d# (a(post), a(g) Uz inv) provides an upper bound on the
distance o (a([P*]¢9), [P*]za(g)). By Theorem 5.1, this bound is also valid for all input elements
of the chain [g, ya(g)]. Clearly, the wider the under-approximation post is and the tighter the
invariant ino is, the more precise the resulting bounding function will be. For instance, a sound
choice of post could be [P]g since [P].g C¢ [P*]-g. In this case, thanks to e-Bounp(P, g)# and
(chain-order) of §#, the overall distance dz (a([P*[-g), [P*] za(g)) can be bounded by the sum

e(g) + da([Plza(g), a(g) Lz inv)

For all elements of the concrete domain outside [g, ya(g)], the new bounding function & preserves
the previous values e derived for P. This ensures that no upper bound obtained during the derivation
of P is lost.
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All the rules in Figure 4 are sound as stated by the following theorem.
THEOREM 6.9 (SOUNDNESs OF EPL). + e-BounND(P,g9)#s = e-BounD(P, g)# O
We conclude by presenting three examples that illustrate the application of EPL.

Example 6.10. We continue Example 6.5 by deriving a bounding function e for the partial
completeness of the standard interval semantics [[ABS]]?M: Int — Int with respect to the concrete
reachability semantics [ABS]: p(Z) — ©(Z), for the generator {5, 10} of the interval [5, 10]. By
rule (BASE), we can derive 0-BouND(x > 0?, {5,10})|,t and 0-BoUND(x := x, {5, 10});nt. Since both
x > 0? and x := x are not modifying the input {5, 10}, the two triples

[{5,10}]x > 0?[{5,10}]o(z)  {{5,10}}x > 02{{5,6,7,8,9,10}}(z)

hold. By rule (SEQ) and the predicate id-CONT(x := x)int, we derive 0-BoUND(x > 0?;x :=
%, {5,10})int. From the composition on the right of the join we get, by (BASE), 0-BouND(x <
0?, {5,10})int and 0-BouND(x := —x, {5, 10})|nt. The two triples

[{5,10}]x < 0?[D]n(z) {{5,10}}x < 0?{@}y(z)
trivially hold. By rule (SEQ) and id-CONT(x := —x)|nt, We derive 0-BOUND(x < 0?;x := —x, {5, 10})|nt.
Thus by rule (Join), we can conclude 0-BoUND(ABS, {5, 10})t. We have obtained an optimal bound-
ing function that tells us that [[ABS]]?nt is local complete on every input in [{5, 10}, ya ({5, 10})].
Conversely, if we start from the generator {5, 5}, by rule (BASE), we can derive 5-BouND(x >
0?,{-5,5})int and 0-BoUuND(x := x, {5})int. The constant function 5 is due to both guards and the

input {-5, 5} not containing the value 0. Indeed, oot ([ABS]{-5,5}) = [5, 5], while [[ABS]]Int -5,5] =
[0,5]. Since {5} C [x > 0?]{-5,5} C {5}, both triples

[{-5.5}x 2 0?[{5}poz)  {{-5.5}}x 2 0?{{5}}p(z)
hold. We can conclude with rule (SEQ) 5-BouND(x > 0?;x := x,{—5,5})|nt because 0({5}) +
id(5({-5,5})) = 0+ 5 = 5. In a similar way, we can derive 4-BOUND(x < 07;x := —x, {—5, 5} )it for
the right part of the join. Finally, (JoiN) concludes 9-BouND(ABS, {—5, 5})int- Note that here the
derived bound is not optimal because the chosen join-bound &~ = +, which is a parameter of EPL,
is not precise. ¢

Example 6.11. We now reconsider the program ABS, this time applied to two-dimensional inputs
in Z2, such that, for instance, [ABS]{(~1,4), (1,0)} = {(1,4), (1,0)} as the program filters only the x-
component of the input. In this setting, we use the volume distance (SW as strong order-compatible
pre-metric, and the join-bound & st = +. Let us consider the rectangle R=(x:[-1,1],y:[0,4])

and one of its generators H = {(—1, 4) (1,0)}. Following Example 6.10, we apply similar derivations
on the left and on the right of the join to obtain 1-BouND(x > 07?;x := x, H),,,2 and 1-BOUND(x <
0?;x := —x, H) ;2. Then (JoIN) concludes 2-BouND(ABS, H), .2, thus assigning a constant bound of
2 to all the sets of points in [H, y;,.2(R)] including the rectangle R. This means that the difference
in terms of volume between the concrete and abstract invariant on those points is at most 2.

In fact, we can improve this bound on some points in [H, y;,, (R)]. If we start another derivation
from the generator G = {(1, 2), (0, 4), (0,0), (—1,2) }, we get the following derivations: 0-BouND(x >
0?;x := x, G); ez and 0-BOUND(x < 0?;x := —x, G),,;2 by rule (SEQ), then 0-BoUND(ABS, G),,,:2 by
rule (Join). Note that this result guarantees the precision of the abstract interpreter at all inputs
in [G, y},2(R)], due to the choice of the generator G for which the abstraction of the concrete
semantics coincides with the abstract semantics. Since a2 (H) = R = a;,2(G) and 0(G) < 2(H),
we can apply rule (GEN-SwiTcH) to refine the bounding function 2 for the generator H, obtaining
e-BoUND(ABS, H),,;2. The updated bounding function e assigns e(c) = 0 to all the elements in the
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intersection [H, y;,2 (R)] N [G, y1n2 (R)]—in particular, to the rectangle R—while preserving the
original bound 2 elsewhere. Thus, e provides the tightest bound (which was not the case for 2). 4

Example 6.12. Consider the following program
F: XZO/\yZZ?;y::y/AL;x::x—l

and the 2-dimensional intervals Int? over reals R? together with the volume distance 5I‘ftlz. We
want to derive a bounding function for ABS; F*, namely the composition between the program ABS
and F* over the set of inputs [G, y,,2(R)], where R is the rectangle R = (x : [-2,2],y : [23,24])
and the generator G = {(—2, 24), (2, 23)}. In order to apply rule (SEQ) of EPL between ABS and F*,
let us start by inductively deriving a modulus of continuity for [[F*ﬂlitz by following the rules in
Figure 3. For the three base commands, by rule (BASE,,), we derive id-CONT(x > 0 Ay > 2?),2,
At.t/4-CoNT(y := y/4)),e and id-CONT(x := x — 1);,2. Then by (SEQ,,), At. £-CONT(F), 2. Finally,
(ITERATE,,) concludes with At. 3 1-CONT(F*),z.

We now apply EPL to F*. By using in sequence (BASE) and (SEQ), we derive 0-BouND(F, H),,,2
for H = {(2,23), (2, 24) }, namely the abstract interpreter is precise when the first computational
step is applied to the input ¢, (H). In order to apply rule (ITERATE), we consider as (non-
optimal) post the result [F].H since the incorrectness triple [H]F*[[F]H]g2) holds, while as inv

the actual result [[F*]]ﬁ]tzalntz (H) of the abstract interpreter. We can then apply (ITERATE) to derive
e-BounD(F*, H),,,2 where:
VS € [H, yipe (H)]. e(S) = 0(H) + 8L ([FF ,crpe (H). [F]F Loty (H) = 47

Int?

Finally, since 4-BouND(ABS, G),,2 holds (derivations are similar to Example 6.11), by (SEQ) we
obtain e-BoUND(ABS; F*, G),,.2, where:

VS € [G,y1ne(G)].2(S) = 47 + 34(G) = 52.34

Thus, for all input setsin [G, y,,2 (R)], the abstract semantics is guaranteed to produce an imprecision—
measured as the volume difference between the abstract and concrete invariants—bounded by the
value 52.34. This is a sound upper bound, albeit not optimal: the real distance is
8L (a2 ([4BS: F1G), [ABS: FTF a02(G)) = 25.38

This non-optimality arises mainly from the choice of post = [F]H in the incorrectness triple
[H]F*[post]. By choosing a more precise under-approximation of [F*]H, for instance by taking
post = [F][F]H, ie., two iterations of F, we would obtain a more precise result. This follows a
reasoning analogous to loop unrolling, a technique commonly used in static analyzers based on the
standard framework of abstract interpretation performing over-approximations [Miné 2017; Rival
and Yi 2020]: the more a loop is unrolled, the more accurate the resulting static analysis becomes,
since each unrolling exposes additional control-flow structure and reduces the loss of precision
caused by merging abstract states at loop headers. In our setting, iterating F a few times plays
an analogous role: it provides a more refined under-approximation of the reachable states, thus
increasing the precision of the derived result. )

7 RELATED WORK

The idea of minimally representing abstract domains goes back to the notions of abstract domain
compression by Filé et al. [1996]. For the case of disjunctive bases [Giacobazzi and Ranzato 1996],
the compression corresponds to the set of join-irreducible elements of the abstract domain. This
notion has found an order theoretic characterization by Giacobazzi and Ranzato [1998], where the
authors introduced uniform closure operators corresponding precisely to those abstract domains
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that can be minimally compressed, namely that can be reduced to a minimal abstract domain whose
refinement gives back the original domain. The notion of generator is strictly weaker and does not
require that the original domain can be reconstructed from a unique set of generators. This makes
the notion of generator more widely applicable.

The notion of generator of an abstract property in a GC takes inspiration from the generator
representation of (closed) convex polytope, sometimes also called the vertex-representation (e.g.,
see [Griinbaum et al. 1967; Ziegler 2012]). A closed convex polytope can be defined as the convex
hull of a finite set of points, where the finite set must contain the set of extreme points of the
polytope, i.e., its vertices. Such a definition is also called a vertex-representation [Griinbaum et al.
1967]. For a closed convex polytope, the minimal vertex-representation is unique and it is given by
the set of the vertices of the polytope. The existence of generable abstract properties (i.e. abstract
properties that admit at least one generator) in an abstract domain is not always guaranteed and,
to the best of our knowledge, has never been formally defined or studied in the context of (non
necessarily numerical) abstract domains. In the polyhedra domain, introduced by Cousot and
Halbwachs [1978], a key result is the Weyl-Minkowski Theorem, stating that polyhedra have dual
representations: one using constraints, and one using generators. In this context, generators can
consider additionally rays, namely a finite set of directions that can be followed. This is necessary
in order to be able to represent an unbounded polyhedron. In fact, adding details to a property
representation, such as rays, may help designing the minimal property representing it, i.e., the
existence of a generator of that property.

While the validity of the predicates C.([P], [[P]]qﬂ) and C([P], [[Pﬂﬁ,ﬂ) for the local completeness at
a singleton ¢ € C, and completeness properties have already been investigated through a deductive
system by Bruni et al. [2023] and Giacobazzi et al. [2015], respectively, the only work that proposes
a similar approach using deductive rules for establishing ¢-partial local completeness is [Campion
et al. 2022]. However, in that work, ¢ is restricted to a constant, which is insufficient in scenarios
where one aims to prove partial completeness across a subset of the concrete domain and the
imprecision has no constant limit. Thanks to our settings, we are also able to improve the derived
bounding function for specific elements through rule (GEN-SwiTcH). Moreover, in their work
Campion et al. [2022] did not exploit any notion of continuity for the composition of programs.
Their rule (seq) requires a very strong assumption on the relation between the concrete behavior
of P; with respect to P,, which makes the proposed logic non-compositional. This is in contrast to
EPL, where the w-continuity logic is essential for making the EPL compositional and propagating
the error bound inductively on the syntax of programs. Overall, to the best of our knowledge, the
EPL system introduced in Section 6 is the only proof system that reasons solely on generators
to identify inputs in the concrete domain that satisfy the partial completeness property, without
requiring separate derivations for intermediate inputs lying between a generator and its abstraction.

In their work, Campion et al. [2024] and Johnson et al. [2024] show that, when the concrete
semantics is monotone (i.e., either order-preserving or order-reversing) over a closed set (i.e., with
minimum and maximum), then the bca over the interval domain turns out to be local complete.
This reasoning is, in fact, a specific instance of a more general result concerning generators: when
the concrete semantics f maps a generator of the input to a generator of the output of the abstract
semantics f#, local completeness of f# follows. Monotonicity ensures that the generators of a
closed input set, namely, its minimum and maximum elements are mapped to the generators of the
abstract output. Monotonicity is also exploited in practical applications to achieve greater precision.
For instance, recent algorithms for computing classifier explanations [Hurault and Marques-Silva
2023; Marques-Silva et al. 2021] leverage this property to reduce the analysis to just the minimum
and maximum values of the input features, that is, to the generators of the input domain.
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Definition 6.2 of w-continuity is different from the standard definition of uniform continuity
and of moduli of continuity in calculus. A function is defined to be uniform continuous when it
admits a finite modulus of continuity for every finite distance, namely w(#) # oo for all t € Ryy.
Uniform continuity thus requires a global finite bound on how much a function’s outputs can
change when its inputs vary, and it is a stronger notion than standard continuity, where a function
is merely required to have no jumps or discontinuities at each input, but weaker than Lipschitz
continuity, which imposes that perturbations to the function’s input leads to at most linear changes
to its output. The functions admitting a finite modulus of continuity are precisely the uniformly
continuous ones [Rudin 1976]. In our setting, Definition 6.2 allows every function to admit an
such that f is w-continuous, including those that are not uniformly continuous or even continuous.
This generalization allows modeling functions representing any abstract interpreter, which are
well known not to be uniformly continuous due to their intrinsic approximation process.

A number of papers studied the problem of continuity in programming languages. In particular,
Chaudhuri et al. [2010] observe that many well-known programs in computer science are continuous,
while in [Chaudhuri et al. 2011] they develop a proof system for establishing program robustness
via Lipschitz continuity. [de Amorim et al. 2017] use Lipschitz continuity to capture a notion of
program sensitivity, while Reed and Pierce [2010] to control type sensitivity. Metrics have been
extensively studied in program refinement and relational theories of programs [Dal Lago and
Gavazzo 2022a,b], again with the goal of controlling forms of sensitivity. For the purpose of EPL,
we require a generalized notion of program Lipschitz continuity—one that allows the bounding
relation to be expressed as a function, rather than a fixed constant. This is precisely captured by
w-continuity. In the spirit of Reed and Pierce [2010], we can say that: Distance makes the abstract
interpreter sharper.

Finally, we observe that program properties that deal indirectly with generators, have already
found practical applications in the literature, even if not explicitly formalized this way. For instance,
recently proposed algorithms for computing classifier explanations [Hurault and Marques-Silva
2023; Marques-Silva et al. 2021] leverage monotonicity to reduce the computation to only consider
the minimum and maximum (i.e., the generators of the) possible values of the input features of the
classifiers.

8 CONCLUSION

We introduced EPL, a program logic designed to formally bound error propagation in abstract
interpretation. EPL combines elements of both correctness and incorrectness logics with a logic for
capturing the modulus of continuity of programs. This allows one to express how the imprecision
of abstract computations depends on the imprecision of inputs. We also characterized the minimal
amount of information which is necessary in order to express proof obligations in EPL. This
information is captured by the notion of generators of an abstract domain, minimal concrete
elements that maps into the abstract properties. We proved that the entire EPL framework is
sound and broadly applicable to abstract domains structured by Galois connections. EPL provides a
principled and general approach to compositional reasoning about precision and error bounds in
static program analysis.

Although EPL has been proved sound, it currently lacks completeness for two main reasons.
First, it provides a worst-case estimate of the imprecision of an abstract interpretation by focusing
on generators and propagating the derived bound along the chain. As a result, the inferred bound
may be tight for the generators but over-approximated for other elements of the chain. Second, the
join-bound is defined simply as a binary function over real numbers, without taking the specific
programs being joined into account. Consequently, it may fail to be optimal and might not capture
the tightest bound for all inputs. As future work, we plan to extend EPL with rules that guarantee
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the soundness and completeness of the proof system, allowing the user to choose the concrete
elements from which to start the derivation in the input domain, without necessarily restricting
the analysis to generators. Generators can still be used when the user wishes to obtain a worst-case
estimation over all elements, without deriving the imprecision for each individual input. This could
be done by also reformulating the logic in the form of Hoare-style triples.

Similarly, the proof system for deriving a modulus of continuity is still preliminary and requires
further refinement. It is not complete for the same join-bound-related reason, and the definition of
wx in rule (ITERATE,,) may fail to converge to a (non-infinite) function unless specific program
behaviors hold (e.g., when the program under analysis implements a contractive function). We
believe that reformulating the w-continuity notion as a local property together with its logic—thus
bringing it closer to EPL, which is local to an input—would significantly improve its applicability.
This is also connected to the previous future work consisting in reformulating EPL to allow using
any input element of the concrete domain, without necessarily starting from a generator.

It would be also interesting to study the imprecision induced by different steps of the abstraction
process, such as the distance between the concrete semantics and its bea, or the distance between
the bca and a sound abstract semantics. In the former case, a tight proof of imprecision over
generators would reveal the baseline imprecision introduced by the chosen abstraction. A notion of
partial best correct approximation could be then defined and studied as a further weakening of the
standard bca notion [Giacobazzi and Ranzato 2025]. Both imprecision bounds could be obtained as
an instance of our proposed EPL: for instance, by setting the bca as the concrete semantics and
the chosen abstract interpretation of the abstract semantics, EPL would then derive a bounding
function defining an upper bound on their distance.

We note that the template semantics defined in Section 6.1 does not allow defining a widening-
based abstract semantics. This design choice was made to simplify the exposition and examples
without explicitly defining a widening operator. Although this may appear as a limitation, our
definition of w-continuity—which allows a non-finite modulus—ensures that the two proposed
program logics can also handle abstract semantics defined with widening operators, without
requiring major changes to the rules. From this perspective it is interesting to note that widening-
based abstract interpretations naturally break the standard definition of uniform continuity, which
requires a finite modulus of continuity. This observation opens an interesting theoretical question:
can widening-based abstract interpretations be characterized as non-uniformly continuous abstract
interpreters? This would provide a topological characterization of the widening operation, paving
the road to the use of methods known in numerical analysis to widening-based abstract interpreters
such as the notion of acceleration.

The notion of generator can also be generalized to the case where the abstraction « is partial,
that is, for those pairs of concrete and abstract domains that do not admit a GC. However, (partial)
completeness compares the result of the abstract interpreter with a(f(c)), i.e., the abstraction of the
concrete execution. Therefore, if « is partial, we must require that both ¢ and f(c) are in the domain
of a, so that their abstraction is defined. In this setting, the notion of y-completeness [Cousot 2021],
could be explored as a future work to study the precision of abstract interpretations that lack a GC.

Finally, the reliance of EPL on generators may significantly simplify a future implementation of
the logic within a proof assistant. Since proof obligations in EPL are formulated solely in terms
of generators—rather than the full concrete domain—this restriction reduces the complexity of
mechanized reasoning and proof construction. It enables a more modular and scalable encoding of
the logic, potentially facilitating automation and easing the verification of local partial completeness
properties within interactive theorem provers such as Coq, Isabelle, or Lean.
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A Logic for the Imprecision of Abstract Interpretations

A PROOFS OMITTED FROM THE MAIN TEXT
PROOF OF PROPOSITION 2.2.
a(c)=a =
a(c) Ca a < [by Definition 2.1]
¢ Cc y(a) = [by a order-preserving]
a(c) Ea ay(a) = [by alc) = d]
aCq ay(a) = [by ay reductive and C # anti-symmetric]

ay(a) =a

PROOF OF PROPOSITION 3.3. (i) — (ii) immediate by Definition 3.1.
(iii) Assume O satisfies (chain iff-identity). It follows:

Co(f.f* & [by Definition 3.1]
5y[(a(f(c)),fﬁ(a(c))) <0 & [by ftt sound and (chain iff-identity) of 0]
a(f(c)) = fH(a(c)) & [by Definition 3.1]
Ce(f. %)
]
PRrROOF OF PROPOSITION 4.4. (i) By definition of the bottom element, 1 ¢ is the minimum in C

therefore a generator of a(L¢).
(i) a € A generable implies there exists g € € (a) such that a(g) = a, then, by Proposition 2.2,

ay(a) = a.
(iii) 3'c € C means that c is the only concrete element such that a(c) = a, therefore it is also
(the only) generator of a(c). )

LEMMA A.1. Given a GC (C,C¢) # (A,Ca), letfﬁ: A — A be a sound approximation of
f:C— C.Thenao f Ca f*oa holds.

ProorF. Starting from the soundness definition, we get:
Va e A. f(y(a)) Ea y(fﬂ(a)) = [by Definition 2.1]
Ve e C. f(ya(c)) Ec y(fﬁ(a(c))) = [by « order-preserving]

Ve e C.a(f(ya(c))) Ca ay(fﬁ(a(c))) = [by f order-preserving
and ya extensive]

Ve € C.a(f(c)) Ca a(f(ya(c))) Ca ay(ff(a(c)) = [by ay reductive]
Ve € C.a(f(c) Ea a(f(ya(c)) Ca ay(fi(a(c) Ea fH(al(c) = [by transitivity of C#]
Ve € C.a(f(c)) Ca fH(a(c)) O

PROOF OF THEOREM 2.6. Assume we have a GC (C,C¢) # (A,Cx)andlet f#: A — Abe
a sound approximation of f: C — C. Consider p € C such that ya(p) = p.
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Proof of (1):
Ve e C. f¥(a(c)) Ca a(p) = [by Lemma A.1]
Ve € C.a(f(c)) Ca fH(a(c) Ex a(p) = [by y order-preserving]
Ve € C.ya(f(c)) Ec y(f¥(a(c))) Ec ya(p) = [by ya extensive]
Ve € C. f(c) Ec ya(f(e) Ec y(fH(a(e)) Cc ya(p) = [by ya(p) =p]
Ve € C. f(¢) Ce ya(f(e) Ec y(fﬁ(a(c))) Cc p = [by transitivity of C 4]
Vee C.f(c)Cep
Assume the predicate C(f, fﬁ) holds. Proof of (2):
Ve e C.f(c) Cc p = [by a order-preserving]
Ve € C.a(f(c) Ea a(p) = [by C(f, )]
Ve e C.a(f(c) = fH(a(c) Ca alp) o

Proor oF THEOREM 5.1. Consider any input ¢ € [g,y(a)]. Note that, by Proposition 4.4 and
since a is generable by assumption, ay(a) = a. We prove first that if * is local e-partial complete
at g for the concrete function f (i.e., the predicate CJ(f, f #) holds), then f* is also local e-partial

complete at c for f,ie., CI(f, f #). We get the following implications:
celgy(@] = [bylgy(@]={ieClgtciCtcy(a}]
g Ec¢ ¢ = [by f order-preserving]
f(9) Ec f(c) = [by a order-preserving]
a(f(9)) Ea a(f(c)) = [by f* sound]
a(f(9) Ea a(f(c)) Ca fH(a(c)) = [by (chains-order) of 54]
Sa(a(f(0)), fH(a(e)) < dala(f(9), fH(a(c))) = [by a(c) = a(g)]
Sa(a(f (). fH(a(e) < dnla(f(@). fF(a(9)) = [by C(f.fH)]
5gl(a(f(c)),fﬁ(a(c))) < e(g) = [by setting e(c) = e(g) and Definition 3.1]
C(f
Since c is taken arbitrarily in the set [g, y(a)], the predicate Cfg,y(a) ]( £, f#) also holds for the

function & where é(c) € e(g) if ¢ € [¢,y(a)], é(c) ¥ e(c) otherwise. ]

Proor oF COROLLARY 5.2. The proof follows directly from Theorem 5.1 and Proposition 3.3 by
setting e = 0 and d# (x, y) = 6,4 (x,y) of Example 2.8. This is because §7 (x, y) is strong, implying
that, when 5;1((x(f(c)),f”(a(c))) <0, the equality a(f(c)) = ftt (a(c)) holds. O

LEmMMA A.2. Letc € C and suppose G (a(c))ce = {g1. g2} If both CJ, (ffﬂ) and C;; (ffﬂ) hold,
then both inequalities 55q(a(f(c)),fﬁ(a(c))) <e(g;) and 6y{(a(f(c)),fﬂ(a(c))) < e’(gp) hold.

Proor. If the predicate CJ (f, f #) holds, then by Theorem 5.1 and a(g;) generable, the inequality
5ﬂ(a(f(c)),fﬁ(a(c))) < e(gy) holds for all ¢ € [gy, ya(g1)]. Similarly, if the predicate C;; (f, fﬁ)
holds, then by Theorem 5.1 and «(g;) generable, c%z{(a((f(c)),fﬁ (a(c))) < €’(gz) holds for all
¢ € [g2. ya(g2)]. o
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ProoF oF THEOREM 5.6. We start by proving (i). Consider d#: A X A — N, and assume
Ceg( £, ) holds, namely f* is local e-partial complete at all generators of each abstract property

in A. Let us consider a generator g € G. Then, by Theorem 5.1 and a(g) generable, f¥ is also
locally e-partial complete at the set [g, ya(g)] where é is defined as in Theorem 5.1. Consider now
¢ € [g,ya(g)] and suppose g’ € & (a(c))c, such that g # g’ and the predicate Cg; (f. f*) holds. Then

by Lemma A.2, the inequality d# (a(f(c)), fti (a(c))) < €’(gz) holds as well. This means that, given
¢ € C such that a(c) is generable, between all the generators of G that are approximated by c, that
is (a(c))ce € G, we can select as upper bound of imprecision the generator g € &(a(c))c, that
has the minimal bound according to e, namely min({e(g) | g € €(a(c))c.}). This minimal value
exists since d# is assumed to output only natural numbers. This process leads to the definition of é
which is then a bounding function for the set ycg[g. ya(g)] = Ugegl{c € Cl g <¢ ¢ <¢ ya(g)}.
We show that Ugeg[g, y(g)] = Cgen. Consider an element ¢ € Uyeg[g. ya(g)]. This means that
there exists § € G such that ¢ € [§, ya(§)]. But this implies that § € &(a(c))cc, namely, ¢ € Cyep.
Now suppose ¢ € Cy, and g is the generator such that § € Z(a(c))c.. Then, by Definition 4.5,
g <c ¢ <¢ ya(c) = ya(g), namely, ¢ € [, ya(g)], and therefore ¢ € Useg[g, ya(g)]. Thus é is also
a bounding function for Cyep.

Proof of (ii) follows immediately by Lemma A.2. O

PrOOF OF COROLLARY 5.7. Similar to Corollary 5.2. O

PrRoOOF OF THEOREM 6.7. (BASE,,): Follows directly by the definition of the predicate w-CoNT(c) .
(WEAKEN,,):

w-CoNT(P)y < [by Definition 6.2]
Vil € L.5c(f(h), f(L) < w(be(l,l) <[byow <o)
@’ (6¢(I1, 1)) © [by Definition 6.2]
@'-CoNT(P) £
(SEQ,,):
w1-CoNT(P1)r < [by Definition 6.2]
Vi, Iy € L.5g([P1] (1), [Pi] (L)) < 01(6g(l, 1)) = [by wo-CoNT(P2) £]
Vil € L.8g([Po]p[P1] (), [Pol £ [P1] s (2)) < wa(w1(8g(l1,12))) & [by definition of [Py;P2] ]
Vi, 1y € L.8g([P1;Po] o (h), [P1;P2]f(I2) < wolw1(5g(h,12))) < [by Definition 6.2]
w1 © w3-CONT(P1;P2) £
(Join,,):
Vi, 1, € L.6g([P1 @ Po](h), [P1 ®P2] ,(I2)) = [by definition of [Py & P,] ]
Vil € L.5c([Pi]p(h) Ug [Pl (1), [Pl (l2) Ug [P2] £ (l2)) < [by &s,, w1-CONT(P1) £, @2-CoNT(P2) £]
Bs, (01(8g(h, I2), w2(6(I1 12)) & [by wu(t) = &5, (w1(1), w2(1))
and Definition 6.2]
w-CoNT(P; @ Py) r

(ITERATE,,): By assuming «w-CoNT(P) s, we want to prove that the following inequality holds:

Vil € L.5p([P*] o0, [P pl) < w.(6g(l, L))
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By definition of [P*], and w., this corresponds to prove that Vn € N:

Vinly € £.5c(| |{IPLghh | [{IPIEY) < €D o' (5e(h k) 3)
i=0 i=0 i=0

The proof is made by induction on the iteration steps n.
Base case n = 0: it follows that VI, [, € L:

0 0
se(| [{IPInY | PR
i=0 i=0

S ([PIzh. [PIzR)
LAUND)
o (8¢ (b, 1))

0
P o' (6rh.1))
i=0

[by [Pl =1]
[by &°(t) = t]

thus the base case holds.
Inductive step: suppose (3) holds for an arbitrary natural number k, namely:

k k k
Vil € L.op(| [{IPLkY | [{IP)LR) < @D o' (5c(, ) (IH)
i=0 i=0 i=0

We now prove that (3) also holds for k + 1. We first prove the following inequality
Vil € L.5c(PIy s [PIE ) < o (84, 1)) (ST)

as follows:

5L([[P]]k+1l1, [[P]]kHZZ) [by definition of [[P}]kJr1

e (P IPIEL. [PI[PI;L) < [by 0-Cont(P) ]
w(éL([[Pﬂill, [[P]].IZIZ)) < [by applying w-CoNT(P) £ k times]
w(0*(8£(11,15))) = [by definition of **!]
o™ (6l 1))

It follows that VI, 1, € L:

k+1 k+1 k+1
sc(| [{IPIzh} | J{IPIL}) = [by definition of | |]
i=0 i=0 i=0

5L(|_|{[P]]£ll} U [P] k+lll, LI{HP LYyuy [[P]]k+1lz) < [by (IH), (ST) and @, join-bound]

i=0 i=0
k+1
@ ' (82 (11, ))) @1 &**' (8¢ (11, 1)) = [by definition of (P)]
i=0 i=0
k+1 A
(P o' (3. 1)
i=0

This concludes that (3) also holds for k + 1. Since both the base case and the inductive step
have been proved as true, by mathematical induction the statement (3) holds for every natural
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number n € N, thus we can conclude Vi, I, € L.6¢([P*] L, [P*] L) < w.(dg(h, ), namely
@-CoNT(P) £ holds.
]

PrOOF OF THEOREM 6.9. (BASE): Follows directly by Theorem 5.1.

(WEAKEN): Follows directly by Proposition 3.3.

(GEN-SwiITCH): Let ¢ € [g,ya(g)] N [h, ya(h)]. Then, by e-BounD(P, g)#, e’-BounD(P, h)4
and a(g) = a(h), both dx(a([P]cc), [P]aa(c)) < e(g) and dx(a([P]qc), [P]aa(c)) < €’ (h) holds.
Thus we can define e’ (c) = e(g) as bounding function without altering the validity of the predicate.

(SEQ): Inequality (a):

©-CoNT(P;) s & [by Definition 6.2]
Vay, a; € A. 5&’{([[P2]]ylal’ [[Pz]]y[az) < w(da(a, az)) = [bya; = a([[Pl]]Cg) and a; = [[Pl]]j}la(g)]
da([P]ma([Pi]c9), [P2la[Pi]aa(g))
w(0a(a([P1]c9), [P1]laa(g9))) < [by e;-BouND(Py, g)a and w order-preserving]
w(e1(g))

IA

A

The two triples [g]P;[h] and {g}Pi{ya(h)} correspond to the inequality h C¢ [P1]og C¢ ya(h),
thus [P1].g € [h, ya(h)]. We then get the following inequality (b):

e,-BOUND(P2, h)# < [by Definitions 6.8 and 3.1]
Ja(a([P2]ch), [P2]aa(h)) < e;(h) = [by Theorem 5.1]
Ve € [hya(h)]. da(a([P]ce), [P2]aa(c)) < ex(h) = [by [g]Pi[h] and {g}Pi{ya(h)}]
da(a([Plc[P1]c9); [P2laa([P1]c9)) < e2(h)

Finally, by considering the chain a([P:].[P1]c9) Ea [P2]z2([P1lc9) Ea [P2]alP1]a2(g9) and
by exploiting the (triangle-inequality) axiom of the strong pre-metric d#, we get the following
derivations:

da(a([P1;P2]cg), [P1:P2]za(g)) = [by def of [P1;P2] ]
da(a([P2lc[Pilcg), [P2lAlPi]laa(9)) < [by da strong]
da(a([PzlcPilcg), [P2laa([Pilcg)) + da([P]aa([Pilcg). [P2]alPi]aa(g)) < [by (b)and (a)]
e;(h) + w(e1(g9)) & [by Definition 6.8
and e as in Figure 4]

e-BounD(P1; Py, 9)a

(Join): The proof follows the same structure as that of proof of rule (Join,, ) in Theorem 6.7.

(ITERATE): Suppose the predicate e-BouND(P, g)# holds as well as two triples [g]P*[post]c and
{a(g) Uz inv}P{a(g) Uz inv}4. We first prove that this last abstract correctness triple implies
[P*]q2(9) Ea a(g) Ux inv. This initial proof is made by induction on the iteration steps n by
showing that Vn € N. [P]a(g9) Ea a(g) U inv which implies, by definition of Liz, that also
[P*laa(g9) Ea a(g) Us inv holds.

Base case n = 0: [[P]]_(;[a(g) = a(g) Ca a(g) Uz inv holds trivially.
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Inductive step: suppose the statement holds for an arbitrary natural number k, namely (IH)
[[P]};a(g) Ca a(g) Ug inv. We prove that it also holds for k + 1.

[[P]]k+1a(g) [by definition of [[P]]k+1

[PlA[PI ﬂa(g) Ca [by (IH) and [P] 4 order-preserving]
[Pla(e(g) Lin ino) Con [by {a(g) U ino}P{a(g) Lin ino}n]
a(g) Ug inv
Since both the base case and the inductive step have been proved as true, by mathematical induction
the statement Vn € N. [P]Za(g) T a(g) Uz inv holds for every natural number n € N, thus we

can conclude [P*]za(9) Ea a(g) Ux ino.
It follows that:
[g9]P" [postlc & [

post E¢ [P*]og = [by a order-preserving]

a(post) Co a([P*Jcg) = [by []4 sound]
a(post) Ca a([P*[cg) Ea [P laalg) = [
a(post) Eq a([P*]c9) Ea [P*]42(9) Ea a(g) Un inv = [by (chain-order) of 6]

Sa(a([P*Jc9), [P laa(9) < da(a(post), a(g) L inv) & [by Theorem 5.1]
Ve € [g,ya(9)]. da(a([P*]qc), [P ]qa(c)) < da(a(post), a(g) Un inv) < [by e-BounD(P, g)# and

by definition of [g]P*[post]c]

by {a(g) Uz inv}P{a(g) Uz inv}x]

e as in Figure 4 and Definition 3.1]

Cfg,ya(g)] ([P*]e> [P*]4) < [by Definition 6.8]

é-BounD(P*, 9)a
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