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In numerical analysis, error propagation refers to how small inaccuracies in input data or intermediate

computations accumulate and affect the final result, typically governed by the stability and sensitivity of the

algorithm with respect to some perturbations. The definition of a similar concept in approximated program

analysis is still a challenge. In abstract interpretation, inaccuracy arises from the abstraction itself, and the

propagation of this error is dictated by the abstract interpreter. In most cases, such imprecision is inevitable.

In this paper we introduce a logic for deriving (upper) bounds on the inaccuracy of an abstract interpretation.

We are able to derive a function that bounds the imprecision of the result of an abstract interpreter from the

imprecision of its input data. When this holds we have what we call partial local completeness of the abstract

interpreter, a weaker form of completeness known in the literature. To this end, we introduce the notion of a

generator for a property represented in the abstract domain. Generators allow us to restrict the search space

when verifying whether the bounding function holds for a given program and input. We then introduce a

program logic, called Error Propagation Logic (EPL), for propagating the error bounds produced by an abstract

interpretation. This logic is a combination of correctness and incorrectness logics and a logic for program
𝜔-continuity that is also introduced in this paper.

Additional Key Words and Phrases: Abstract Interpretation, Program Analysis, Program Logic, Galois Connec-

tion, Generator, Partial Completeness, Program Continuity.

1 INTRODUCTION
Abstract interpretation [Cousot and Cousot 1977, 1979] is a general theory for the approximation

of program semantics. The approximation is achieved by interpreting programs in a simplified

domain, called the abstract domain. The object of approximation are properties of programs, for

instance the set of values stored in variables at some program point or the set of reachable program

points. In its classical formulation, abstract interpretation considers a domain of concrete (or exact)

properties C and a domain of abstract (or approximated) properties A, both assumed to be partially

ordered sets, related by a Galois connection, namely by a pair (𝛼 ,𝛾 ) where the abstraction function

𝛼 : C → A maps any concrete property into an approximated abstract one, and the concretization

function 𝛾 : A → C gives the meaning to any abstract property as a corresponding concrete one.

The precision of an abstract interpretation has been the subject of an extensive study over the

past decades (see, e.g., [Bruni et al. 2022, 2023; Campion et al. 2022; Giacobazzi et al. 2015]). It is

well-known that interpreting a program in an abstract domain typically differs from abstracting its

concrete semantics. This difference arises because abstract interpreters approximate intermediate
program computation states, introducing and propagating imprecision, which cumulates. Although
abstract interpretation guarantees soundness, thus preventing false negatives, its imprecision may

result in false alarms, commonly referred to as false positives. This phenomenon is known as

incompleteness or imprecision of the static analysis.

Completeness is a desirable property that expresses the absence of imprecision in the abstract

interpreter with respect to the abstraction of the concrete execution [Giacobazzi et al. 2000]. If
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JPK : C → C is the concrete semantics of a program P, and JPK♯ : A → A is its abstract interpreta-

tion, completeness corresponds to the equation:

∀𝑐 ∈ C . 𝛼 (JPK𝑐) = JPK♯𝛼 (𝑐) (1)

When the universal quantification in (1) is restricted to a strict subset 𝑆 ⊂ C of concrete properties,

namely, ∀𝑐 ∈ 𝑆 , condition (1) is referred to as local completeness [Bruni et al. 2021, 2023]. In the

context of static verification, completeness means that no false positives are raised by the abstract

interpretation-based static analysis when used to verify any abstract property on the program

computation [Cousot 2021; Rival and Yi 2020]. Completeness, however, is a very rare condition
to be satisfied in practice, even in its local form [Campion et al. 2022; Giacobazzi et al. 2015].

Abstract domains can be refined in order to achieve completeness (e.g., see [Giacobazzi et al.

2000]), but the refinement may result in a way too concrete abstract domain, making the abstract

interpreter inefficient if not boiling down to the concrete interpretation [Giacobazzi et al. 2015].

The weaker notion of local completeness may produce a more complete abstract domain tailored on

a specific program and (set of) input states by means of the so called Abstract Interpretation Repair

(AIR) [Bruni et al. 2022], a technique that shares similarities with the principles of the well known

Counter-Example Guided Abstraction Refinement (CEGAR) in abstract model-checking. However,

local completeness can still be too strong as an assumption, as a certain degree of imprecision may

be acceptable (or even unavoidable) in analysis or verification without compromising the overall

quality of the results.

To address this, Campion et al. [2022] introduced a more permissive notion of standard local

completeness, called 𝜀-partial local completeness. Partial completeness relaxes the equality require-

ment between the abstraction of the concrete execution and the result of the abstract interpretation,

by allowing a bounded level of imprecision by the constant 𝜀 ∈ R≥0. This imprecision is measured

by a distance 𝛿A : A ×A → R≥0 over the elements of the abstract domain, and it is formalized

in [Campion et al. 2023] as a pre-metric compatible with the underlying ordering of the abstract

domain. Formally, (1) in its local form is weakened by:

∀𝑐 ∈ 𝑆. 𝛿A (𝛼 (JPK𝑐), JPK♯𝛼 (𝑐)) ≤ 𝜀 (2)

where 𝜀 ∈ R≥0 is the allowed amount of imprecision. Notably, when the pre-metric 𝛿A is able

to distinguish equal elements (formally, ∀𝑎1, 𝑎2 ∈ A. 𝑎1 = 𝑎2 ⇔ 𝛿A (𝑎1, 𝑎2) = 0), then 0-partial

local completeness boils down to standard local completeness. Note that both (1) and (2) involve

quantification over elements of the concrete domain. Specifically, for (2), the condition must hold

at each individual input in the set 𝑆 , while for (1), it must hold over the entire concrete domain.
Understanding how this limited imprecision is preserved or amplified during program analysis

is a key challenge. This brings us to the central question that guides our work:

Can we define a program logic that models error propagation in abstract interpretation?

1.1 Main Contribution
In this paper, we address the above question by introducing a novel program logic, called Error
Propagation Logic (EPL), designed to provide a logical framework for reasoning about the imprecision

of abstract interpreters. Specifically, it enables the derivation of upper bounds on the output

imprecision of an abstract interpreter as a function of the imprecision in its input, where the

imprecision is parametrized by the chosen pre-metric. By capturing how error propagates through

program constructs, EPL facilitates compositional reasoning and supports the systematic verification

of precision guarantees in abstract interpretations. To this end, we first characterize the minimal

set of program properties that play a key role in the error propagation, which we call generators.
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Building on this notion, we then design EPL by combining correctness and incorrectness logics

with a program logic for the 𝜔-continuity.

1.1.1 Generators of an Abstract Domain. We observe that certain abstract properties in A admit a

minimal representation in the concrete domain, with respect to the concrete partial ordering ⊑C .
We refer to these minimal concrete properties as generators. Intuitively, for an abstract property

𝑎 ∈ A, the concrete property 𝑔 ∈ C qualifies as a generator of 𝑎 when 𝛼 (𝑔) = 𝑎, meaning that 𝑔

maps to 𝑎 via the abstraction function 𝛼 , and there is no other concrete property 𝑐 ∈ C such that

𝑐 ⊏C 𝑔 and 𝛼 (𝑐) = 𝑎. In other words, 𝑔 captures the least amount of concrete information required to

represent 𝑎 in the abstract domain via 𝛼 .

One of the simplest examples that naturally illustrates the notion of generators is the interval

abstract domain, defined as follows:

Int def

= {[𝑎, 𝑏] | 𝑎 ∈ Z ∪ {−∞}, 𝑏 ∈ Z ∪ {+∞}, 𝑎 ≤ 𝑏} ∪ {⊥Int}
The interval abstraction 𝛼Int, defined by Cousot and Cousot [1977], abstracts a set of integers

𝑆 ∈ ℘(Z) to the smallest interval in Int containing it. Let [𝑎, 𝑏] ∈ Int be a closed interval, namely

𝑎, 𝑏 ∈ Z. In this case, the set containing the extreme values of [𝑎, 𝑏], i.e., the set {𝑎, 𝑏}, represents
the minimal information in the concrete domain ℘(Z), in terms of ⊆, which is necessary to

describe the interval. Clearly, the generator of every closed interval is unique. But there are also

abstract properties not admitting generators. This is the case for all infinite intervals of the form

[𝑎, +∞], [−∞, 𝑏], [−∞, +∞].
Generators play a central role in proving (1) and (2) as, for certain sets of concrete properties

𝑆 ⊆ C, establishing (partial local) completeness on the generators alone is a necessary and sufficient
condition to ensure the property on the whole set S. We illustrate this result through an example.

Example 1.1. Consider the following program computing the absolute value of an input:

ABS : if 𝑥 ≥ 0 then 𝑥 := 𝑥 else 𝑥 := −𝑥
Assume JABSK : ℘(Z) → ℘(Z) is the standard collecting reachability semantics and consider the

standard interval abstract interpretation JABSK♯Int : Int→ Int. Suppose that we are interested in

studying the local completeness of JABSK♯Int over the set of inputs

𝑆 = {𝑁 ∈ ℘(Z) | {1, 5} ⊆ 𝑁 ⊆ {1, 2, 3, 4, 5}} ⊂ ℘(Z)
namely all the integer sets whose abstraction gives the interval [1, 5]. Then JABSK♯Int is local complete

at 𝑆 if and only if it is complete at the integer set {1, 5}, namely at the generator of the abstract

property [1, 5] ∈ Int. This is indeed the case: 𝛼Int (JABSK{1, 5}) = [1, 5] = JABSK♯Int [1, 5], and so we

can conclude that JABSK♯Int is local complete at 𝑆 without further checking the property on the other

sets in 𝑆 . Instead, if we consider the set of inputs

𝑅 = {𝑁 ∈ ℘(Z) | {−4, 4} ⊆ 𝑁 ⊆ {−4,−3,−2,−1, 0, 1, 2, 3, 4}} ⊂ ℘(Z)
then a proof of local incompleteness at the generator {−4, 4} also entails a proof of incompleteness

of JABSK♯Int over all integer sets in 𝑅. Indeed:

𝛼Int (JABSK{−4, 4}) = [4, 4] ⊏Int [0, 4] = JABSK♯Int [−4, 4]
We observe a similar result for the partial local completeness property with a slightly different

consequence: a proof of 𝜀-partial local completeness at the generator {−4, 4} provides an upper
bound 𝜀 of imprecision for all integer sets in 𝑅. For example, we can consider an error measure

𝛿∼Int such that 𝛿∼Int ( [4, 4], [0, 4]) = 4, modeling the fact that the interval [0, 4] has four more values

than the interval [4, 4]. Then the distance 𝛿∼Int (𝛼Int (JABSK{−4, 4}), JABSK
♯

Int [−4, 4]) corresponds to 4,
namely JABSK♯Int is 4-partial local complete at {−4, 4}, and thus also at all the sets in 𝑅. ♦



Marco Campion, Mila Dalla Preda, Roberto Giacobazzi, and Caterina Urban

More generally, instead of considering a constant bound 𝜀, we introduce a bounding function
𝒆 : C → R≥0 that assigns a specific bound to each concrete property. The partial local completeness

property in (2) is then reformulated as:

∀𝑐 ∈ 𝑆. 𝛿A (𝛼 (JPK𝑐), JPK♯𝛼 (𝑐)) ≤ 𝒆(𝑐)

thus enabling a more flexible and expressive framework for reasoning about incomplete analyses.

In the example above, a suitable bounding function for any closed set 𝑁 ∈ ℘(Z)—that is, a set
whose abstraction is a closed interval—is defined as follows: 𝒆(𝑁 ) = 0 if 𝑁 is empty ormax(𝑁 ) < 0;

otherwise 𝒆(𝑁 ) = max(𝑁 ). This choice is motivated by generators of the form {𝑛1, 𝑛2} with 𝑛2 ∈ N
and 𝑛1 = −𝑛2, for which we obtain:

𝛿∼Int (𝛼Int (JABSK{𝑛1, 𝑛2}), JABSK
♯

Int𝛼Int ({𝑛1, 𝑛2})) = 𝑛2
This represents a worst-case scenario: the concrete result is always the singleton 𝑛2, while the

abstract semantics includes 0 due to the guard, yielding an over-approximation of size 𝑛2. Hence,

JABSK♯Int will never return an interval whose imprecision—measured in terms of the number of

spurious elements—exceeds 𝒆(𝑁 ) relative to the abstraction of the concrete execution.

At this point, a natural follow-up question we aim to address is the following:

Can generators be leveraged to propagate, inductively on the syntax of the program, a
bounding function 𝒆 that estimates the worst-case imprecision incurred by an abstract
interpretation over a given set of concrete properties?

1.1.2 An Error Propagation Logic. Building on the notion of generators, we introduce EPL that

derives judgments of the form: 𝒆-Bound(P, 𝑔)A , where P is a program and 𝑔 is a generator of an

abstract property 𝑎 ∈ A. The goal of EPL is to soundly establish the worst-case imprecision of an
abstract interpretation with respect to a concrete semantics and a chosen imprecision distance 𝛿A ,

over the chain of properties {𝑐 ∈ C | 𝑔 ⊑C 𝑐 ⊑C 𝛾 (𝑎)}, denoted by [𝑔,𝛾 (𝑎)]. The proof system
derives a bounding function 𝒆 inductively on the syntax of P: it starts from basic commands (assign-

ments and Boolean guards), and then propagates and updates the bounding function compositionally
through the program structure. The result is twofold:

(1) if 𝒆(𝑔) > 0 for a given generator 𝑔, then 𝒆(𝑔) provides an upper bound on the imprecision
over all elements in [𝑔,𝛾 (𝑎)];

(2) if 𝒆(𝑔) = 0, then the abstract interpreter is able to precisely analyze every element in [𝑔,𝛾 (𝑎)].
The last scenario further implies that any representable specification in the abstract domain can be

verified without false positives on these inputs.
The key challenge in designing EPL lies in defining the bounding function 𝒆 for the composition

P1; P2 of two programs in terms of the bounding functions 𝒆1 and 𝒆2 for the individual programs:

𝒆1-Bound(P1, 𝑔)A 𝒆2-Bound(P2, ℎ)A 𝜔-Cont(P2)A
[𝑔]P1 [ℎ]

{𝑔}P1{𝛾𝛼 (ℎ)}
𝒆-Bound(P1; P2, 𝑔)A

(Seq)

It turns out that, if the abstract interpretation of the second program P2 satisfies 𝜔-continuity,
captured by the predicate𝜔-Cont(P2)A , then the resulting bounding function 𝒆 for the composition

P1; P2 can be expressed as the sum 𝒆(𝑐) = 𝒆2 (ℎ) + 𝜔 (𝒆1 (𝑔)), for all 𝑐 ∈ [𝑔,𝛾 (𝑎)]. The function 𝜔 in

𝜔-Cont(P2)A , called themodulus of continuity, quantifies howmuch the output of a program analysis
can change in response to small changes in the input. As we will see in Section 6.3, our proposed

notion of 𝜔-continuity is strictly weaker than uniform continuity (and, in fact, than continuity in

general) allowing it to capture arbitrary forms of error propagation in abstract interpretation. By
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leveraging the pre-metric 𝛿A , the 𝜔-continuity of an abstract interpretation JPK♯
A

of a program P is

formally defined as the inequality:

∀𝑎1, 𝑎2 ∈ A. 𝛿A (JPK♯A (𝑎1), JPK
♯

A
(𝑎2)) ≤ 𝜔 (𝛿A (𝑎1, 𝑎2))

In particular, when the modulus of continuity is linear, that is, 𝜔 (𝑡) = 𝐾𝑡 for some constant 𝐾 , we

obtain Lipschitz continuity, a well-known notion widely used to model bounded linear variations in

program behavior under small input perturbations [Chaudhuri et al. 2011; de Amorim et al. 2017].

We introduce a simple sound proof system for deriving a modulus of continuity function 𝜔 of

a program inductively on its syntax, i.e. for inferring the validity of 𝜔-Cont(P)A . Interestingly,

EPL integrates three distinct logical frameworks: standard Hoare-style correctness logic [Hoare
1969], here encoded by the triple {𝑔}P1{𝛾𝛼 (ℎ)}, O’Hearn’s incorrectness logic [O’Hearn 2020], here

encoded by the triple [𝑔]P1 [ℎ], and our own modulus of continuity logic for deriving 𝜔-Cont(P)A .

The combination of the first two is essential to capture the nature of local completeness and, in fact,

aligns with the LCL fragment introduced in [Bruni et al. 2021, 2023]. The modulus of continuity

logic, in turn, ensures compositional reasoning in the presence of error-bounding functions. The

entire EPL proof system is made parametric with respect to the generators of the abstract domain.

This design choice allows the inference rules to operate over a minimal and representative set of

abstract elements. Instead of reasoning over sets of concrete properties, one can focus on proving

properties for the generators, which serve as a basis for the abstract domain’s structure.

Our broader vision is to integrate error propagation into a Dijkstra-style discipline of program-

ming, thereby ensuring that code design is inherently aligned with the analyzer responsible for

verifying the generated code. One possible scenario is that, during the evaluation of a program

analysis, the user proposes an error bound and the proof assistant—guided by our logic—verifies its

validity online. Moreover, since program analysis is intensional—that is, its precision depends on

how the code is written—our proof system can also serve as a guide in code construction. It makes

explicit how the program analysis imprecision propagates through the program under analysis and

helps ensure that a desired upper bound on imprecision is ultimately achieved. In this perspective,

the new notions of 𝜔-continuity and generators of an abstract domain are fundamental: The former

is the key notion to let error-bounds propagate in our program logic, while the latter both prunes

the search space in the proofs and propagates error-bounds to all elements belonging to the same

chain as the generator.

1.2 Structure of the Paper
We summarize our contributions as follows:

• We generalize the notion of partial (local) completeness to use bounding functions (Section 3).

• We formally define the notion of generator for an abstract property (Section 4).

• We establish key results for reducing a proof of partial local completeness from a set of concrete

properties 𝑆 ⊂ C to the generators only (Section 5).

• We provide a logic for deriving 𝜔-continuity inductively on the program syntax (Section 6.3),

as well as the EPL, a logic for deriving a bounding function (Section 6.4).

All the presented results rely on minimal assumptions on the concrete and abstract semantics,

the chosen distance function, and the structure of the concrete and abstract domains. For ease of

exposition, we complement these results with examples on the interval domain, although they

remain fully general and apply to any Galois connection. All proofs can be found in Appendix A.
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2 BACKGROUND
We introduce preliminary concepts and notations on order theory, trace and reachability semantics

(Section 2.1), and abstract interpretation (Section 2.2). Lastly, in Section 2.3 we recall the notion

of pre-metric compatible with a partial ordering, which will be used to formalize the partial

completeness property in abstract interpretation.

2.1 Program Semantics
Functions and Order Theory. Given two sets 𝑆 and 𝑇 , ℘(𝑆) denotes the powerset of 𝑆 , the symbol

∅ corresponds to the empty set, 𝑆 ∖ 𝑇 denotes the set-difference, |𝑆 | denotes the cardinality of

𝑆 . Set inclusion is denoted by 𝑆 ⊆ 𝑇 while 𝑆 ⊂ 𝑇 denotes strict set inclusion. We denote with

N, Z and R the sets of all natural, integer and real numbers, respectively, and with I ∈ {N,Z,R}
any one of the three number sets. We will use the notation I∞≥0 with the following meaning:

I∞≥0
def

= {𝑛 ∈ I | 𝑛 ≥ 0} ∪ {∞}, where for all 𝑛 ∈ I, 𝑛 < ∞. As calculation rules, any sum, difference

or multiplication that involves the symbol∞, returns∞, except for 0 · ∞ = ∞ · 0 = 0.

When a binary relation ⊑ ⊆ 𝑆 × 𝑆 is defined over a set which differs from N,Z and R, we will
use the subscript ⊑𝑆 except for well-known relations, like equality = and set inclusion ⊆. We will

highlight sets that form a partially ordered set by using calligraphic font on letters, e.g. L, instead

of standard font for a generic set of objects, e.g. 𝐿. That is, ⟨L, ⊑L⟩ is called a partially ordered set,

or briefly poset, when ⊑L is a partial order relation (i.e., reflexive, antisymmetric and transitive). Its

strict version is denoted by the symbol ⊏L such that, for all 𝑥,𝑦 ∈ L, 𝑥 ⊏L 𝑦 if 𝑥 ⊑L 𝑦 and 𝑥 ≠ 𝑦.

A poset ⟨L, ⊑L⟩ is called a join-semilattice if for all {𝑎, 𝑏} ⊆ L, their join (i.e. least upper bound,

or simply lub), denoted by 𝑎 ∨L 𝑏, is an element of L, and is called a meet-semilattice if for all

{𝑎, 𝑏} ⊆ L, their meet (i.e. greatest lower bound, or simply glb), denoted by 𝑎 ∧L 𝑏, is an element

of L. ⟨L, ⊑L⟩ is called a lattice if it is both a join- and a meet-semilattice. A lattice is complete

when all subsets 𝑋 ⊆ L have lubs

∨
L 𝑋 and glbs

∧
L 𝑋 in L (empty subset included). A complete

lattice L with partial order ⊑L , lub ∨L , glb ∧L , the greatest element (top) ⊤L , and the least element

(bottom) ⊥L is denoted by ⟨L, ⊑L,∨L,∧L,⊤L,⊥L⟩.
A function 𝑓 : L → L over a poset ⟨L, ⊑L⟩ is order-preserving (resp. order-reversing) if, ∀𝑥,𝑦 ∈

L such that 𝑥 ⊑L 𝑦, 𝑓 preserves (resp. reverses) the order, i.e., 𝑓 (𝑥) ⊑L 𝑓 (𝑦) (resp. 𝑓 (𝑥) ⊒L 𝑓 (𝑦)).
A function is said to be injective when it satisfies: ∀𝑥,𝑦 ∈ L. 𝑓 (𝑥) = 𝑓 (𝑦) ⇒ 𝑥 = 𝑦. It is surjective
when ∀𝑦. ∃𝑥 . 𝑓 (𝑥) = 𝑦. The composition of two functions 𝑓1 : 𝐿1 → 𝐿2, 𝑓2 : 𝐿2 → 𝐿3 is denoted

by 𝑓2 ◦ 𝑓1 : 𝐿1 → 𝐿3. We also denote by 𝑓 𝑛 the function obtained by applying 𝑓 𝑛 times, where

𝑓 0 (𝑥) = 𝑥 and 𝑓 𝑛+1 (𝑥) = 𝑓 (𝑓 𝑛 (𝑥)). A function 𝑓 : L1 → L2 between complete lattices is additive
if, for all 𝑌 ⊆ L1, 𝑓 (∨L1

𝑌 ) = ∨L2
𝑓 (𝑌 ). We will abuse notation by writing 𝑓1 ⊑L 𝑓2 for functions

𝑓1, 𝑓2 : L → L, to denote their pointwise ordering: ∀𝑥 ∈ L. 𝑓1 (𝑥) ⊑L 𝑓2 (𝑥).

Trace and Reachability Program Semantics. Let ⟨Σ, 𝜏⟩ be a transition system, where Σ is a (potentially

infinite) set of program states and the transition relation 𝜏 ⊆ Σ×Σ describes the feasible transitions

between states [Cousot 2021]. Let Σ𝑛 def

= {𝑠0 . . . 𝑠𝑛−1 | ∀𝑖 < 𝑛. 𝑠𝑖 ∈ Σ} be the set of all sequences
of exactly 𝑛 program states, where 𝜖 denotes the empty sequence, i.e., Σ0 def

= {𝜖}. We define

Σ★ def

=
⋃

𝑛∈N Σ
𝑛
as the set of all finite sequences, Σ+ def

= Σ★ ∖ Σ0
as the set of all non-empty finite

sequences, Σ∞ def

= {𝑠0 . . . | ∀𝑖 ∈ N. 𝑠𝑖 ∈ Σ} as the set of all infinite sequences, and Σ+∞ def

= Σ+ ∪ Σ∞

as the set of all non-empty finite or infinite sequences. Given 𝜎 ∈ Σ+∞, we write 𝜎0 ∈ Σ to denote

the initial state of 𝜎 and 𝜎𝜔 ∈ Σ to denote the final state when 𝜎 ∈ Σ+. The sequence 𝜎 ∈ Σ+∞

is called a trace whenever it respects the transition relation 𝜏 , i.e., for every pair of consecutive

states 𝑠, 𝑠′ ∈ 𝜎 , it holds that (𝑠, 𝑠′) ∈ 𝜏 . The trace semantics generated by a transition system ⟨Σ, 𝜏⟩
is the union of all finite traces that are terminating in a final state, and all non-terminating infinite

traces [Cousot 2021]. Let Prog be the set of all syntactically well-defined programs in some Turing
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complete programming language. Given a program P ∈ Prog, we write JPKT to denote the trace

semantics of the specific program P.
The trace semantics fully describes the behavior of a program. However, reasoning about a

particular property of a program is facilitated by the design of a semantics that abstracts away

from irrelevant details about program executions. For instance, the reachability semantics of a
program focuses on the final states reachable from a starting set of input states. It is defined by

the function JPK : ℘(Σ) → ℘(Σ). Given an initial set of states 𝑆 ∈ ℘(Σ), JPK𝑆 collects all the final
program states starting from 𝑆 and reaching the end of program P. It is the standard predicate

transformer semantics (also called strongest post-condition semantics) since JPK𝑆 ∈ ℘(Σ) turns out
to be the strongest state predicate for the state precondition 𝑆 ∈ ℘(Σ). For all P ∈ Prog, JPK is an
additive function on the complete lattice ⟨℘(Σ), ⊆,∪,∩, Σ,∅⟩, so that JPK𝑆 =

⋃
𝑠∈𝑆 JPK{𝑠} holds.

When JPK is applied to a singleton {𝑠}, we use the simpler notation JPK𝑠 in place of JPK{𝑠}.

2.2 Abstract Interpretation
We recall some background on the standard Galois connection-based abstract interpretation frame-

work as defined by Cousot and Cousot [1977, 1979] and based on the correspondence between a

domain of concrete (or exact) properties and a domain of abstract (or approximate) properties.

Abstractions. Galois connections (sometimes called Galois adjunctions) formalize the correspon-

dence between concrete elements, also called concrete properties (e.g., sets of traces), and abstract

elements, also called abstract properties (e.g., sets of reachable states) in case there is always a most

precise abstract property over-approximating any concrete property.

Definition 2.1 (Galois connection). Given posets ⟨C, ⊑C⟩, called the concrete domain, and
⟨A, ⊑A⟩, called the abstract domain, the pair of order-preserving functions 𝛼 : C → A (the

abstraction or lower adjoint) and 𝛾 : A → C (the concretization or upper adjoint) is a Galois
Connection (GC) when the following holds:

∀𝑐 ∈ C .∀𝑎 ∈ A. 𝛼 (𝑐) ⊑A 𝑎 ⇔ 𝑐 ⊑C 𝛾 (𝑎)

which will be denoted by ⟨C, ⊑C⟩ −−−→←−−−𝛼
𝛾

⟨A, ⊑A⟩. ■

The concretization 𝛾 provides the concrete meaning 𝛾 (𝑎) ∈ C of abstract properties 𝑎 ∈ A. 𝛾 (𝑎) is
the least precise element of C (according to ⊑C) that can be over-approximated by 𝑎. We say that

an abstract property 𝑎 ∈ A is a sound (over-)approximation of a concrete property 𝑐 ∈ C whenever

𝑐 ⊑C 𝛾 (𝑎). The abstraction 𝛼 (𝑐) of a concrete element 𝑐 is the best (most precise in terms of ⊑A)

sound over-approximation of 𝑐 in the abstract domain A. We say that a concrete element 𝑐 ∈ C is

representable in A whenever 𝛾 (𝛼 (𝑐)) = 𝑐 . The following two properties are satisfied by all GCs:

(i) 𝛾 ◦ 𝛼 : C → C (which will be simply denoted by 𝛾𝛼) is an upper closure operator, namely,

it is order-preserving, idempotent (𝛾𝛼 ◦ 𝛾𝛼 = 𝛾𝛼) and extensive (∀𝑐 ∈ C . 𝑐 ⊑C 𝛾𝛼 (𝑐));
(ii) 𝛼 ◦ 𝛾 : A → A (which will be simply denoted by 𝛼𝛾 ) is a lower closure operator, namely,

it is order-preserving, idempotent and reductive (∀𝑎 ∈ A. 𝛼𝛾 (𝑎) ⊑A 𝑎).

A GC is a Galois Insertion (GI for short, sometimes also called Galois retraction) whenever one of

the following conditions is satisfied: (𝑖) 𝛼𝛾 = id (where id def

= 𝜆𝑥 . 𝑥 ), (𝑖𝑖) 𝛼 is surjective, (𝑖𝑖𝑖) 𝛾 is

injective. Every GC can be transformed into a GI by removing all these “spurious” abstract elements

from A, namely, all 𝑎 ∈ A for which no 𝑐 ∈ C abstracts into 𝑎. That is, GIs contain non-useless

abstract properties, namely, for every abstract element 𝑎 ∈ A there exists a concrete element 𝑐 ∈ C

such that 𝛼 (𝑐) = 𝑎. The following proposition is a direct result from the previous reasoning.

Proposition 2.2. Let 𝑎 ∈ A, then: (∃𝑐 ∈ C . 𝛼 (𝑐) = 𝑎) ⇒ 𝛼𝛾 (𝑎) = 𝑎. □
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Example 2.3 (Interval abstraction). A classic example of GC is ⟨℘(I), ⊆⟩ −−−−−→←−−−−−
𝛼Int

𝛾Int
⟨Int, ⊑Int⟩, where

Int is the interval abstract domain [Cousot and Cousot 1976] (Section 1.1.1) commonly used for

verifying the absence of arithmetic overflows or out-of-bounds array accesses. It is endowed with

the standard ordering ⊑Int induced by interval containment. Consider the function min : ℘(I) →
I ∪ {−∞} defined as min(𝑆) def

= 𝑥 if there exists 𝑥 ∈ 𝑆 such that for all 𝑦 ∈ 𝑆, 𝑥 ≤ 𝑦, while

min(𝑆) def

= −∞ otherwise, and the function max : ℘(I) → I ∪ {+∞} dually defined. The abstraction

𝛼Int : ℘(I) → Int is defined by: 𝛼Int (𝑆) def

= ⊥Int if 𝑆 = ∅; otherwise 𝛼Int (𝑆) def

= [min(𝑆),max(𝑆)]. The
concretization 𝛾Int : Int→ ℘(I) is defined by: 𝛾Int (⊥Int) def

= ∅, and 𝛾Int ( [𝑎, 𝑏]) def

= {𝑣 | 𝑣 ∈ [𝑎, 𝑏]}. It is
easy to note that 𝛼Int is surjective and therefore gives rise to a GI. ♦

Abstract Interpretation. Consider a GC ⟨C, ⊑C⟩ −−−→←−−−𝛼
𝛾

⟨A, ⊑A⟩, let 𝑓 : C → C be a concrete order-

preserving function and let 𝑓 ♯ : A → A be a corresponding abstract (not necessarily order-

preserving) function. Then 𝑓 ♯ is a sound (or correct) approximation of 𝑓 on A when

𝑓 ◦ 𝛾 ⊑C 𝛾 ◦ 𝑓 ♯

holds. If 𝑓 ♯ is correct for 𝑓 then abstract least fixpoint correctness holds, that is𝛼 (lfp(𝑓 )) ⊑A lfp(𝑓 ♯)
holds, where lfp is the least fixpoint operator. When dealing with GCs, between all abstract functions

that approximate a concrete one, we can define the most precise one.

Definition 2.4 (Best correct approximation). The abstract function 𝑓 𝛼 : A → A defined as

𝑓 𝛼
def

= 𝛼 ◦ 𝑓 ◦ 𝛾

is called the best correct approximation (bca for short) of 𝑓 on A. ■

It turns out that any abstract function 𝑓 ♯ is a correct approximation of 𝑓 if and only if 𝑓 𝛼 ⊑A
𝑓 ♯ [Cousot 2021]. An abstract function 𝑓 ♯ is precise when it is complete.

Definition 2.5 ((Local) Completeness). Given a set of inputs 𝑆 ⊆ C, a function 𝑓 ♯ : A → A

is said to be a local complete approximation (or simply local complete [Bruni et al. 2021, 2023]) of
𝑓 : C → C at 𝑆 ⊂ C, denoted by the predicate C𝑆 (𝑓 , 𝑓 ♯), when the following holds:

∀𝑐 ∈ 𝑆. 𝛼 (𝑓 (𝑐)) = 𝑓 ♯ (𝛼 (𝑐))

It is a complete approximation [Cousot 2021] if 𝑓 ♯ is local complete for the set 𝑆 = C, namely

when the equation

𝛼 ◦ 𝑓 = 𝑓 ♯ ◦ 𝛼
holds. Completeness will be denoted by the predicate C (𝑓 , 𝑓 ♯). ■

For the singleton set {𝑐}, we use the simpler notation C𝑐 (𝑓 , 𝑓 ♯) in place of C{𝑐 } (𝑓 , 𝑓 ♯). This
completeness notion is sometimes referred to as 𝛼-completeness [Cousot 2021] or backward-

completeness [Giacobazzi and Quintarelli 2001]. Intuitively, local completeness encodes an optimal

precision for 𝑓 ♯ at the inputs in 𝑆 , meaning that the abstract behavior of 𝑓 ♯ on A exactly matches

the abstraction in A of the concrete behavior of 𝑓 on all inputs in 𝑆 . When this holds for all

elements of the concrete domain C, then 𝑓 ♯ is complete. It turns out that, when dealing with GIs,

such as the interval abstraction of Example 2.3, the possibility of defining a complete approximation

𝑓 ♯ of 𝑓 only depends upon the concrete function 𝑓 and the abstraction A, that is, 𝑓 𝛼 is the only
possible option as complete approximation of 𝑓 [Cousot 2021; Giacobazzi et al. 2000]. The same holds

for the local version [Bruni et al. 2021, 2023].
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Verification. Establishing whether a concrete order-preserving, possibly uncomputable, operator

𝑓 : C → C satisfies a given property 𝑝 ∈ C, means checking the inequality ∀𝑐 ∈ C . 𝑓 (𝑐) ⊑C 𝑝 . The
idea of abstract interpretation is to leverage an abstract sound, possibly computable, computation

𝑓 ♯ : A → A with respect to 𝑓 , over a Galois connection ⟨C, ⊑C⟩ −−−→←−−−𝛼
𝛾

⟨A, ⊑A⟩, to prove the

(abstract) inequality 𝑓 ♯ (𝛼 (𝑐)) ⊑A 𝛼 (𝑝), as shown by the following theorem.

Theorem 2.6. Consider the GC ⟨C, ⊑C⟩ −−−→←−−−𝛼
𝛾

⟨A, ⊑A⟩. Let 𝑓 ♯ : A → A be a sound approxima-
tion of 𝑓 : C → C. Let 𝑝 ∈ C be a property representable in A, namely 𝛾𝛼 (𝑝) = 𝑝 . Then the following
hold for all 𝑐 ∈ C:

(1) 𝑓 ♯ (𝛼 (𝑐)) ⊑A 𝛼 (𝑝) ⇒ 𝑓 (𝑐) ⊑C 𝑝 ;
(2) if C (𝑓 , 𝑓 ♯) holds then: 𝑓 ♯ (𝛼 (𝑐)) ⊑A 𝛼 (𝑝) ⇔ 𝑓 (𝑐) ⊑C 𝑝 . □

The abstract interpretation 𝑓 ♯ raises an alarm when 𝑓 ♯ (𝛼 (𝑐)) ̸⊑A 𝛼 (𝑝), and this alarm is a false

positive when 𝑓 (𝑐) ⊑C 𝑝 holds, true alarm otherwise. When 𝑓 ♯ is proved to be complete, then, for

representable properties 𝑝 ∈ C, proving 𝑓 (𝑐) ⊑C 𝑝 is equivalent to checking whether 𝑓 ♯ (𝛼 (𝑐)) ⊑A
𝛼 (𝑝) holds, i.e. no false positives can arise from checking the specification through the abstract

computation. Giacobazzi et al. [2015] proved that, when 𝑓 ♯ represents an always terminating

computation (e.g., a static program analyzer [Miné 2017; Rival and Yi 2020]) and A is not trivial

(i.e., A ≠ C and A ≠ {⊤A}), the presence of false positives is unavoidable due to the need of 𝑓 ♯

to over-approximates the concrete computation 𝑓 .

2.3 Pre-metrics on Posets
It is known that (local) completeness is hard to achieve [Campion et al. 2022; Giacobazzi et al. 2015].

For this reason, Campion et al. [2022, 2023] introduced a weaker notion of local completeness, called

partial local completeness, by allowing a limited amount of imprecision introduced by 𝑓 ♯ (𝛼 (𝑐)) with
respect to 𝛼 (𝑓 (𝑐)). The distance between 𝛼 (𝑓 (𝑐)) and 𝑓 ♯ (𝛼 (𝑐)) can be measured by pre-metrics
that manifest a form of compatibility with the underlying partial order of the abstract domain A.

This compatibility is formalized by the (chain-order) axiom [Campion et al. 2023].

Definition 2.7 (Order-compatible pre-metric). Let ⟨L, ⊑L⟩ be a poset. 𝛿L : L × L → I∞≥0 is a
pre-metric compatible with the partial ordering (⊑L-compatible for short) if the following hold:

(if-identity) ∀𝑥,𝑦 ∈ L : 𝑥 = 𝑦 ⇒ 𝛿L (𝑥,𝑦) = 0 ;

(chain-order) ∀𝑥,𝑦, 𝑧 ∈ L : 𝑥 ⊑L 𝑦 ⊑L 𝑧 ⇒ 𝛿L (𝑥,𝑦) ≤ 𝛿L (𝑥, 𝑧) ∧ 𝛿L (𝑦, 𝑧) ≤ 𝛿L (𝑥, 𝑧) . ■

The first axiom states that when 𝛿L calculates the distance between two equal elements, it must

return 0. However, the converse may not hold: 𝛿L (𝑥,𝑦) could be 0 even if 𝑥 ≠ 𝑦. This may happen,

for instance, when 𝛿L is computing the distance with some level of approximation, leading to

recognizing two elements as “close” even if they are not the same element. Axiom (if-identity) alone
defines 𝛿L to be a pre-metric [Deza and Laurent 1997], a weakening of the standard metric definition.

The second axiom asks for a compatibility with the ordering ⊑L . More specifically, the distance

between the two extremes of a chain 𝑥 ⊑L 𝑦 ⊑L 𝑧, must always be greater or equal than the distance

between intermediate elements. For instance, let 𝑓
♯

1
and 𝑓

♯

2
be two sound abstract computations

of a concrete order-preserving function 𝑓 . If 𝑓
♯

1
is more precise than 𝑓

♯

2
, i.e., 𝑓

♯

1
⊑A 𝑓

♯

2
, we expect

a decrease in the imprecision (distance) with respect to the concrete computation when using

𝑓
♯

1
rather than 𝑓

♯

2
, i.e., ∀𝑐 ∈ C . 𝛿A (𝛼 (𝑓 (𝑐)), 𝑓 ♯

1
(𝛼 (𝑐))) ≤ 𝛿A (𝛼 (𝑓 (𝑐)), 𝑓 ♯

2
(𝛼 (𝑐))), and, furthermore,

the distance between the two abstract computations 𝛿A (𝑓 ♯
1
(𝛼 (𝑐)), 𝑓 ♯

2
(𝛼 (𝑐))) should never exceed

𝛿A (𝛼 (𝑓 (𝑐)), 𝑓 ♯
2
(𝛼 (𝑐))) since 𝛼 ◦ 𝑓 ⊑A 𝑓

♯

1
⊑A 𝑓

♯

2
.
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Definition 2.7 is general enough to be instantiated with distances used in the literature of abstract

interpretation (see, e.g., [Campion et al. 2025, 2022; Casso et al. 2019; Di Pierro and Wiklicky 2000;

Liew et al. 2024; Logozzo 2009; Sotin 2010]). We briefly recall some of these, as they will be used

extensively in the examples throughout the paper.

Example 2.8 (Equality distance). The following distance between any element 𝑥,𝑦 ∈ L

𝛿=
L
(𝑥,𝑦) def

=

{
0 if 𝑥 = 𝑦,

∞ otherwise

satisfies both axioms of Definition 2.7, therefore it is a ⊑L-compatible pre-metric, and it will be

called the equality distance. In fact, 𝛿=
L
is only able to distinguish equal elements in L. ♦

Example 2.9 (Volume distance). Let us consider the GC ⟨℘(R𝑛), ⊆⟩ −−−−−→←−−−−−𝛼N

𝛾N ⟨N, ⊑N⟩ where N

contains a specific class of convex numerical polytopes. For instance, N could be the domain

of hyperrectangles (N = Int𝑛), or zonotopes [Gehr et al. 2018; Girard 2005] (N = Zone), or
octagons [Miné 2006] (N = Oct). The abstraction 𝛼N abstracts a set of points 𝑆 ∈ ℘(R𝑛) into
the smallest 𝑛-dimensional convex polytope in N containing them. We define the ⊑N-compatible

pre-metric 𝛿𝑉𝑜𝑙
N

: N × N → R∞≥0 as follows:

𝛿𝑉𝑜𝑙
N
(𝑁1, 𝑁2) def

= 𝐴𝑣 (𝑉𝑜𝑙 (𝑁2) −𝑉𝑜𝑙 (𝑁1))

calculating the absolute value (𝐴𝑣) of the difference between the volume of two polytope𝑁1, 𝑁2 ∈ N.

The volume function 𝑉𝑜𝑙 : N → R∞≥0 is assumed to be order-preserving on 𝛾N (i.e., if 𝛾N (𝑁1) ⊆
𝛾N (𝑁2) then 𝑉𝑜𝑙 (𝑁1) ≤ 𝑉𝑜𝑙 (𝑁2)) and it could be an over-approximation of the exact volume

computation, thus satisfying (if-identity) of Definition 2.7. The order-compatible pre-metric 𝛿𝑉𝑜𝑙
N

could be used to compare the volume between numerical invariants generated by two program

analysis or between a program analysis and the actual strongest invariant from the concrete

computation. ♦

Example 2.10 (Counting distance over Int). We define the following distance 𝛿∼Int : Int× Int→ N∞
over the domain of integer intervals Int:

𝛿∼Int ( [𝑎, 𝑏], [𝑐, 𝑑])
def

=

{
0 if [𝑎, 𝑏] = [𝑐, 𝑑],
𝐴𝑣 ( |𝛾Int [𝑐, 𝑑] | − |𝛾Int ( [𝑎, 𝑏]) |) otherwise.

Intuitively, 𝛿∼Int counts how many more integer values one interval has compared to the other:

if 𝛿∼Int ( [𝑎, 𝑏], [𝑐, 𝑑]) = 𝑘 for some 𝑘 ∈ N, then the interval [𝑐, 𝑑] contains exactly 𝑘 more values

than the interval [𝑎, 𝑏]. The distance 𝛿∼Int is clearly a ⊑Int-compatible pre-metric. For instance,

𝛿∼Int ( [0, 0], [−1, 2]) = 3 as the interval [−1, 2] has 3 more elements than the singleton [0, 0], namely:

−1, 1, 2; 𝛿∼Int ( [0, 10], [0, +∞]) = ∞ as [0, +∞] has an infinite number of more values than [0, 10].
This distance can be used to evaluate the results of interval-based program analysis by counting

the number of spurious elements that one invariant includes with respect to another. ♦

When an order-compatible pre-metric 𝛿L also satisfies the axiom

(chain iff-identity) 𝑥 ⊑L 𝑦 ⇒ (𝛿L (𝑥,𝑦) = 0 ⇒ 𝑥 = 𝑦)

then it is precise enough to distinguish between comparable elements that are not equal—that is, it

assigns distance zero only when the two elements coincide. For instance, 𝛿=
L
and 𝛿∼Int satisfy (chain

iff-identity), while 𝛿𝑉𝑜𝑙
N

only when 𝑉𝑜𝑙 calculates the exact volume.
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3 GENERALIZING PARTIAL COMPLETENESS
Local completeness for an input 𝑐 ∈ C is defined by the equality 𝛼 (𝑓 (𝑐)) = 𝑓 ♯ (𝛼 (𝑐)) between
the abstraction of the concrete computation and the (sound) abstract computation applied to

the abstraction of the input (Definition 2.5). This property was first weakened by Campion et al.

[2022, 2023] by allowing a bounded discrepancy between the concrete and abstract computations.

This discrepancy is measured using an order-compatible pre-metric 𝛿A , and must not exceed a

fixed bound 𝜀 ∈ I∞≥0. In [Campion et al. 2022, 2023], the authors define a sound abstract function

𝑓 ♯ : A → A to be an 𝜀-partial local complete approximation of 𝑓 : C → C at an input 𝑐 ∈ C if the

following inequality holds: 𝛿A (𝛼 (𝑓 (𝑐)), 𝑓 ♯ (𝛼 (𝑐))) ≤ 𝜀.
In this section, we generalize the previously defined notion of 𝜀-partial local completeness to

a more flexible property in which the bound is no longer a fixed constant 𝜀 ∈ I∞≥0, but instead a

function 𝒆 : C → I∞≥0 whose output depends on the concrete input element. We refer to this function

𝒆 as a bounding function. The idea is that the bounding function 𝒆 maps the imprecision of an input

abstraction to an upper bound on the imprecision of the corresponding abstract semantics applied

to that input. The resulting generalized property, called 𝒆-partial (local) completeness, supports
reasoning at different levels of granularity: locally, over a single input or a set of inputs, and globally,

over the entire concrete domain.

Definition 3.1 (𝒆-Partial (Local) completeness). Consider a GC ⟨C, ⊑C⟩ −−−→←−−−𝛼
𝛾

⟨A, ⊑A⟩, a
⊑A-compatible pre-metric 𝛿A and a bounding function 𝒆 : C → I∞≥0. A sound abstract function

𝑓 ♯ : A → A is said to be an 𝒆-partial local complete approximation of 𝑓 : C → C at the set of

inputs 𝑆 ⊂ C, denoted by the predicate C𝒆
𝑆
(𝑓 , 𝑓 ♯), when:

C𝒆𝑆 (𝑓 , 𝑓
♯)

def
⇔ ∀𝑐 ∈ 𝑆. 𝛿A (𝛼 (𝑓 (𝑐)), 𝑓 ♯ (𝛼 (𝑐))) ≤ 𝒆(𝑐)

It is an 𝒆-partial complete approximation whenever it holds for the entire concrete domain:

C𝒆 (𝑓 , 𝑓 ♯)
def
⇔ ∀𝑐 ∈ C . 𝛿A (𝛼 (𝑓 (𝑐)), 𝑓 ♯ (𝛼 (𝑐))) ≤ 𝒆(𝑐) ■

Intuitively, when evaluating 𝛿A (𝛼 (𝑓 (𝑐)), 𝑓 ♯ (𝛼 (𝑐))), the ⊑A-compatible pre-metric 𝛿A quantifies

the imprecision of interest between 𝛼 (𝑓 (𝑐)) and 𝑓 ♯ (𝛼 (𝑐)). For instance, when the abstract function

is a sound abstract reachability semantics 𝑓 ♯ = JPK♯
A

approximating the (concrete) reachability

semantics 𝑓 = JPK of a program P ∈ Prog, then 𝛿A may measure the number of spurious elements

(e.g., states) added by JPK♯
A
, or the difference in volume of the numerical invariant generated by

JPK♯
A

respect to 𝛼 ◦ JPK.
When C𝒆

𝑆
(𝑓 , 𝑓 ♯) holds, the imprecision for inputs in 𝑆 generated by 𝑓 ♯ is guaranteed to be

bounded by the bounding function 𝒆. When the global property C𝒆 (𝑓 , 𝑓 ♯) holds, 𝒆 provides an
upper bound on the imprecision introduced by 𝑓 ♯ with respect to 𝑓 for all inputs in C. In other

words, 𝒆 characterizes the input-dependent imprecision behavior of 𝑓 ♯.

Example 3.2. Consider the following program

ABS : if 𝑥 ≥ 0 then 𝑥 := 𝑥 else 𝑥 := −𝑥
which computes the absolute value of an integer input. Let JABSK : ℘(Z) → ℘(Z) be the standard
(collecting) reachability semantics mapping a set of integers 𝑆 ∈ ℘(Z) to the union of outputs

produced by running ABS on each 𝑠 ∈ 𝑆 , i.e., JABSK𝑆 =
⋃

𝑠∈𝑆 JABSK𝑠 . As abstract semantics, we

consider the standard interval semantics over Int (Example 2.3), denoted JABSK♯Int : Int→ Int. Our

goal is to define a bounding function 𝒆 proving that JABSK♯Int is 𝒆-partially complete with respect to

the distance 𝛿∼Int (Example 2.10). Note that the imprecision measured by 𝛿∼Int could not be bounded
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by a constant function 𝒆(𝑆) = 𝜀 for any 𝑆 ∈ ℘(Z), where 𝜀 ∈ N. For example, consider the input

{−2, 2}. The abstraction of the concrete semantics and the abstract semantics returns, respectively:

𝛼Int (JABSK{−2, 2}) = 𝛼 ({2}) = [2, 2]

JABSK♯Int𝛼Int ({−2, 2}) = [0, 2]

thus 𝛿∼Int ( [2, 2], [0, 2]) = 2. More generally, for any symmetric pair {𝑛1, 𝑛2} with 𝑛2 ∈ N and

𝑛1 = −𝑛2, we obtain

𝛿∼Int (𝛼Int (JABSK{𝑛1, 𝑛2}), JABSK
♯

Int𝛼Int ({𝑛1, 𝑛2})) = 𝑛2

This corresponds to a worst-case scenario: the concrete result is always a singleton 𝑛2, while the

abstract semantics includes 0 due to the guard, resulting in a spurious over-approximation of size

𝑛2. To bound this imprecision, we define the following bounding function: 𝒆(𝑆) = 0 if 𝑆 = ∅ or

max(𝑆) < 0, 𝒆(𝑆) = max(𝑆) otherwise. Thus the predicate C𝒆 (JABSK, JABSK♯Int) holds. ♦

From now on, we use red bold letters (e.g., 𝒆, 𝒖), to indicate bounding functions, and red bold

numbers (e.g., 0, 1) to indicate their respective constant functions. For instance, 0 def

= 𝜆𝑥.0 denote the

constant function returning 0, 1 def

= 𝜆𝑥 .1 the one returning 1, and so on. The following proposition

is a direct consequence of Definition 3.1.

Proposition 3.3. The following statements hold:

(i) If 𝒖 ≤ 𝒆 then: C𝒖
𝑆
(𝑓 , 𝑓 ♯) ⇒ C𝒆

𝑆
(𝑓 , 𝑓 ♯);

(ii) If 𝑆 ⊆ 𝑆 ′ then: C𝒆
𝑆 ′ (𝑓 , 𝑓

♯) ⇒ C𝒆
𝑆
(𝑓 , 𝑓 ♯);

(iii) If 𝛿A satisfies (chain iff-identity), then: C0
𝑆
(𝑓 , 𝑓 ♯) ⇔ C𝑆 (𝑓 , 𝑓 ♯). □

When 𝑓 ♯ is 𝒖-partial local complete, then any pointwise increase of the bounding function, i.e.,

𝒖 ≤ 𝒆, ensures the validity of the predicate C𝒆
𝑆
(𝑓 , 𝑓 ♯). Conversely, if C𝒆

𝑆 ′ (𝑓 , 𝑓
♯) holds and the input

set is restricted to 𝑆 ⊆ 𝑆 ′, then 𝑓 ♯ is 𝒆-partial local complete on 𝑆 . The left-to-right implication

of point (𝑖𝑖𝑖) always holds due to the (if-identity) axiom of a pre-metric. However, the reverse

implication does not generally hold unless 𝛿A satisfies (chain iff-identity). In this latter case, stating

that 𝑓 ♯ is 0-partial local complete on 𝑆 becomes equivalent to stating that 𝑓 ♯ is locally complete on

𝑆 since, by (chain iff-identity) and 𝑓 ♯ sound, a zero distance implies equality.

Naturally, onemay ask how such a bounding function 𝒆 can be determined in order to establish the

validity of the predicate C𝒆 (𝑓 , 𝑓 ♯) or its local variant C𝒆
𝑆
(𝑓 , 𝑓 ♯). This question is particularly crucial

in the context of program analysis, where understanding how the imprecision varies depending

on the input is fundamental for assessing the reliability and precision of the analysis results,

identifying sources of imprecision and guiding the refinement or design of abstract domains and

transfer functions. In Section 6 we will propose a dedicated proof system for deriving a bounding

function inductively from the program syntax.

Before moving on to the next section, let us note that all four properties introduced in Defini-

tions 2.5 and 3.1, and summarized in Table 1, rely on universal quantification—either over a subset

of inputs (∀𝑐 ∈ 𝑆 , in the local case) or over the entire input space (∀𝑐 ∈ C, in the global case).

Starting from the next section, we will show that there are certain distinguished elements in the

concrete domain ⟨C, ⊑C⟩ that can characterize the overall precision and imprecision behavior of an

abstract interpretation 𝑓 ♯. This allows us to avoid checking the predicate over the full quantification

range. These key elements are referred to as generators.
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Completeness 𝒆-Partial Completeness

Local

C𝑆 (𝑓 , 𝑓 ♯) C𝒆
𝑆
(𝑓 , 𝑓 ♯)

⇔ ⇔
∀𝑐 ∈ 𝑆. 𝛼 (𝑓 (𝑐)) = 𝑓 ♯ (𝛼 (𝑐)) ∀𝑐 ∈ 𝑆. 𝛿A (𝛼 (𝑓 (𝑐)), 𝑓 ♯ (𝛼 (𝑐))) ≤ 𝒆(𝑐)

Global

C (𝑓 , 𝑓 ♯) C𝒆 (𝑓 , 𝑓 ♯)
⇔ ⇔

𝛼 ◦ 𝑓 = 𝑓 ♯ ◦ 𝛼 ∀𝑐 ∈ C . 𝛿A (𝛼 (𝑓 (𝑐)), 𝑓 ♯ (𝛼 (𝑐))) ≤ 𝒆(𝑐)

Table 1. Completeness and partial completeness definitions.

4 GENERATORS OF AN ABSTRACT PROPERTY
In this section, we formally define the notion of generators of an abstract property. To achieve

this, the minimum structure required in both the concrete and abstract domains is a partial order

that models the amount of information (with larger properties exposing more information) and a

GC between them that enables the existence of an abstraction function 𝛼 . Thus, from now on, we

assume the following three components:

(1) a poset ⟨C, ⊑C⟩ representing the concrete properties,
(2) a poset ⟨A, ⊑A⟩ representing the abstract properties, and
(3) a GC ⟨C, ⊑C⟩ −−−→←−−−𝛼

𝛾

⟨A, ⊑A⟩ between the two domains.

Definition 4.1 (Generator). The generator function𝒢 : A → ℘(C) is a map that associates to

each abstract property 𝑎 ∈ A the set𝒢(𝑎) ∈ ℘(C) of its generators:

𝒢(𝑎) def

=

{
𝑔 ∈ C

���� (𝑖) 𝛼 (𝑔) = 𝑎 ∧(𝑖𝑖) ∀𝑐 ∈ C . 𝑐 ⊏C 𝑔 ⇒ 𝛼 (𝑐) ⊏A 𝛼 (𝑔)

}
■

Intuitively, for a concrete property 𝑔 ∈ C to be a generator of the abstract property 𝑎 ∈ A, 𝑔

must be represented by 𝑎 in the abstract domain through the abstraction function 𝛼 (condition (𝑖)).
Additionally, 𝑔 must contain the minimal information, in terms of the ordering ⊑C , necessary to be

represented by 𝑎 via 𝛼 (condition (𝑖𝑖)). This means that, if we consider any other concrete property

𝑐 ∈ C that contains less information than 𝑔 according to the strict ordering ⊏C , then the abstract

representation of 𝑐 is strictly lower than the abstract representation of 𝑔 in the abstract domain

according to the abstract ordering ⊏A . Note that 𝛼 is order-preserving for the partial ordering

⊑C but not for its strict version ⊏C . For instance, if we consider the abstraction 𝛼Int defined in

Example 2.3, the two sets {1, 3} ⊂ {1, 2, 3} do not maintain the strict subset ordering after applying

𝛼Int because 𝛼Int ({1, 3}) = [1, 3] ̸⊏Int [1, 3] = 𝛼Int ({1, 2, 3}).
When 𝑎 ∈ A has at least one generator, i.e.,𝒢(𝑎) ≠ ∅, we say that 𝑎 is generable. Many properties

in the hierarchy of semantics given by Cousot [2002] admit generators and are therefore generable.

Example 4.2 (Abstraction of a trace property into a reachability property). The trace to reachability
property abstraction 𝛼I abstracts a trace property 𝑃 ∈ ℘(Σ+∞) to an invariant 𝑆 ∈ ℘(Σ) collecting
the possible values of the variables on the last state of each finite trace. The GC

⟨℘(Σ+∞), ⊆⟩ −−−−→←−−−−𝛼I

𝛾I ⟨℘(Σ), ⊆⟩

is defined as:

𝛼I (𝑃) def

= {𝜎𝜔 | 𝜎 ∈ 𝑃 ∩ Σ+} 𝛾I (𝑆) def

= {𝜎 | 𝜎𝜔 ∈ 𝑆 ∨ 𝜎 ∈ Σ∞}
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Fig. 1. The square 𝑄 of Example 4.3.

Given a set of states 𝑆 ∈ ℘(Σ), the set of generators of 𝑆 is

𝒢(𝑆) = {𝐺 ∈ ℘(Σ+) | ∀𝜎 ∈ 𝐺. 𝜎𝜔 ∈ 𝑆 ∧ ∀𝑠 ∈ 𝑆. ∃!𝜎 ∈ 𝐺. 𝜎𝜔 = 𝑠}
where ∃! is the unique existential quantification. That is, the generator 𝐺 ∈ 𝒢(𝑆) is a set of

traces containing only one trace that ends with a final state in 𝑆 , for all possible 𝑠 ∈ 𝑆 . Removing

a trace 𝜎 ′ from 𝐺 implies that there is a state 𝑠′ ∈ 𝑆 not reachable from any 𝜎 ∈ 𝐺 , namely

𝛼I (𝐺 ∖ {𝜎 ′}) ⊂ 𝛼I (𝐺). Therefore, 𝐺 satisfies condition (𝑖𝑖). Moreover, for every set of states

𝑆 ∈ ℘(Σ), 𝑆 is generable and there is exactly one generator: |𝒢(𝑆) | = 1. Note that, as opposed to

the previous example where the generator is always unique, here |𝒢(𝑆) | ≥ 1, namely we can have

more than one generator describing 𝑆 (there could be more than one trace leading to a final state). ♦

Example 4.3 (Abstraction of a reachability property into an interval property). Let us consider Σ = Z.

The interval abstraction𝛼Int, defined in Example 2.3, gives rise to the GC ⟨℘(Z), ⊆⟩ −−−−−→←−−−−−
𝛼Int

𝛾Int
⟨Int, ⊑Int⟩.

Let [𝑎, 𝑏] ∈ Int be a closed interval, namely 𝑎, 𝑏 ∈ Z and 𝑎 ≤ 𝑏. Then the generator of [𝑎, 𝑏] is
𝒢( [𝑎, 𝑏]) = {{𝑎, 𝑏}}

In fact, 𝑎 and 𝑏 represent the minimal information which is necessary to describe the interval

[𝑎, 𝑏]. A similar reasoning can be applied to hyperrectangles Int𝑛 over 𝑛-dimensions. For instance,

let us consider Σ = Z2 and the GC ⟨℘(Z2), ⊆⟩ −−−−−→←−−−−−
𝛼Int

𝛾Int
⟨Int2, ⊑Int⟩, where 𝛼Int, 𝛾Int and ⊑Int are

extended componentwise. The square 𝑄 ∈ Int2 depicted in Figure 1a has four angles located at the

coordinates: (1, 1), (1, 3), (3, 1), (3, 3). The generators of 𝑄 are (see Figure 1b):

𝒢(𝑄) = { {(1, 1), (3, 3)}, {(1, 3), (3, 1)}, {(1, 2), (2, 3), (3, 2), (2, 1)}, {(1, 1), (1, 3), (2, 3)},
{(3, 1), (3, 3), (1, 2)}, {(3, 3), (1, 3), (2, 1)}, {(1, 3), (1, 1), (3, 2)} }

For every generator 𝐺 ∈ 𝒢(𝑄), removing a coordinate would generate a new rectangle. Con-

sider {(1, 2), (2, 3), (3, 2), (2, 1)}. Then, by removing the coordinate (1, 2), 𝛼Int ({(2, 3), (3, 2), (2, 1)})
corresponds to the blue rectangle in Figure 1c, which is clearly strictly included in 𝛼Int (𝑄):

𝛼Int ({(2, 3), (3, 2), (2, 1)}) ⊏Int 𝛼Int ({(1, 2), (2, 3), (3, 2), (2, 1)}) = 𝛼Int (𝑄) ♦

The following proposition outlines some basic properties that directly derive from Definition 2.1

of GC and Definition 4.1 of generators.

Proposition 4.4. The following statements hold:
(i) ⊥C ∈ C ⇒ 𝒢(𝛼 (⊥C)) = {⊥C};
(ii) 𝑎 ∈ A generable ⇒ 𝛼𝛾 (𝑎) = 𝑎;
(iii) ∃!𝑐 ∈ C . 𝛼 (𝑐) = 𝑎 ⇒ 𝒢(𝑎) = {𝑐}.
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The first point (𝑖) states that the generators of the abstraction of the bottom element of C (in case

it exists) is exactly ⊥C itself as, by definition, ⊥C is the minimal element of C. The next point (𝑖𝑖)
states that for all generable abstract properties (i.e.,𝒢(𝑎) ≠ ∅) going back to the concrete domain

through 𝛾 and then abstracting again the result through 𝛼 , gives as result the same property. This

means that for all generable abstract properties 𝑎 there is at least one concrete property 𝑐 such that

𝛼 (𝑐) = 𝑎. Finally, (𝑖𝑖𝑖) simply specifies that when there is only one concrete property represented

by 𝑎 in the abstract domain then for sure that concrete property is a generator of 𝑎.

However, not all abstract properties admit generators. This means that, in the abstract domain

A, there could exist non-generable abstract properties, i.e., those for which 𝒢(𝑎) = ∅. There
are two possible reasons for this. The first one is when condition (𝑖) of Definition 4.1 cannot be

satisfied. This happens when the GC is not a GI, i.e. 𝛼 is not surjective. In this case, all points

𝑎 ∈ A which are not the abstraction of any property of C, are not generable. The second reason

occurs when condition (𝑖𝑖) could not be satisfied, namely, it is not possible to find a minimal

quantity of information in C that generates 𝑎 through 𝛼 . For example, in the interval abstraction

⟨℘(Z), ⊆⟩ −−−−−→←−−−−−
𝛼Int

𝛾Int
⟨Int, ⊑Int⟩ all infinite intervals have no generators. These are all the intervals

of the form [𝑎, +∞], [−∞, 𝑏], [−∞, +∞] ∈ Int where 𝑎, 𝑏 ∈ Z. This is because there is no minimal

elements in ℘(Z) able to generate, e.g., [0, +∞].
When studying an abstract property 𝑎 ∈ A, one might be interested only in the generators 𝑔 of

𝑎 that are approximated by a concrete property 𝑐 ∈ C according to ⊑C , that is those generators for
which 𝑔 ⊑C 𝑐 holds. When 𝛼 (𝑐) = 𝑎, these generators identify the minimal elements of 𝑐 that are

responsible of the fact that 𝑐 gets abstracted in 𝑎.

Definition 4.5 (Generators approximated by a concrete property). The set of generators of
𝑎 ∈ A that are approximated by a concrete property 𝑐 ∈ C with respect to ⊑C , written𝒢(𝑎)⊑𝑐 , is
defined as:

𝒢(𝑎)⊑𝑐 def

= {𝑔 ∈ 𝒢(𝑎) | 𝑔 ⊑C 𝑐} ■

Example 4.6. The generators of𝑄 (Figure 1b) contained in the set of coordinates {(1, 1), (1, 3), (3, 3)}
are

𝒢(𝑄)⊑{ (1,1),(1,3),(3,3) } = {{(1, 1), (3, 3)}}
because {(1, 1), (3, 3)} is a generator of 𝑄 and it holds that {(1, 1), (3, 3)} ⊆ {(1, 1), (1, 3), (3, 3)}. ♦

We will extensively use this last definition in the following sections.

5 GENERATORS AND PARTIAL LOCAL COMPLETENESS
In this section, we show that a proof of local completeness over a set of concrete properties whose

abstractions are generable, can be reduced to proving local completeness on their generators. The

elegance of these results lies in the fact that generators not only characterize the precision (i.e.

completeness) of an abstract interpretation but also capture its bounded imprecision through a

bounding function. Indeed, we show that the result also holds for the 𝒆-partial local completeness

property. We will consider minimal assumptions about the concrete and abstract operators, as

well as the underlying structure of the concrete and abstract domains. To this end, building on the

elements introduced at the beginning of Section 4, we now additionally consider:

(4) a concrete order-preserving function 𝑓 : C → C over the concrete domain,

(5) an abstract (not necessarily order-preserving) function 𝑓 ♯ : A → A over the abstract

domain which is a sound over-approximations of 𝑓 , and

(6) a ⊑A-compatible pre-metric 𝛿A : A × A → I∞≥0 measuring the imprecision of interest,

together with a bounding function 𝒆 : C → I∞≥0.
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Fig. 2. Input abstractions of Example 5.3.

Let us begin with the first result, which shows what it means to prove (𝒆-partial) local complete-

ness directly on generators. Given 𝑙, 𝑟 ∈ C such that 𝑙 ⊑C 𝑟 , we denote with the interval [𝑙, 𝑟 ] the
set [𝑙, 𝑟 ] def

= {𝑐 ∈ C | 𝑙 ⊑C 𝑐 ⊑C 𝑟 } of all concrete properties in between 𝑙 and 𝑟 .

Theorem 5.1. Let 𝑎 ∈ A be a generable abstract property and 𝑔 ∈ 𝒢(𝑎) be a generator of 𝑎. Then:
C𝒆𝑔 (𝑓 , 𝑓 ♯) ⇒ C𝒆̃[𝑔,𝛾 (𝑎) ] (𝑓 , 𝑓

♯)

where 𝒆̃(𝑐) def

= 𝒆(𝑔) if 𝑐 ∈ [𝑔,𝛾 (𝑎)], 𝒆̃(𝑐) def

= 𝒆(𝑐) otherwise. □

In simpler terms, if 𝑓 ♯ (𝛼 (𝑔)) has an imprecision bounded by 𝒆(𝑔) at the generator 𝑔 according to
𝛿A , then this bound is also an upper bound for the imprecision of 𝑓 ♯ at all inputs within the chain
[𝑔,𝛾 (𝑎)]. As a corollary result, proving the local completeness of 𝑓 ♯ at the generator 𝑔 is equivalent
to proving that 𝑓 ♯ is actually precise at all inputs in [𝑔,𝛾 (𝑎)].

Corollary 5.2. C𝑔 (𝑓 , 𝑓 ♯) ⇔ C[𝑔,𝛾 (𝑎) ] (𝑓 , 𝑓 ♯) □

Example 5.3. Consider the following while-loop program W ∈ Prog:
while 𝑥 > 𝑦 do { 𝑦 := 𝑦 + 𝑥 ; 𝑥 := 𝑥 − 1 }

Suppose we want to analyze the interval invariant (over R) at the end of W by using the standard

interval analysis JWK♯
Int2

: Int2 → Int2 defined in [Cousot and Cousot 1976] (also in [Miné 2017,

Chapter 4.5]), on the input 𝑆 = {(3, 0), (6, 2)} (points 𝑝1 and 𝑝2 in Figure 2). The abstraction

of 𝑆 through 𝛼Int, gives rise to the rectangle 𝛼Int (𝑆) = ( [3, 6], [0, 2]) (the yellow rectangle in

Figure 2). We measure the imprecision of our abstract interpreter by using the ⊑Int-compatible

pre-metric 𝛿𝑉𝑜𝑙
Int2

defined in Example 2.9. In particular, since the objects in Int2 are 2-dimensional,

𝛿𝑉𝑜𝑙
Int2
((𝑥1, 𝑦1), (𝑥2, 𝑦2)) calculates precisely (the absolute value of) the difference between the areas of

the rectangle (𝑥2, 𝑦2) ∈ Int2 and the rectangle (𝑥1, 𝑦1) ∈ Int2, where 𝑥1, 𝑥2, 𝑦1, 𝑦2 ∈ Int. The interval
abstraction of the reachability semantics JWK and the output of the interval analysis JWK♯

Int2
are:

𝛼Int (JWK𝑆) = 𝛼Int ({(2, 3), (5, 8)}) = ( [2, 5], [3, 8])

JWK♯
Int2
𝛼Int (𝑆) = JWK♯

Int2
( [3, 6], [0, 2]) = ( [0, 6], [0, 11])

Their distance is:

𝛿𝑉𝑜𝑙
Int2
(𝛼Int (JWK𝑆), JWK♯Int2𝛼Int (𝑆)) = 𝛿

𝑉𝑜𝑙

Int2
(( [2, 5], [3, 8]), ( [0, 6], [0, 11])) = 51

Suppose the (constant) bounding function to verify is 55. This means that C55
𝑆
(JWK, JWK♯

Int2
) holds.

Moreover, since 𝑆 ∈ 𝒢(𝛼 (𝑆)), namely, the set of points {𝑝1, 𝑝2} is a generator of the rectangle

𝛼 ({𝑝1, 𝑝2}), Theorem 5.1 guarantees that JWK♯
Int2

will satisfy the same imprecision bound 55 when
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considering all the (concrete) sets of points in {𝐼 ⊂ R2 | 𝑆 ⊆ 𝐼 ⊆ 𝛾Int𝛼Int (𝑆)}, namely all the possible

forms that are contained within the yellow rectangle of Figure 2 and that also contain the set 𝑆 . ♦

It is worth noting that the implication C𝒆[𝑔,𝛾 (𝑎) ] (𝑓 , 𝑓
♯) ⇒ C𝒆𝑔 (𝑓 , 𝑓 ♯) is trivially valid by 𝑔 ∈

[𝑔,𝛾 (𝑎)] and Proposition 3.3. However, deriving an upper bound of imprecision 𝒆(𝑐) for some 𝑐

in the chain (𝑔,𝛾 (𝑎)] where 𝑔 is excluded, does not imply that 𝑓 ♯ satisfies the same bound for the

generator 𝑔. The following example illustrates this point.

Example 5.4. Let us consider the GC ⟨℘(Z), ⊆⟩ −−−−−→←−−−−−
𝛼Int

𝛾Int
⟨Int, ⊑Int⟩ and, as abstract function,

JABSK♯Int of the program ABS ∈ Prog of Example 3.2. Suppose we are interested in measuring the

“spurious” points added by JABSK♯Int, by employing the ⊑Int-compatible pre-metric 𝛿∼Int, defined in

Example 2.10, and we are tolerating a bound of imprecision quantified by 𝒆 = 1 over the input

{−3,−1, 2}. The abstract semantics JABSK♯Int is 1-partial local complete at {−3,−1, 2} since:

𝛼Int (JABSK{−3,−1, 2}) = [1, 3] ⊏Int [0, 3] = JABSK♯Int [−3, 2]

and 𝛿∼Int ( [1, 3], [0, 3]) = 1. Thus, the predicate C1
{−3,−1,2} (JABSK, JABSK

♯

Int) holds. However, the predi-
cate C1

{−3,2} (JABSK, JABSK
♯

Int) does not hold on the generator {−3, 2} because:

𝛼Int (JABSK{−3, 2}) = [2, 3] ⊏Int [0, 3] = JABSK♯Int [−3, 2]
and 𝛿∼Int ( [2, 3], [0, 3]) = 2 > 1. ♦

We now want to further generalize the result of Theorem 5.1. To this end, we define two sets of

concrete properties denoted by 𝐶𝑔𝑒𝑛 ,G ∈ ℘(C). The former is defined as

𝐶𝑔𝑒𝑛
def

= {𝑐 ∈ C | 𝒢(𝛼 (𝑐))⊑𝑐 ≠ ∅}
and corresponds to the set of all concrete properties that approximate at least one generator of

𝛼 (𝑐). The latter
G def

=
⋃
𝑎∈A

𝒢(𝑎)

is the set of all generators of generable abstract properties of A. Clearly, G ⊆ 𝐶𝑔𝑒𝑛 since if 𝑔 ∈ G
then 𝑔 ∈ 𝒢(𝛼 (𝑔))⊑𝑔, which means that 𝑔 ∈ 𝐶𝑔𝑒𝑛 .

Example 5.5. Consider the GC ⟨℘(Z𝑛), ⊆⟩ −−−−−→←−−−−−
𝛼Int

𝛾Int
⟨Int𝑛, ⊑Int⟩. We have seen that all the generable

elements of Int are the closed intervals [𝑎, 𝑏] with 𝑎, 𝑏 ∈ Z. A similar reasoning applies over

𝑛-dimensional intervals Int𝑛 . This implies that𝐶𝑔𝑒𝑛 ⊂ Z𝑛 is the set of all closed sets, namely, for all

𝑆 ∈ 𝐶𝑔𝑒𝑛 : max(𝑆 (𝑖)) ∈ Z and min(𝑆 (𝑖)) ∈ Z both exist with 𝑖 ∈ [1, 𝑛], and 𝛼Int (𝑆) ∈ Int𝑛 represents

an 𝑛-dimensional closed hyperrectangle. ♦

Theorem 5.6. Suppose 𝛿A : A ×A → N∞, then
C𝒆G (𝑓 , 𝑓

♯) ⇒ C𝒆̂𝐶𝑔𝑒𝑛
(𝑓 , 𝑓 ♯)

where 𝒆(𝑐) def

= min({𝒆(𝑔) | 𝑔 ∈ 𝒢(𝛼 (𝑐))⊑𝑐 }) if 𝑐 ∈ 𝐶𝑔𝑒𝑛 ∖ G, 𝒆(𝑐) def

= 𝒆(𝑐) otherwise. □

Note that Theorem 5.6 generalizes the result of Theorem 5.1, extending it from chains to the set

of properties 𝐶𝑔𝑒𝑛 . Specifically, Theorem 5.6 shows that a proof of 𝒆-partial local completeness

over all possible generators G of the GC can be lifted to a proof of 𝒆-partial completeness over all

concrete properties in 𝐶𝑔𝑒𝑛 , by redefining the bounding function 𝒆 as a new function 𝒆. This new
bounding function assigns to each 𝑐 ∈ 𝐶𝑔𝑒𝑛 the minimum imprecision bound among all generators

approximated by 𝑐 . For distances defined as 𝛿A : A ×A → R∞≥0, a minimum may not exist. In such
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cases, 𝒆 can be defined by selecting an arbitrary bound from those associated with the approximated

generators. This value still constitutes a valid upper bound on the imprecision over the set 𝐶𝑔𝑒𝑛 .

The local completeness property is a special case of Theorem 5.6.

Corollary 5.7. CG (𝑓 , 𝑓 ♯) ⇔ C𝐶𝑔𝑒𝑛
(𝑓 , 𝑓 ♯) □

Theorem 5.6 and Corollary 5.7 both capture the key insight that analyzing the (im)precision of

𝑓 ♯ over the set of inputs 𝐶𝑔𝑒𝑛—those that approximate at least one generator—can be effectively

reduced to analyzing the (im)precision over the generators G of the GC.

Example 5.8. Consider the program

ReLU : if 𝑥 < 0 then 𝑥 := 0 else 𝑥 := 𝑥

which corresponds to the well-known ReLU activation function used in neural networks to suppress

negative inputs [Nair and Hinton 2010].We consider the reachability semantics JReLUK and its sound
approximation via JReLUK♯Int over the interval abstract domain Int. We evaluate the imprecision

introduced by the abstract interpretation using the pre-metric 𝛿∼Int. If we measure the imprecision

for input sets of the form {𝑖, 𝑗}, where 𝑖, 𝑗 ∈ Z, we observe:

𝛿∼Int (𝛼Int (JReLUK{𝑖, 𝑗}), JReLUK
♯

Int𝛼Int ({𝑖, 𝑗})) = 0

Since each set {𝑖, 𝑗} is a generator of the closed interval 𝛼Int ({𝑖, 𝑗}), it follows that JReLUK♯Int is
0-partial local complete at all inputs in G. By Theorem 5.6, this implies that 0 is also a valid bounding

function over the entire set 𝐶𝑔𝑒𝑛 , i.e., the predicate C
0
𝐶𝑔𝑒𝑛
(JReLUK, JReLUK♯Int) holds. Furthermore,

since 𝛿∼Int satisfies (chain iff-identity), we can invoke point (𝑖𝑖𝑖) of Proposition 3.3 to conclude that

JReLUK♯Int is also locally complete at all inputs in 𝐶𝑔𝑒𝑛 , that is C𝐶𝑔𝑒𝑛
(JReLUK, JReLUK♯Int) holds. ♦

6 A LOGIC FOR PROPAGATING ERROR BOUNDS
In this section, building on the notion of generators and the results from the previous section, we

introduce a program logic designed to soundly establish the worst-case imprecision of an abstract
semantics with respect to a concrete semantics, across all inputs in the chain [𝑔,𝛾 (𝑎)] between a

generator 𝑔 of an abstract property 𝑎 ∈ A. The proof system derives a bounding function 𝒆
inductively from the program syntax: it starts from base cases (no-ops, assignments, Boolean

guards), and then propagates and updates the bound compositionally through the program structure.

In this sense, we are performing an analysis of the analyzer itself. The proof systemwill be introduced

in Section 6.4. In Section 6.1, we fix the programming language and its semantics. We briefly recall

the (in)correctness triples in Section 6.2. Section 6.3 introduces the notion of 𝜔-continuity, which
plays a fundamental role in propagating a bounding function when composing programs.

Before proceeding to the syntax of our programming language, let us remark that the results

presented in Section 5 apply to any distance 𝛿A satisfying Definition 2.7 of order-compatible

pre-metric. This definition is based on a minimal and weak set of axioms sufficient to give meaning

to the measurement of imprecision between the abstraction of a concrete operator and its sound

abstract interpretation. However, the axiom (chain-order) alone does not provide guidance on how
to compute an upper bound 𝒆 between elements of a chain. To address this limitation, we introduce

a stricter class of pre-metrics, which we call strong pre-metrics.

Definition 6.1 (Strong pre-metric). A ⊑L-compatible pre-metric 𝛿L is said to be strong when

the following auxiliary axioms hold ∀𝑥,𝑦, 𝑧 ∈ L:

(chain iff-identity) 𝑥 ⊑L 𝑦 ⇒ (𝛿L (𝑥,𝑦) = 0 ⇒ 𝑥 = 𝑦) ;
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(triangle-inequality) 𝛿L (𝑥, 𝑧) ≤ 𝛿L (𝑥,𝑦) + 𝛿L (𝑦, 𝑧) . ■

For example, the distance 𝛿𝑉𝑜𝑙
N

introduced in Example 2.9 qualifies as strong when 𝑉𝑜𝑙 computes

the exact volume. The same holds for the order-compatible pre-metrics 𝛿=
L
and 𝛿∼Int, defined in

Examples 2.8 and 2.10, respectively. Conversely, if 𝑉𝑜𝑙 over-approximates the actual volume, then

𝛿𝑉𝑜𝑙
N

may violate both axioms of Definition 6.1. This also applies, in general, to order-compatible pre-

metrics that approximate, rather than compute exactly, the distance between elements [Campion

et al. 2023]. Note that, within the theory of metric spaces, a strong pre-metric does not qualify as a

metric, as it may lack symmetry and the iff-identity over the entire domain. Instead, it corresponds

to a form of weak quasi-metric [Wilson 1931], where the iff-identity is required only along chains.

6.1 The Programming Language and its Semantics
In the following, the programming language Prog is assumed to be defined as follows:

Prog ∋ P ::= c | P; P | P ⊕ P | P∗

which corresponds to the language of regular commands also used in, e.g., [Bruni et al. 2023;

O’Hearn 2020]. The language Prog is general enough to cover deterministic imperative languages

as well as nondeterministic and probabilistic programming. The term P1; P2 represents sequential
composition, the term P1 ⊕ P2 represents a nondeterministic choice command, and the term P∗

represents the Kleene iteration of P, where P can be executed 0 or any finite number of times.

The language Prog is parametric on the syntax of basic commands c ∈ BCom which can be

instantiated with different kinds of instructions such as (deterministic or nondeterministic or

parallel) assignments, (Boolean) guards or assumptions, etc. In the examples we will consider

standard deterministic basic commands used in while programs, i.e., no-op, assignments and

Boolean guards: BCom ∋ c ::= skip | 𝑥 := 𝑎 | b? where 𝑎 ranges over arithmetic expressions on

integer values in Z, variables 𝑥 ∈ Var , and b ranges over Boolean expressions. A deterministic

imperative while language can be defined using guarded branching and loop commands as syntactic

sugar as follows [Kozen 1997]:

if b then c1 else c2
def

= (b?; c1) ⊕ (¬b?; c2)
while b do c def

= (b?; c)∗;¬b
We assume that basic commands have a semantics L ·ML : BCom → L → L on a complete

lattice ⟨L, ⊑L,⊔L,⊓L,⊥L,⊤L⟩ such that, for all c ∈ BCom, LcML : L → L is order-preserving.

J·KL : Prog → L → L is the semantics of Prog on the complete lattice L and it is inductively

defined as follows:

JcKL𝑙
def

= LcML𝑙

JP1; P2KL𝑙
def

= JP2KLJP1KL𝑙

JP1 ⊕ P2KL𝑙
def

= JP1KL𝑙 ⊔L JP2KL𝑙

JP∗KL𝑙
def

=
⊔
{JPK𝑛L𝑙 | 𝑛 ∈ N}

It is easy to check, by structural induction, that the semantics above is order-preserving for ⊑L .
In particular, given a GC ⟨C, ⊑C⟩ −−−→←−−−𝛼

𝛾

⟨A, ⊑A⟩ where both the concrete and abstract domains

are complete lattices, it turns out that JPKC ◦ 𝛾 ⊑C 𝛾 ◦ JPKA holds, namely the soundness of the

abstract semantics JPKA with respect to the concrete one JPKC , provided that LcMC ◦𝛾 ⊑C 𝛾 ◦ LcMA
holds, namely the soundness on the basic commands. For instance, the concrete domain could be

the complete lattice ⟨℘(Z𝑛), ⊆,∪,∩,∅,Z𝑛⟩ of 𝑛-tuples of integers representing the program states

of a program with 𝑛 variables, and JPK℘(Z𝑛 ) (simply denoted as JPK in the previous and following

examples) is the standard collecting reachability semantics, where Lb?M𝑆 filters all the program

states in 𝑆 ∈ ℘(Z𝑛) that make b true.



Marco Campion, Mila Dalla Preda, Roberto Giacobazzi, and Caterina Urban

6.2 Correctness and Incorrectness Triples
We briefly recall here two fundamental notions that will be used in our logic for propagating the

imprecision bound: Hoare correctness and O’Hearn incorrectness triples.
A correctness triple is the central feature of the Hoare logic [Hoare 1969] for proving partial

correctness of programs. Given a formal description of a program’s behavior through the semantics

JPKL : L → L, a correctness triple is denoted by {𝑝𝑟𝑒}P{𝑝𝑜𝑠𝑡}L , where P ∈ Prog is a program and

𝑝𝑟𝑒, 𝑝𝑜𝑠𝑡 ∈ L are the pre- and post-conditions, respectively. Formally, the validity of {𝑝𝑟𝑒}P{𝑝𝑜𝑠𝑡}L
is defined by the over-approximation condition:

{𝑝𝑟𝑒}P{𝑝𝑜𝑠𝑡}L
def
⇔ JPKL𝑝𝑟𝑒 ⊑L 𝑝𝑜𝑠𝑡

In other words, the behavior of the program P with input 𝑝𝑟𝑒 , formalized by the semantics J·KL ,
satisfies the post-condition 𝑝𝑜𝑠𝑡 .

Conversely, an incorrectness triple is the central feature of the O’Hearn logic [O’Hearn 2020]

for proving program incorrectness, and it is denoted by [𝑝𝑟𝑒]P[𝑝𝑜𝑠𝑡]L . Formally, the validity of

[𝑝𝑟𝑒]P[𝑝𝑜𝑠𝑡]L is defined by the under-approximation condition:

[𝑝𝑟𝑒]P[𝑝𝑜𝑠𝑡]L
def
⇔ 𝑝𝑜𝑠𝑡 ⊑L JPKL𝑝𝑟𝑒

In other words, the post-condition 𝑝𝑜𝑠𝑡 represents an under-approximation of the behavior of the

program P with input 𝑝𝑟𝑒 . O’Hearn [2020] originally designed the program logic for bug detection:

if 𝑝𝑜𝑠𝑡 describes error states and the triple [𝑝𝑟𝑒]P[𝑝𝑜𝑠𝑡]L holds, then any error state appearing in

the post-condition is guaranteed to be reachable from some input state satisfying the pre-condition.

In Section 6.4, the combination of Hoare correctness and O’Hearn incorrectness triples plays a

key role in modeling rules (Seq) and (Iterate) of the proposed program logic for propagating

error bounds.

6.3 𝜔-Continuity
The problem is to establish the validity of the predicate C𝒆𝑔 (JP1; P2KC, JP1; P2KA) for the sequential
composition of two programs P1, P2 ∈ Prog, given that bothC𝒆1

𝑔 (JP1KC, JP1KA) andC
𝒆2
ℎ
(JP2KC, JP2KA)

hold for generators 𝑔, ℎ ∈ C. Our goal is to derive the bounding function 𝒆 for the composition

P1; P2 in terms of the individual bounding functions 𝒆1 and 𝒆2. We show that if the abstract semantics
JP2KA of the second program P2 satisfies a form of quantitative continuity, captured by a function

𝜔 , then the bounding function for the composition P1; P2 can be expressed as the sum between

𝜔 ◦ 𝒆1 and 𝒆2. We refer to this continuity property as 𝜔-continuity.

Definition 6.2 (𝜔-Continuity). Let 𝑓 : L → L be a function on a poset ⟨L, ⊑L⟩, and 𝛿L a strong

⊑L-compatible pre-metric. Let 𝜔 : R∞≥0 → R∞≥0 be an order-preserving function satisfying 𝜔 (0) = 0

which, from now on, will be referred to as themodulus of continuity. The function 𝑓 is 𝜔-continuous
when the following condition holds:

∀𝑙1, 𝑙2 ∈ L. 𝛿L (𝑓 (𝑙1), 𝑓 (𝑙2)) ≤ 𝜔 (𝛿L (𝑙1, 𝑙2)) ■

For a function 𝑓 that satisfies 𝜔-continuity, applying 𝜔 to the distance between any pair of inputs

always yields an upper bound on the distance between the corresponding outputs of 𝑓 . Note that if

𝜔∞ is defined as 𝜔∞ (𝑡) def

= ∞ for all 𝑡 > 0, then any function 𝑓 is trivially 𝜔∞-continuous. Thus, 𝜔∞
represents the weakest (i.e., least informative) modulus of continuity.

It is worth remarking that Definition 6.2 is different from the standard notion of uniform

continuity in calculus where only a finite modulus of continuity is allowed for every finite distance,

namely 𝜔 (𝑡) ≠ ∞ for all 𝑡 ∈ R≥0 (see, e.g., [Rudin 1976]). In our setting, Definition 6.2 allows

every function to admit an 𝜔 such that 𝑓 is 𝜔-continuous—including those that are not uniformly
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JcKL 𝜔-continuous

𝜔-Cont(c)L
(Base𝜔 )

𝜔-Cont(P)L 𝜔 ≤ 𝜔 ′

𝜔 ′-Cont(P)L
(Weaken𝜔 )

𝜔1-Cont(P1)L 𝜔2-Cont(P2)L
𝜔2 ◦ 𝜔1-Cont(P1; P2)L

(Seq𝜔 )
𝜔1-Cont(P1)L 𝜔2-Cont(P2)L

𝜔⊔-Cont(P1 ⊕ P2)L
(Join𝜔 )

𝜔-Cont(P)L
𝜔∗-Cont(P∗)L

(Iterate𝜔 )

Fig. 3. A proof system for deriving a modulus of continuity of programs.

continuous or even continuous—thanks to the presence of𝜔∞. Although this may seem unusual, our

Definition 6.2 of𝜔-continuity is designed to model functions 𝑓 representing any abstract interpreter,
which are well known not to be uniformly continuous due to their intrinsic approximation process

(e.g., through the use of widening operators to ensure termination [Cousot and Cousot 1977]).

Given a program P ∈ Prog and the semantics J·KL defined in Section 6.1, a modulus of continuity

for JPKL can be derived inductively from the syntax of P, as shown in Figure 3. The predicate

𝜔-Cont(P)L is defined as follows:

𝜔-Cont(P)L
def
⇔ JPKLis 𝜔-continuous.

Rule (Base𝜔 ) provides the base cases for primitive commands. Once the 𝜔 moduli are derived

for the base cases, they can be propagated inductively using the following rules.

(Weaken𝜔 ) allows to switch the modulus of continuity 𝜔 with a new function 𝜔 ′ ≥ 𝜔 , where
≥ is assumed componentwise, which is still a modulus of continuity for P.
(Seq𝜔 ) formalizes that the modulus of continuity of a sequential composition is obtained by

composing the moduli of its components, exactly as in calculus.

The rule (Join𝜔 ) is less straightforward and, as already observed by Campion et al. [2022], it

requires a deeper analysis of both the underlying complete lattice L and the chosen strong pre-

metric 𝛿L . The challenge arises from the fact that the resulting modulus function cannot, in general,

be determined based only on the moduli associated with P1 and P2. Additional information is

needed, specifically, a bound on the imprecision introduced by the lub operator ⊔L of the complete

lattice L with respect to the distance 𝛿L . This additional information is captured by the function

⊕𝛿L , referred to as the join-bound, and defined as follows [Campion et al. 2022]:

Definition 6.3 (Join-bound). Given a complete lattice L and a strong ⊑L-compatible pre-metric

𝛿L , the function ⊕𝛿L : R∞≥0 × R∞≥0 → R∞≥0 is a join-bound if the following condition is satisfied for

all 𝑥,𝑦, 𝑧,𝑢 ∈ L and for all 𝜀, 𝛽 ∈ R∞≥0:
𝑥 ⊑L 𝑧 ∧ 𝑦 ⊑L 𝑢 ∧ 𝛿L (𝑥, 𝑧) ≤ 𝜀 ∧ 𝛿L (𝑦,𝑢) ≤ 𝛽 ⇒ 𝛿L (𝑥 ⊔L 𝑦, 𝑧 ⊔L 𝑢) ≤ ⊕𝛿L (𝜀, 𝛽) ■

Every complete lattice equipped with a strong order-compatible pre-metric admits a join-bound:

the constant function 𝜆𝑥,𝑦.∞ is the weakest such join-bound, although it provides no meaningful

information about the possible bound on lub.

Example 6.4. Consider the complete lattice of one-dimensional intervals Int and the strong

pre-metric 𝛿∼Int. In this setting, the addition operation + (extended to also handle infinities) serves as
a valid join-bound, namely ⊕𝛿∼Int

def

= +. This is because the join operation merges each input interval

into a single interval that contains both. Given intervals 𝑖1, 𝑖2, 𝑗1, 𝑗2 ∈ Int such that 𝑖1 ⊑Int 𝑖2 and
𝑗1 ⊑Int 𝑗2, if 𝑖2 has 𝜀 more elements than 𝑖1, and 𝑗2 has 𝛽 more elements than 𝑗1, then the sum 𝜀 + 𝛽
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provides an upper bound (though not necessarily optimal) on the number of elements introduced

by 𝑖2⊔Int 𝑗2 with respect to 𝑖1⊔Int 𝑗1. A similar argument applies to 𝑛-dimensional convex numerical

polytopes N equipped with the strong pre-metric 𝛿𝑉𝑜𝑙
N
, when the volume is computed exactly. ♦

We assume that the join-bound ⊕𝛿L is a parameter of the proof system in Fig. 3, and that the

same join-bound is also used in the EPL introduced in Section 6.4. Given that both predicates

𝜔1-Cont(P1)L and 𝜔2-Cont(P2)L hold, 𝜔⊔ for rule (Join𝜔 ) is defined as:

𝜔⊔ (𝑡) def

= ⊕𝛿L (𝜔1 (𝑡), 𝜔2 (𝑡))
Given the validity of 𝜔-Cont(P)L , rule (Iterate𝜔 ) defines the modulus 𝜔∗ as the ⊕𝛿L -limit

𝜔∗ (𝑡) def

=

∞⊕
𝑛=0

𝜔𝑛 (𝑡)

where

⊕
0

𝑛=0𝜔
𝑛 (𝑡) = 𝑡 and

⊕𝑖+1
𝑛=0𝜔

𝑛 (𝑡) = (
⊕𝑖

𝑛=0𝜔
𝑛 (𝑡)) ⊕𝛿L 𝜔𝑖+1 (𝑡). Each iteration of JPKL

corresponds to an application of𝜔 . The join-bound operation accounts for the additional imprecision

introduced by the join at each step.

Example 6.5. Let us consider the interval domain Int and the interval semantics J·K♯Int. To simplify

the calculations, from now on we assume that the abstract semantics for basic commands coincides

with their bca (Definition 2.4) over the concrete collecting reachability semantics, that is, JcK♯Int =
JcK𝛼Int. We use the counting distance 𝛿∼Int introduced in Example 2.10, and the join-bound ⊕𝛿∼Int = +
of Example 6.4. We proceed to derive the modulus of continuity for the absolute-value program,

written in our programming language

ABS : (𝑥 ≥ 0?;𝑥 := 𝑥) ⊕ (𝑥 < 0?;𝑥 := −𝑥)
by following the rules of Figure 3.

We observe that, in general, the abstract semantics J𝑥 := 𝑘𝑥 + 𝑞K♯Int of a linear assignment, where

𝑘, 𝑞 ∈ Z, is𝜔-continuous with modulus𝜔 (𝑡) = 𝐴𝑣 (𝑘)𝑡 , where𝐴𝑣 (𝑘) denotes the absolute value of 𝑘 .
Indeed, applying the abstract linear assignment J𝑥 := 𝑘𝑥 + 𝑞K♯Int can increase the size of an interval

by at most a factor of 𝐴𝑣 (𝑘), therefore, for any two input intervals whose distance is 𝑡 , the distance

between their abstract images is at most 𝐴𝑣 (𝑘)𝑡 . This allows us to derive id-Cont(𝑥 := 𝑥)Int and
id-Cont(𝑥 := −𝑥)Int by rule (Base𝜔 ).

For Boolean guards of the form 𝑥 ≥ 0? and 𝑥 < 0?, the corresponding abstract transformers can

only reduce the size of an interval or leave it unchanged. Therefore, 𝜔 = id is a valid modulus for

both guards, and we can derive id-Cont(𝑥 ≥ 0)Int and id-Cont(𝑥 < 0)Int by (Base𝜔 ).
We can now compose 𝑥 ≥ 0? and 𝑥 := 𝑥 by rule (Seq𝜔 ) obtaining id-Cont(𝑥 ≥ 0?;𝑥 := 𝑥)Int,

and 𝑥 < 0? with 𝑥 := −𝑥 obtaining id-Cont(𝑥 < 0?;𝑥 := −𝑥)Int. Rule (Join𝜔 ) with ⊕𝛿∼Int = + allows
to derive 𝜔⊔-Cont(ABS)Int namely JABSK♯Int is 𝜔⊔-continuous with 𝜔⊔ (𝑡) = id (𝑡) + id (𝑡) = 2𝑡 . ♦

Example 6.6. Consider the program R∗ where

R : 𝑥 > 1?;𝑥 := 𝑥/2

and the semantics JR∗K♯IntR where IntR is the interval domain over the real numbers. We use the

volume distance 𝛿𝑉𝑜𝑙IntR
where 𝑉𝑜𝑙 ( [𝑎, 𝑏]) = 𝑏 − 𝑎, and the join-bound ⊕𝛿𝑉𝑜𝑙IntR

= + (Example 6.4). Then,

J𝑥 := 𝑥/2K♯IntR is 𝜆𝑡 .
𝑡
2
-continuous, while J𝑥 > 1K♯IntR is id-continuous. Their sequential composition

gives, by rule (Seq𝜔 ), id ◦ 𝜆𝑡 . 𝑡2 -Cont(R)IntR . Since id ◦ 𝜆𝑡 .
𝑡
2
= 𝜆𝑡 . 𝑡

2
and the series

∑∞
𝑛=0 ( 12 )

𝑛𝑡 is a

geometric sum converging to 2𝑡 , we can apply rule (Iterate𝜔 ) and conclude 𝜆𝑡 .2𝑡-Cont(R∗)IntR .
♦
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𝑔 ∈ 𝒢(𝛾𝛼 (𝑔)) C𝒆𝑔 (JcKC, JcKA)
𝒆̃-Bound(c, 𝑔)A

(Base)
𝒆̃(𝑐) def

=

{
𝒆(𝑔) if 𝑐 ∈ [𝑔,𝛾𝛼 (𝑔)],
𝒆(𝑐) otherwise.

𝒆-Bound(P, 𝑔)A 𝒆 ≤ 𝒆′

𝒆′-Bound(P, 𝑔)A
(Weaken)

𝒆-Bound(P, 𝑔)A
𝒆′-Bound(P, ℎ)A

𝛼 (𝑔) = 𝛼 (ℎ)
𝒆(𝑔) ≤ 𝒆′ (ℎ)

𝒆′′-Bound(P, ℎ)A
(Gen-Switch)

𝒆′′ (𝑐) def

=

{
𝒆(𝑔) if 𝑐 ∈ [𝑔,𝛾𝛼 (𝑔)] ∩ [ℎ,𝛾𝛼 (ℎ)],
𝒆′ (ℎ) otherwise.

𝒆1-Bound(P1, 𝑔)A
𝜔-Cont(P2)A

𝒆2-Bound(P2, ℎ)A
[𝑔]P1 [ℎ]C

{𝑔}P1{𝛾𝛼 (ℎ)}C
𝒆-Bound(P1; P2, 𝑔)A

(Seq)
𝒆(𝑐) def

=

{
𝒆2 (ℎ) + 𝜔 (𝒆1 (𝑔)) if 𝑐 ∈ [𝑔,𝛾𝛼 (𝑔)],
𝒆2 (𝑐) otherwise.

𝒆1-Bound(P1, 𝑔)A 𝒆2-Bound(P2, 𝑔)A
𝒆-Bound(P1 ⊕ P2, 𝑔)A

(Join)
𝒆(𝑐) def

=

{
⊕𝛿A (𝒆1 (𝑔), 𝒆2 (𝑔)) if 𝑐 ∈ [𝑔,𝛾𝛼 (𝑔)],
𝒆1 (𝑐) otherwise.

𝒆-Bound(P, 𝑔)A [𝑔]P∗ [𝑝𝑜𝑠𝑡]C {𝛼 (𝑔) ⊔A 𝑖𝑛𝑣}P{𝛼 (𝑔) ⊔A 𝑖𝑛𝑣}A
𝒆-Bound(P∗, 𝑔)A

(Iterate)
𝒆(𝑐) def

=

{
𝛿A (𝛼 (𝑝𝑜𝑠𝑡), 𝛼 (𝑔) ⊔A 𝑖𝑛𝑣) if 𝑐 ∈ [𝑔,𝛾𝛼 (𝑔)],
𝒆(𝑐) otherwise.

Fig. 4. Rules of EPL.

Let ⊢ 𝜔-Cont(P)L denote a derivation of the 𝜔-continuity predicate for program P according to

rules of Figure 3. The following theorem states the soundness of all rules in Figure 3.

Theorem 6.7 (Soundness). ⊢ 𝜔-Cont(P)L ⇒ 𝜔-Cont(P)L □

6.4 EPL: Error Propagation Logic
We now have all the necessary components to present our program logic for deriving a bounding

function 𝒆 inductively from the syntax of a program, in support of the partial local complete-

ness property. Let us fix a GC ⟨C, ⊑C⟩ −−−→←−−−𝛼
𝛾

⟨A, ⊑A⟩ and a strong order-compatible pre-metric

𝛿A . The goal of the Error Propagation Logic (EPL), defined in Figure 4, is to derive the predicate

𝒆-Bound(P, 𝑔)A defined as follows. For clarity, from this point on, we will use the color blue to

highlight the generators in the concrete domain C.

Definition 6.8 (EPL predicate). Let P ∈ Prog,𝑔 ∈ C and 𝒆 : C → I∞≥0. The predicate 𝒆-Bound(P, 𝑔)A
holds when the following two conditions are satisfied:

𝒆-Bound(P, 𝑔)A
def
⇔ (𝑖) 𝑔 ∈ 𝒢(𝛾𝛼 (𝑔)) ∧ (𝑖𝑖) C𝒆[𝑔,𝛾𝛼 (𝑔) ] (JPKC, JPKA) ■

Deriving a proof of 𝒆-Bound(P, 𝑔)A establishes that 𝒆(𝑔) is an upper bound on the imprecision
introduced by the abstract semantics JPKA with respect to the abstraction of the concrete semantics

JPKC , measured by the distance 𝛿A , for all inputs in the set [𝑔,𝛾𝛼 (𝑔)]. In particular, if we can derive

𝒆(𝑔) = 0, then two important consequences follow:

(1) JPKA introduces no imprecision at any input in [𝑔,𝛾𝛼 (𝑔)];
(2) by Theorem 2.6, any specification 𝑆𝑝𝑒𝑐 ∈ A can be precisely proved by JPKA on this

input set, i.e., with no false positives, by checking whether JPKA𝛼 (𝑐) ⊑A 𝑆𝑝𝑒𝑐 holds for all

𝑐 ∈ [𝑔,𝛾𝛼 (𝑔)].
We now provide an intuitive explanation of the EPL in Figure 4, where the deductive rules are

shown on the left, and their corresponding effects on the bounding function on the right.
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An inductive proof for P begins with its base commands. Rule (Base) asserts that if the abstract
interpretation JcKA of a base command c ∈ BCom is 𝒆-partial local complete at the generator 𝑔,

then, by Theorem 5.1, it is also 𝒆̃-partial local complete over the entire chain [𝑔,𝛾𝛼 (𝑔)]. Here, 𝒆̃ is a
new bounding function with value 𝒆(𝑔) for all elements in the chain.

(Weaken) simply states that we may safely replace a bounding function 𝒆 with any pointwise

greater function 𝒆′ ≥ 𝒆, without affecting the validity of the predicate.

By (Gen-Switch), suppose we have two derivations, 𝒆-Bound(P, 𝑔)A and 𝒆′-Bound(P, ℎ)A ,

corresponding to two different generators of the same abstract property (i.e., 𝛼 (𝑔) = 𝛼 (ℎ)), where
𝒆(𝑔) provides a tighter (i.e., lower) bound than 𝒆′ (ℎ). In this case, it is possible to retain ℎ in the

predicate while updating the bounding function 𝒆′ to a new function 𝒆′′ that incorporates the im-

proved result obtained at 𝑔. Specifically, 𝒆′′ assigns the value 𝒆(𝑔) to all elements in the intersection

between the set [𝑔,𝛾𝛼 (𝑔)] and [ℎ,𝛾𝛼 (ℎ)], while preserving the original bounds elsewhere. This

rule is particularly useful for two main purposes: first, to refine a bounding function by injecting

better (i.e., lower) bounds for overlapping portions of chains; and second, to align EPL predicates

at a common or suitable generator, which is required in order to apply rules (Seq) and (Join).
To apply (Seq) for the sequential composition of P1 and P2 under the premises 𝒆1-Bound(P1, 𝑔)A

and 𝒆2-Bound(P2, ℎ)A , three additional conditions must be verified. First, the abstract semantics

JP2KA must be 𝜔-continuous, that is, the predicate 𝜔-Cont(P2)A must hold. This condition ensures

that for any two inputs, thus including all the elements in the chain [𝛼 (JP1KC𝑔), JP1KA𝛼 (𝑔)], the
distance between their abstract outputs under JP2KA is bounded above by applying the modulus

function 𝜔 to the distance between those inputs. In other words, 𝜔 provides a sound upper bound

on how the abstract semantics of P2 propagates imprecision through its inputs within the chain.

Second, the triple [𝑔]P1 [ℎ]C corresponds to the incorrectness logic of O’Hearn [2020], which requires
that ℎ ⊑C JP1KC𝑔, that is, ℎ under-approximates the concrete behavior of P1 on 𝑔. Third, the triple
{𝑔}P1{𝛾𝛼 (ℎ)}C encodes standard Hoare partial correctness, requiring that 𝛾𝛼 (ℎ) over-approximates

JP1KC𝑔. Together, these two triples ensure that the image of the set [𝑔,𝛾𝛼 (𝑔)] under the concrete
semantics JP1KC is contained within [ℎ,𝛾𝛼 (ℎ)], making the sequential composition well-defined.

(Join) leverages the join-bound function ⊕𝛿A defined in Definition 6.3 to derive a new bounding

function for the join of the two programs. Here the bound assigned to P1 ⊕ P2 at the generator 𝑔 is
given by ⊕𝛿A (𝒆1 (𝑔), 𝒆2 (𝑔)). This bound is then propagated to the entire chain [𝑔,𝛾𝛼 (𝑔)].
(Iterate) addresses the Kleene iteration of a program. The idea is to derive an upper bound

on the distance between 𝛼 (JP∗KC𝑔) and JP∗KA𝛼 (𝑔) by relating them to, respectively, an abstracted

under-approximation and an abstract over-approximation. Specifically, we consider an under-

approximation 𝑝𝑜𝑠𝑡 of JP∗KC𝑔, encoded by the (concrete) incorrectness triple [𝑔]P∗ [𝑝𝑜𝑠𝑡]C , and an

abstract invariant 𝑖𝑛𝑣 ∈ A of JPKA containing 𝛼 (𝑔), encoded by the (abstract) correctness triple

{𝛼 (𝑔) ⊔A 𝑖𝑛𝑣}P{𝛼 (𝑔) ⊔A 𝑖𝑛𝑣}A
By (chain-order) of 𝛿A , the distance 𝛿A (𝛼 (𝑝𝑜𝑠𝑡), 𝛼 (𝑔) ⊔A 𝑖𝑛𝑣) provides an upper bound on the

distance 𝛿A (𝛼 (JP∗KC𝑔), JP∗KA𝛼 (𝑔)). By Theorem 5.1, this bound is also valid for all input elements

of the chain [𝑔,𝛾𝛼 (𝑔)]. Clearly, the wider the under-approximation 𝑝𝑜𝑠𝑡 is and the tighter the

invariant 𝑖𝑛𝑣 is, the more precise the resulting bounding function will be. For instance, a sound

choice of 𝑝𝑜𝑠𝑡 could be JPKC𝑔 since JPKC𝑔 ⊑C JP∗KC𝑔. In this case, thanks to 𝒆-Bound(P, 𝑔)A and

(chain-order) of 𝛿A , the overall distance 𝛿A (𝛼 (JP∗KC𝑔), JP∗KA𝛼 (𝑔)) can be bounded by the sum

𝒆(𝑔) + 𝛿A (JPKA𝛼 (𝑔), 𝛼 (𝑔) ⊔A 𝑖𝑛𝑣)

For all elements of the concrete domain outside [𝑔,𝛾𝛼 (𝑔)], the new bounding function 𝒆 preserves
the previous values 𝒆 derived for P. This ensures that no upper bound obtained during the derivation
of P is lost.
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All the rules in Figure 4 are sound as stated by the following theorem.

Theorem 6.9 (Soundness of EPL). ⊢ 𝒆-Bound(P, 𝑔)A ⇒ 𝒆-Bound(P, 𝑔)A □

We conclude by presenting three examples that illustrate the application of EPL.

Example 6.10. We continue Example 6.5 by deriving a bounding function 𝒆 for the partial

completeness of the standard interval semantics JABSK♯Int : Int→ Int with respect to the concrete

reachability semantics JABSK : ℘(Z) → ℘(Z), for the generator {5, 10} of the interval [5, 10]. By
rule (Base), we can derive 0-Bound(𝑥 ≥ 0?, {5, 10})Int and 0-Bound(𝑥 := 𝑥, {5, 10})Int. Since both
𝑥 ≥ 0? and 𝑥 := 𝑥 are not modifying the input {5, 10}, the two triples

[{5, 10}]𝑥 ≥ 0?[{5, 10}]℘(Z) {{5, 10}}𝑥 ≥ 0?{{5, 6, 7, 8, 9, 10}}℘(Z)
hold. By rule (Seq) and the predicate id-Cont(𝑥 := 𝑥)Int, we derive 0-Bound(𝑥 ≥ 0?;𝑥 :=

𝑥, {5, 10})Int. From the composition on the right of the join we get, by (Base), 0-Bound(𝑥 <

0?, {5, 10})Int and 0-Bound(𝑥 := −𝑥, {5, 10})Int. The two triples

[{5, 10}]𝑥 < 0?[∅]℘(Z) {{5, 10}}𝑥 < 0?{∅}℘(Z)
trivially hold. By rule (Seq) and id-Cont(𝑥 := −𝑥)Int, we derive 0-Bound(𝑥 < 0?;𝑥 := −𝑥, {5, 10})Int.
Thus by rule (Join), we can conclude 0-Bound(ABS, {5, 10})Int. We have obtained an optimal bound-

ing function that tells us that JABSK♯Int is local complete on every input in [{5, 10}, 𝛾𝛼 ({5, 10})].
Conversely, if we start from the generator {−5, 5}, by rule (Base), we can derive 5-Bound(𝑥 ≥

0?, {−5, 5})Int and 0-Bound(𝑥 := 𝑥, {5})Int. The constant function 5 is due to both guards and the

input {−5, 5} not containing the value 0. Indeed, 𝛼Int (JABSK{−5, 5}) = [5, 5], while JABSK♯Int [−5, 5] =
[0, 5]. Since {5} ⊆ J𝑥 ≥ 0?K{−5, 5} ⊆ {5}, both triples

[{−5, 5}]𝑥 ≥ 0?[{5}]℘(Z) {{−5, 5}}𝑥 ≥ 0?{{5}}℘(Z)
hold. We can conclude with rule (Seq) 5-Bound(𝑥 ≥ 0?;𝑥 := 𝑥, {−5, 5})Int because 0({5}) +
id (5({−5, 5})) = 0 + 5 = 5. In a similar way, we can derive 4-Bound(𝑥 < 0?;𝑥 := −𝑥, {−5, 5})Int for
the right part of the join. Finally, (Join) concludes 9-Bound(ABS, {−5, 5})Int. Note that here the
derived bound is not optimal because the chosen join-bound ⊕𝛿∼Int = +, which is a parameter of EPL,

is not precise. ♦

Example 6.11. We now reconsider the program ABS, this time applied to two-dimensional inputs

in Z2, such that, for instance, JABSK{(−1, 4), (1, 0)} = {(1, 4), (1, 0)} as the program filters only the 𝑥-

component of the input. In this setting, we use the volume distance 𝛿𝑉𝑜𝑙
Int2

as strong order-compatible

pre-metric, and the join-bound ⊕𝛿𝑉𝑜𝑙
Int2

= +. Let us consider the rectangle 𝑅 = (𝑥 : [−1, 1], 𝑦 : [0, 4])
and one of its generators𝐻 = {(−1, 4), (1, 0)}. Following Example 6.10, we apply similar derivations

on the left and on the right of the join to obtain 1-Bound(𝑥 ≥ 0?;𝑥 := 𝑥, 𝐻 )Int2 and 1-Bound(𝑥 <

0?;𝑥 := −𝑥, 𝐻 )Int2 . Then (Join) concludes 2-Bound(ABS, 𝐻 )Int2 , thus assigning a constant bound of

2 to all the sets of points in [𝐻,𝛾Int2 (𝑅)] including the rectangle 𝑅. This means that the difference

in terms of volume between the concrete and abstract invariant on those points is at most 2.

In fact, we can improve this bound on some points in [𝐻,𝛾Int2 (𝑅)]. If we start another derivation
from the generator𝐺 = {(1, 2), (0, 4), (0, 0), (−1, 2)}, we get the following derivations: 0-Bound(𝑥 ≥
0?;𝑥 := 𝑥,𝐺)Int2 and 0-Bound(𝑥 < 0?;𝑥 := −𝑥,𝐺)Int2 by rule (Seq), then 0-Bound(ABS,𝐺)Int2 by
rule (Join). Note that this result guarantees the precision of the abstract interpreter at all inputs

in [𝐺,𝛾Int2 (𝑅)], due to the choice of the generator 𝐺 for which the abstraction of the concrete

semantics coincides with the abstract semantics. Since 𝛼Int2 (𝐻 ) = 𝑅 = 𝛼Int2 (𝐺) and 0(𝐺) ≤ 2(𝐻 ),
we can apply rule (Gen-Switch) to refine the bounding function 2 for the generator 𝐻 , obtaining

𝒆-Bound(ABS, 𝐻 )Int2 . The updated bounding function 𝒆 assigns 𝒆(𝑐) = 0 to all the elements in the
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intersection [𝐻,𝛾Int2 (𝑅)] ∩ [𝐺,𝛾Int2 (𝑅)]—in particular, to the rectangle 𝑅—while preserving the

original bound 2 elsewhere. Thus, 𝒆 provides the tightest bound (which was not the case for 2). ♦

Example 6.12. Consider the following program

F : 𝑥 ≥ 0 ∧ 𝑦 ≥ 2?; 𝑦 := 𝑦/4; 𝑥 := 𝑥 − 1
and the 2-dimensional intervals Int2 over reals R2 together with the volume distance 𝛿𝑉𝑜𝑙

Int2
. We

want to derive a bounding function for ABS; F∗, namely the composition between the program ABS
and F∗ over the set of inputs [𝐺,𝛾Int2 (𝑅)], where 𝑅 is the rectangle 𝑅 = (𝑥 : [−2, 2], 𝑦 : [23, 24])
and the generator 𝐺 = {(−2, 24), (2, 23)}. In order to apply rule (Seq) of EPL between ABS and F∗,

let us start by inductively deriving a modulus of continuity for JF∗K♯
Int2

by following the rules in

Figure 3. For the three base commands, by rule (Base𝜔 ), we derive id-Cont(𝑥 ≥ 0 ∧ 𝑦 ≥ 2?)Int2 ,
𝜆𝑡 . 𝑡/4-Cont(𝑦 := 𝑦/4)Int2 and id-Cont(𝑥 := 𝑥 − 1)Int2 . Then by (Seq𝜔 ), 𝜆𝑡 . 𝑡4 -Cont(F)Int2 . Finally,
(Iterate𝜔 ) concludes with 𝜆𝑡 . 4

3
𝑡-Cont(F∗)Int2 .

We now apply EPL to F∗. By using in sequence (Base) and (Seq), we derive 0-Bound(F, 𝐻 )Int2
for 𝐻 = {(2, 23), (2, 24)}, namely the abstract interpreter is precise when the first computational

step is applied to the input 𝛼Int2 (𝐻 ). In order to apply rule (Iterate), we consider as (non-

optimal) 𝑝𝑜𝑠𝑡 the result JFKC𝐻 since the incorrectness triple [𝐻 ]F∗ [JFK𝐻 ]℘(R2 ) holds, while as 𝑖𝑛𝑣
the actual result JF∗K♯

Int2
𝛼Int2 (𝐻 ) of the abstract interpreter. We can then apply (Iterate) to derive

𝒆-Bound(F∗, 𝐻 )Int2 where:

∀𝑆 ∈ [𝐻,𝛾Int2 (𝐻 )] . 𝒆(𝑆) = 0(𝐻 ) + 𝛿𝑉𝑜𝑙
Int2
(JFK♯

Int2
𝛼Int2 (𝐻 ), JF∗K

♯

Int2
𝛼Int2 (𝐻 )) = 47

Finally, since 4-Bound(ABS,𝐺)Int2 holds (derivations are similar to Example 6.11), by (Seq) we
obtain 𝒆-Bound(ABS; F∗,𝐺)Int2 , where:

∀𝑆 ∈ [𝐺,𝛾Int2 (𝐺)] . 𝒆(𝑆) = 47 + 4

3
4(𝐺) = 52.34

Thus, for all input sets in [𝐺,𝛾Int2 (𝑅)], the abstract semantics is guaranteed to produce an imprecision—

measured as the volume difference between the abstract and concrete invariants—bounded by the

value 52.34. This is a sound upper bound, albeit not optimal: the real distance is

𝛿𝑉𝑜𝑙
Int2
(𝛼Int2 (JABS; F∗K𝐺), JABS; F∗K

♯

Int2
𝛼Int2 (𝐺)) = 25.38

This non-optimality arises mainly from the choice of 𝑝𝑜𝑠𝑡 = JFK𝐻 in the incorrectness triple

[𝐻 ]F∗ [𝑝𝑜𝑠𝑡]. By choosing a more precise under-approximation of JF∗K𝐻 , for instance by taking

𝑝𝑜𝑠𝑡 = JFKJFK𝐻 , i.e., two iterations of F, we would obtain a more precise result. This follows a

reasoning analogous to loop unrolling, a technique commonly used in static analyzers based on the

standard framework of abstract interpretation performing over-approximations [Miné 2017; Rival

and Yi 2020]: the more a loop is unrolled, the more accurate the resulting static analysis becomes,

since each unrolling exposes additional control-flow structure and reduces the loss of precision

caused by merging abstract states at loop headers. In our setting, iterating F a few times plays

an analogous role: it provides a more refined under-approximation of the reachable states, thus

increasing the precision of the derived result. ♦

7 RELATEDWORK
The idea of minimally representing abstract domains goes back to the notions of abstract domain

compression by Filé et al. [1996]. For the case of disjunctive bases [Giacobazzi and Ranzato 1996],

the compression corresponds to the set of join-irreducible elements of the abstract domain. This

notion has found an order theoretic characterization by Giacobazzi and Ranzato [1998], where the

authors introduced uniform closure operators corresponding precisely to those abstract domains
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that can be minimally compressed, namely that can be reduced to a minimal abstract domain whose

refinement gives back the original domain. The notion of generator is strictly weaker and does not

require that the original domain can be reconstructed from a unique set of generators. This makes

the notion of generator more widely applicable.

The notion of generator of an abstract property in a GC takes inspiration from the generator

representation of (closed) convex polytope, sometimes also called the vertex-representation (e.g.,

see [Grünbaum et al. 1967; Ziegler 2012]). A closed convex polytope can be defined as the convex

hull of a finite set of points, where the finite set must contain the set of extreme points of the

polytope, i.e., its vertices. Such a definition is also called a vertex-representation [Grünbaum et al.

1967]. For a closed convex polytope, the minimal vertex-representation is unique and it is given by

the set of the vertices of the polytope. The existence of generable abstract properties (i.e. abstract

properties that admit at least one generator) in an abstract domain is not always guaranteed and,

to the best of our knowledge, has never been formally defined or studied in the context of (non

necessarily numerical) abstract domains. In the polyhedra domain, introduced by Cousot and

Halbwachs [1978], a key result is the Weyl-Minkowski Theorem, stating that polyhedra have dual

representations: one using constraints, and one using generators. In this context, generators can

consider additionally rays, namely a finite set of directions that can be followed. This is necessary

in order to be able to represent an unbounded polyhedron. In fact, adding details to a property

representation, such as rays, may help designing the minimal property representing it, i.e., the

existence of a generator of that property.

While the validity of the predicates C𝑐 (JPK, JPK♯A) and C (JPK, JPK
♯

A
) for the local completeness at

a singleton 𝑐 ∈ C, and completeness properties have already been investigated through a deductive

system by Bruni et al. [2023] and Giacobazzi et al. [2015], respectively, the only work that proposes

a similar approach using deductive rules for establishing 𝜀-partial local completeness is [Campion

et al. 2022]. However, in that work, 𝜀 is restricted to a constant, which is insufficient in scenarios

where one aims to prove partial completeness across a subset of the concrete domain and the

imprecision has no constant limit. Thanks to our settings, we are also able to improve the derived

bounding function for specific elements through rule (Gen-Switch). Moreover, in their work

Campion et al. [2022] did not exploit any notion of continuity for the composition of programs.

Their rule (seq) requires a very strong assumption on the relation between the concrete behavior

of P1 with respect to P2, which makes the proposed logic non-compositional. This is in contrast to

EPL, where the 𝜔-continuity logic is essential for making the EPL compositional and propagating

the error bound inductively on the syntax of programs. Overall, to the best of our knowledge, the

EPL system introduced in Section 6 is the only proof system that reasons solely on generators

to identify inputs in the concrete domain that satisfy the partial completeness property, without

requiring separate derivations for intermediate inputs lying between a generator and its abstraction.

In their work, Campion et al. [2024] and Johnson et al. [2024] show that, when the concrete

semantics is monotone (i.e., either order-preserving or order-reversing) over a closed set (i.e., with

minimum and maximum), then the bca over the interval domain turns out to be local complete.

This reasoning is, in fact, a specific instance of a more general result concerning generators: when

the concrete semantics 𝑓 maps a generator of the input to a generator of the output of the abstract

semantics 𝑓 ♯, local completeness of 𝑓 ♯ follows. Monotonicity ensures that the generators of a

closed input set, namely, its minimum and maximum elements are mapped to the generators of the

abstract output. Monotonicity is also exploited in practical applications to achieve greater precision.

For instance, recent algorithms for computing classifier explanations [Hurault and Marques-Silva

2023; Marques-Silva et al. 2021] leverage this property to reduce the analysis to just the minimum

and maximum values of the input features, that is, to the generators of the input domain.
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Definition 6.2 of 𝜔-continuity is different from the standard definition of uniform continuity

and of moduli of continuity in calculus. A function is defined to be uniform continuous when it

admits a finite modulus of continuity for every finite distance, namely 𝜔 (𝑡) ≠ ∞ for all 𝑡 ∈ R≥0.
Uniform continuity thus requires a global finite bound on how much a function’s outputs can

change when its inputs vary, and it is a stronger notion than standard continuity, where a function

is merely required to have no jumps or discontinuities at each input, but weaker than Lipschitz

continuity, which imposes that perturbations to the function’s input leads to at most linear changes

to its output. The functions admitting a finite modulus of continuity are precisely the uniformly

continuous ones [Rudin 1976]. In our setting, Definition 6.2 allows every function to admit an 𝜔

such that 𝑓 is 𝜔-continuous, including those that are not uniformly continuous or even continuous.

This generalization allows modeling functions representing any abstract interpreter, which are

well known not to be uniformly continuous due to their intrinsic approximation process.

A number of papers studied the problem of continuity in programming languages. In particular,

Chaudhuri et al. [2010] observe thatmanywell-known programs in computer science are continuous,

while in [Chaudhuri et al. 2011] they develop a proof system for establishing program robustness

via Lipschitz continuity. [de Amorim et al. 2017] use Lipschitz continuity to capture a notion of

program sensitivity, while Reed and Pierce [2010] to control type sensitivity. Metrics have been

extensively studied in program refinement and relational theories of programs [Dal Lago and

Gavazzo 2022a,b], again with the goal of controlling forms of sensitivity. For the purpose of EPL,

we require a generalized notion of program Lipschitz continuity—one that allows the bounding

relation to be expressed as a function, rather than a fixed constant. This is precisely captured by

𝜔-continuity. In the spirit of Reed and Pierce [2010], we can say that: Distance makes the abstract
interpreter sharper.
Finally, we observe that program properties that deal indirectly with generators, have already

found practical applications in the literature, even if not explicitly formalized this way. For instance,

recently proposed algorithms for computing classifier explanations [Hurault and Marques-Silva

2023; Marques-Silva et al. 2021] leverage monotonicity to reduce the computation to only consider

the minimum and maximum (i.e., the generators of the) possible values of the input features of the

classifiers.

8 CONCLUSION
We introduced EPL, a program logic designed to formally bound error propagation in abstract

interpretation. EPL combines elements of both correctness and incorrectness logics with a logic for

capturing the modulus of continuity of programs. This allows one to express how the imprecision

of abstract computations depends on the imprecision of inputs. We also characterized the minimal

amount of information which is necessary in order to express proof obligations in EPL. This

information is captured by the notion of generators of an abstract domain, minimal concrete

elements that maps into the abstract properties. We proved that the entire EPL framework is

sound and broadly applicable to abstract domains structured by Galois connections. EPL provides a

principled and general approach to compositional reasoning about precision and error bounds in

static program analysis.

Although EPL has been proved sound, it currently lacks completeness for two main reasons.

First, it provides a worst-case estimate of the imprecision of an abstract interpretation by focusing

on generators and propagating the derived bound along the chain. As a result, the inferred bound

may be tight for the generators but over-approximated for other elements of the chain. Second, the

join-bound is defined simply as a binary function over real numbers, without taking the specific

programs being joined into account. Consequently, it may fail to be optimal and might not capture

the tightest bound for all inputs. As future work, we plan to extend EPL with rules that guarantee
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the soundness and completeness of the proof system, allowing the user to choose the concrete

elements from which to start the derivation in the input domain, without necessarily restricting

the analysis to generators. Generators can still be used when the user wishes to obtain a worst-case

estimation over all elements, without deriving the imprecision for each individual input. This could

be done by also reformulating the logic in the form of Hoare-style triples.

Similarly, the proof system for deriving a modulus of continuity is still preliminary and requires

further refinement. It is not complete for the same join-bound–related reason, and the definition of

𝜔∗ in rule (Iterate𝜔 ) may fail to converge to a (non-infinite) function unless specific program

behaviors hold (e.g., when the program under analysis implements a contractive function). We

believe that reformulating the 𝜔-continuity notion as a local property together with its logic—thus

bringing it closer to EPL, which is local to an input—would significantly improve its applicability.

This is also connected to the previous future work consisting in reformulating EPL to allow using

any input element of the concrete domain, without necessarily starting from a generator.

It would be also interesting to study the imprecision induced by different steps of the abstraction

process, such as the distance between the concrete semantics and its bca, or the distance between

the bca and a sound abstract semantics. In the former case, a tight proof of imprecision over

generators would reveal the baseline imprecision introduced by the chosen abstraction. A notion of

partial best correct approximation could be then defined and studied as a further weakening of the

standard bca notion [Giacobazzi and Ranzato 2025]. Both imprecision bounds could be obtained as

an instance of our proposed EPL: for instance, by setting the bca as the concrete semantics and

the chosen abstract interpretation of the abstract semantics, EPL would then derive a bounding

function defining an upper bound on their distance.

We note that the template semantics defined in Section 6.1 does not allow defining a widening-

based abstract semantics. This design choice was made to simplify the exposition and examples

without explicitly defining a widening operator. Although this may appear as a limitation, our

definition of 𝜔-continuity—which allows a non-finite modulus—ensures that the two proposed

program logics can also handle abstract semantics defined with widening operators, without

requiring major changes to the rules. From this perspective it is interesting to note that widening-

based abstract interpretations naturally break the standard definition of uniform continuity, which

requires a finite modulus of continuity. This observation opens an interesting theoretical question:

can widening-based abstract interpretations be characterized as non-uniformly continuous abstract
interpreters? This would provide a topological characterization of the widening operation, paving

the road to the use of methods known in numerical analysis to widening-based abstract interpreters

such as the notion of acceleration.

The notion of generator can also be generalized to the case where the abstraction 𝛼 is partial,

that is, for those pairs of concrete and abstract domains that do not admit a GC. However, (partial)

completeness compares the result of the abstract interpreter with 𝛼 (𝑓 (𝑐)), i.e., the abstraction of the

concrete execution. Therefore, if 𝛼 is partial, we must require that both 𝑐 and 𝑓 (𝑐) are in the domain

of 𝛼 , so that their abstraction is defined. In this setting, the notion of 𝛾-completeness [Cousot 2021],

could be explored as a future work to study the precision of abstract interpretations that lack a GC.

Finally, the reliance of EPL on generators may significantly simplify a future implementation of

the logic within a proof assistant. Since proof obligations in EPL are formulated solely in terms

of generators—rather than the full concrete domain—this restriction reduces the complexity of

mechanized reasoning and proof construction. It enables a more modular and scalable encoding of

the logic, potentially facilitating automation and easing the verification of local partial completeness

properties within interactive theorem provers such as Coq, Isabelle, or Lean.
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A PROOFS OMITTED FROM THE MAIN TEXT
Proof of Proposition 2.2.

𝛼 (𝑐) = 𝑎 ⇒
𝛼 (𝑐) ⊑A 𝑎 ⇔ [by Definition 2.1]

𝑐 ⊑C 𝛾 (𝑎) ⇒ [by 𝛼 order-preserving]

𝛼 (𝑐) ⊑A 𝛼𝛾 (𝑎) ⇒ [by 𝛼 (𝑐) = 𝑎]
𝑎 ⊑A 𝛼𝛾 (𝑎) ⇒ [by 𝛼𝛾 reductive and ⊑A anti-symmetric]

𝛼𝛾 (𝑎) = 𝑎

□

Proof of Proposition 3.3. (𝑖) − (𝑖𝑖) immediate by Definition 3.1.

(𝑖𝑖𝑖) Assume 𝛿A satisfies (chain iff-identity). It follows:

C0
𝑐 (𝑓 , 𝑓 ♯) ⇔ [by Definition 3.1]

𝛿A (𝛼 (𝑓 (𝑐)), 𝑓 ♯ (𝛼 (𝑐))) ≤ 0 ⇔ [by 𝑓 ♯ sound and (chain iff-identity) of 𝛿A]

𝛼 (𝑓 (𝑐)) = 𝑓 ♯ (𝛼 (𝑐)) ⇔ [by Definition 3.1]

C𝑐 (𝑓 , 𝑓 ♯)

□

Proof of Proposition 4.4. (𝑖) By definition of the bottom element, ⊥C is the minimum in C

therefore a generator of 𝛼 (⊥C).
(𝑖𝑖) 𝑎 ∈ A generable implies there exists 𝑔 ∈ 𝒢(𝑎) such that 𝛼 (𝑔) = 𝑎, then, by Proposition 2.2,

𝛼𝛾 (𝑎) = 𝑎.
(𝑖𝑖𝑖) ∃!𝑐 ∈ C means that 𝑐 is the only concrete element such that 𝛼 (𝑐) = 𝑎, therefore it is also

(the only) generator of 𝛼 (𝑐). □

Lemma A.1. Given a GC ⟨C, ⊑C⟩ −−−→←−−−𝛼
𝛾

⟨A, ⊑A⟩, let 𝑓 ♯ : A → A be a sound approximation of

𝑓 : C → C. Then 𝛼 ◦ 𝑓 ⊑A 𝑓 ♯ ◦ 𝛼 holds.

Proof. Starting from the soundness definition, we get:

∀𝑎 ∈ A. 𝑓 (𝛾 (𝑎)) ⊑A 𝛾 (𝑓 ♯ (𝑎)) ⇒ [by Definition 2.1]

∀𝑐 ∈ C . 𝑓 (𝛾𝛼 (𝑐)) ⊑C 𝛾 (𝑓 ♯ (𝛼 (𝑐))) ⇒ [by 𝛼 order-preserving]

∀𝑐 ∈ C . 𝛼 (𝑓 (𝛾𝛼 (𝑐))) ⊑A 𝛼𝛾 (𝑓 ♯ (𝛼 (𝑐))) ⇒ [by 𝑓 order-preserving

and 𝛾𝛼 extensive]

∀𝑐 ∈ C . 𝛼 (𝑓 (𝑐)) ⊑A 𝛼 (𝑓 (𝛾𝛼 (𝑐))) ⊑A 𝛼𝛾 (𝑓 ♯ (𝛼 (𝑐))) ⇒ [by 𝛼𝛾 reductive]

∀𝑐 ∈ C . 𝛼 (𝑓 (𝑐)) ⊑A 𝛼 (𝑓 (𝛾𝛼 (𝑐))) ⊑A 𝛼𝛾 (𝑓 ♯ (𝛼 (𝑐))) ⊑A 𝑓 ♯ (𝛼 (𝑐)) ⇒ [by transitivity of ⊑A]

∀𝑐 ∈ C . 𝛼 (𝑓 (𝑐)) ⊑A 𝑓 ♯ (𝛼 (𝑐)) □

Proof of Theorem 2.6. Assume we have a GC ⟨C, ⊑C⟩ −−−→←−−−𝛼
𝛾

⟨A, ⊑A⟩ and let 𝑓 ♯ : A → A be

a sound approximation of 𝑓 : C → C. Consider 𝑝 ∈ C such that 𝛾𝛼 (𝑝) = 𝑝 .
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Proof of (1):

∀𝑐 ∈ C . 𝑓 ♯ (𝛼 (𝑐)) ⊑A 𝛼 (𝑝) ⇒ [by Lemma A.1]

∀𝑐 ∈ C . 𝛼 (𝑓 (𝑐)) ⊑A 𝑓 ♯ (𝛼 (𝑐)) ⊑A 𝛼 (𝑝) ⇒ [by 𝛾 order-preserving]

∀𝑐 ∈ C . 𝛾𝛼 (𝑓 (𝑐)) ⊑C 𝛾 (𝑓 ♯ (𝛼 (𝑐))) ⊑C 𝛾𝛼 (𝑝) ⇒ [by 𝛾𝛼 extensive]

∀𝑐 ∈ C . 𝑓 (𝑐) ⊑C 𝛾𝛼 (𝑓 (𝑐)) ⊑C 𝛾 (𝑓 ♯ (𝛼 (𝑐))) ⊑C 𝛾𝛼 (𝑝) ⇒ [by 𝛾𝛼 (𝑝) = 𝑝]

∀𝑐 ∈ C . 𝑓 (𝑐) ⊑C 𝛾𝛼 (𝑓 (𝑐)) ⊑C 𝛾 (𝑓 ♯ (𝛼 (𝑐))) ⊑C 𝑝 ⇒ [by transitivity of ⊑A]

∀𝑐 ∈ C . 𝑓 (𝑐) ⊑C 𝑝

Assume the predicate C (𝑓 , 𝑓 ♯) holds. Proof of (2):
∀𝑐 ∈ C . 𝑓 (𝑐) ⊑C 𝑝 ⇒ [by 𝛼 order-preserving]

∀𝑐 ∈ C . 𝛼 (𝑓 (𝑐)) ⊑A 𝛼 (𝑝) ⇒ [by C (𝑓 , 𝑓 ♯)]

∀𝑐 ∈ C . 𝛼 (𝑓 (𝑐)) = 𝑓 ♯ (𝛼 (𝑐)) ⊑A 𝛼 (𝑝) □

Proof of Theorem 5.1. Consider any input 𝑐 ∈ [𝑔,𝛾 (𝑎)]. Note that, by Proposition 4.4 and

since 𝑎 is generable by assumption, 𝛼𝛾 (𝑎) = 𝑎. We prove first that if 𝑓 ♯ is local 𝒆-partial complete

at 𝑔 for the concrete function 𝑓 (i.e., the predicate C𝒆𝑔 (𝑓 , 𝑓 ♯) holds), then 𝑓 ♯ is also local 𝒆-partial

complete at 𝑐 for 𝑓 , i.e., C𝒆𝑐 (𝑓 , 𝑓 ♯). We get the following implications:

𝑐 ∈ [𝑔,𝛾 (𝑎)] ⇒ [by [𝑔,𝛾 (𝑎)] def

= {𝑖 ∈ C | 𝑔 ⊑C 𝑖 ⊑C 𝛾 (𝑎) }]
𝑔 ⊑C 𝑐 ⇒ [by 𝑓 order-preserving]

𝑓 (𝑔) ⊑C 𝑓 (𝑐) ⇒ [by 𝛼 order-preserving]

𝛼 (𝑓 (𝑔)) ⊑A 𝛼 (𝑓 (𝑐)) ⇒ [by 𝑓 ♯ sound]

𝛼 (𝑓 (𝑔)) ⊑A 𝛼 (𝑓 (𝑐)) ⊑A 𝑓 ♯ (𝛼 (𝑐)) ⇒ [by (chains-order) of 𝛿A]

𝛿A (𝛼 (𝑓 (𝑐)), 𝑓 ♯ (𝛼 (𝑐))) ≤ 𝛿A (𝛼 (𝑓 (𝑔)), 𝑓 ♯ (𝛼 (𝑐))) ⇒ [by 𝛼 (𝑐) = 𝛼 (𝑔)]

𝛿A (𝛼 (𝑓 (𝑐)), 𝑓 ♯ (𝛼 (𝑐))) ≤ 𝛿A (𝛼 (𝑓 (𝑔)), 𝑓 ♯ (𝛼 (𝑔))) ⇒ [by C𝒆𝑔 (𝑓 , 𝑓 ♯)]

𝛿A (𝛼 (𝑓 (𝑐)), 𝑓 ♯ (𝛼 (𝑐))) ≤ 𝒆(𝑔) ⇒ [by setting 𝒆(𝑐) = 𝒆(𝑔) and Definition 3.1]

C𝒆𝑐 (𝑓 , 𝑓 ♯)

Since 𝑐 is taken arbitrarily in the set [𝑔,𝛾 (𝑎)], the predicate C𝒆̃[𝑔,𝛾 (𝑎) ] (𝑓 , 𝑓
♯) also holds for the

function 𝒆̃ where 𝒆̃(𝑐) def

= 𝒆(𝑔) if 𝑐 ∈ [𝑔,𝛾 (𝑎)], 𝒆̃(𝑐) def

= 𝒆(𝑐) otherwise. □

Proof of Corollary 5.2. The proof follows directly from Theorem 5.1 and Proposition 3.3 by

setting 𝒆 = 0 and 𝛿A (𝑥,𝑦) = 𝛿=A (𝑥,𝑦) of Example 2.8. This is because 𝛿=
A
(𝑥,𝑦) is strong, implying

that, when 𝛿=
A
(𝛼 (𝑓 (𝑐)), 𝑓 ♯ (𝛼 (𝑐))) ≤ 0, the equality 𝛼 (𝑓 (𝑐)) = 𝑓 ♯ (𝛼 (𝑐)) holds. □

Lemma A.2. Let 𝑐 ∈ C and suppose𝒢(𝛼 (𝑐))⊑𝑐 = {𝑔1, 𝑔2}. If both C𝒆𝑔1 (𝑓 , 𝑓
♯) and C𝒆′𝑔2 (𝑓 , 𝑓

♯) hold,
then both inequalities 𝛿A (𝛼 (𝑓 (𝑐)), 𝑓 ♯ (𝛼 (𝑐))) ≤ 𝒆(𝑔1) and 𝛿A (𝛼 (𝑓 (𝑐)), 𝑓 ♯ (𝛼 (𝑐))) ≤ 𝒆′ (𝑔2) hold.

Proof. If the predicateC𝒆𝑔1 (𝑓 , 𝑓
♯) holds, then by Theorem 5.1 and 𝛼 (𝑔1) generable, the inequality

𝛿A (𝛼 (𝑓 (𝑐)), 𝑓 ♯ (𝛼 (𝑐))) ≤ 𝒆(𝑔1) holds for all 𝑐 ∈ [𝑔1, 𝛾𝛼 (𝑔1)]. Similarly, if the predicate C𝒆
′

𝑔2
(𝑓 , 𝑓 ♯)

holds, then by Theorem 5.1 and 𝛼 (𝑔2) generable, 𝛿A (𝛼 (𝑓 (𝑐)), 𝑓 ♯ (𝛼 (𝑐))) ≤ 𝒆′ (𝑔2) holds for all
𝑐 ∈ [𝑔2, 𝛾𝛼 (𝑔2)]. □
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Proof of Theorem 5.6. We start by proving (𝑖). Consider 𝛿A : A × A → N∞, and assume

C𝒆G (𝑓 , 𝑓
♯) holds, namely 𝑓 ♯ is local 𝒆-partial complete at all generators of each abstract property

in A. Let us consider a generator 𝑔 ∈ G. Then, by Theorem 5.1 and 𝛼 (𝑔) generable, 𝑓 ♯ is also
locally 𝒆̃-partial complete at the set [𝑔,𝛾𝛼 (𝑔)] where 𝒆̃ is defined as in Theorem 5.1. Consider now

𝑐 ∈ [𝑔,𝛾𝛼 (𝑔)] and suppose𝑔′ ∈ 𝒢(𝛼 (𝑐))⊑𝑐 such that𝑔 ≠ 𝑔′ and the predicateC𝒆
′

𝑔2
(𝑓 , 𝑓 ♯) holds. Then

by Lemma A.2, the inequality 𝛿A (𝛼 (𝑓 (𝑐)), 𝑓 ♯ (𝛼 (𝑐))) ≤ 𝒆′ (𝑔2) holds as well. This means that, given

𝑐 ∈ C such that 𝛼 (𝑐) is generable, between all the generators of G that are approximated by 𝑐 , that

is𝒢(𝛼 (𝑐))⊑𝑐 ⊆ G, we can select as upper bound of imprecision the generator 𝑔 ∈ 𝒢(𝛼 (𝑐))⊑𝑐 that
has the minimal bound according to 𝒆, namely min({𝒆(𝑔) | 𝑔 ∈ 𝒢(𝛼 (𝑐))⊑𝑐 }). This minimal value

exists since 𝛿A is assumed to output only natural numbers. This process leads to the definition of 𝒆
which is then a bounding function for the set

⋃
𝑔∈G [𝑔,𝛾𝛼 (𝑔)] =

⋃
𝑔∈G{𝑐 ∈ C | 𝑔 ≤C 𝑐 ≤C 𝛾𝛼 (𝑔)}.

We show that

⋃
𝑔∈G [𝑔,𝛾𝛼 (𝑔)] = 𝐶𝑔𝑒𝑛 . Consider an element 𝑐 ∈ ⋃𝑔∈G [𝑔,𝛾𝛼 (𝑔)]. This means that

there exists 𝑔 ∈ G such that 𝑐 ∈ [𝑔,𝛾𝛼 (𝑔)]. But this implies that 𝑔 ∈ 𝒢(𝛼 (𝑐))⊑𝑐 , namely, 𝑐 ∈ 𝐶𝑔𝑒𝑛 .
Now suppose 𝑐 ∈ 𝐶𝑔𝑒𝑛 and 𝑔 is the generator such that 𝑔 ∈ 𝒢(𝛼 (𝑐))⊑𝑐 . Then, by Definition 4.5,

𝑔 ≤C 𝑐 ≤C 𝛾𝛼 (𝑐) = 𝛾𝛼 (𝑔), namely, 𝑐 ∈ [𝑔,𝛾𝛼 (𝑔)], and therefore 𝑐 ∈ ⋃𝑔∈G [𝑔,𝛾𝛼 (𝑔)]. Thus 𝒆 is also
a bounding function for 𝐶𝑔𝑒𝑛 .

Proof of (𝑖𝑖) follows immediately by Lemma A.2. □

Proof of Corollary 5.7. Similar to Corollary 5.2. □

Proof of Theorem 6.7. (Base𝜔 ): Follows directly by the definition of the predicate𝜔-Cont(c)L .
(Weaken𝜔 ):

𝜔-Cont(P)L ⇔ [by Definition 6.2]

∀𝑙1, 𝑙2 ∈ L. 𝛿L (𝑓 (𝑙1), 𝑓 (𝑙2)) ≤ 𝜔 (𝛿L (𝑙1, 𝑙2)) ≤ [by 𝜔 ≤ 𝜔 ′]
𝜔 ′ (𝛿L (𝑙1, 𝑙2)) ⇔ [by Definition 6.2]

𝜔 ′-Cont(P)L

(Seq𝜔 ):

𝜔1-Cont(P1)L ⇔ [by Definition 6.2]

∀𝑙1, 𝑙2 ∈ L. 𝛿L (JP1KL (𝑙1), JP1KL (𝑙2)) ≤ 𝜔1 (𝛿L (𝑙1, 𝑙2)) ⇒ [by 𝜔2-Cont(P2)L]
∀𝑙1, 𝑙2 ∈ L. 𝛿L (JP2KLJP1KL (𝑙1), JP2KLJP1KL (𝑙2)) ≤ 𝜔2 (𝜔1 (𝛿L (𝑙1, 𝑙2))) ⇔ [by definition of JP1; P2KL]
∀𝑙1, 𝑙2 ∈ L. 𝛿L (JP1; P2KL (𝑙1), JP1; P2KL (𝑙2)) ≤ 𝜔2 (𝜔1 (𝛿L (𝑙1, 𝑙2))) ⇔ [by Definition 6.2]

𝜔1 ◦ 𝜔2-Cont(P1; P2)L

(Join𝜔 ):

∀𝑙1, 𝑙2 ∈ L. 𝛿L (JP1 ⊕ P2KL (𝑙1), JP1 ⊕ P2KL (𝑙2)) = [by definition of JP1 ⊕ P2KL]
∀𝑙1, 𝑙2 ∈ L. 𝛿L (JP1KL (𝑙1) ⊔L JP2KL (𝑙1), JP1KL (𝑙2) ⊔L JP2KL (𝑙2)) ≤ [by ⊕𝛿L , 𝜔1-Cont(P1)L , 𝜔2-Cont(P2)L]

⊕𝛿L (𝜔1 (𝛿L (𝑙1, 𝑙2), 𝜔2 (𝛿L (𝑙1, 𝑙2)) ⇔ [by 𝜔⊔ (𝑡) = ⊕𝛿L (𝜔1 (𝑡), 𝜔2 (𝑡))
and Definition 6.2]

𝜔⊔-Cont(P1 ⊕ P2)L

(Iterate𝜔 ): By assuming 𝜔-Cont(P)L , we want to prove that the following inequality holds:

∀𝑙1, 𝑙2 ∈ L. 𝛿L (JP∗KL𝑙1, JP∗KL𝑙2) ≤ 𝜔∗ (𝛿L (𝑙1, 𝑙2))
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By definition of JP∗KL and 𝜔∗, this corresponds to prove that ∀𝑛 ∈ N:

∀𝑙1, 𝑙2 ∈ L. 𝛿L (
𝑛⊔
𝑖=0

{JPK𝑖L𝑙1},
𝑛⊔
𝑖=0

{JPK𝑖L𝑙2}) ≤
𝑛⊕
𝑖=0

𝜔𝑖 (𝛿L (𝑙1, 𝑙2)) (3)

The proof is made by induction on the iteration steps 𝑛.

Base case 𝑛 = 0: it follows that ∀𝑙1, 𝑙2 ∈ L:

𝛿L (
0⊔

𝑖=0

{JPK𝑖L𝑙1},
0⊔

𝑖=0

{JPK𝑖L𝑙2}) =

𝛿L (JPK0L𝑙1, JPK
0

L𝑙2) = [by JPK0L𝑙 = 𝑙]

𝛿L (𝑙1, 𝑙2) = [by 𝜔0 (𝑡) = 𝑡]
𝜔0 (𝛿L (𝑙1, 𝑙2)) =

0⊕
𝑖=0

𝜔𝑖 (𝛿L (𝑙1, 𝑙2))

thus the base case holds.

Inductive step: suppose (3) holds for an arbitrary natural number 𝑘 , namely:

∀𝑙1, 𝑙2 ∈ L. 𝛿L (
𝑘⊔
𝑖=0

{JPK𝑖L𝑙1},
𝑘⊔
𝑖=0

{JPK𝑖L𝑙2}) ≤
𝑘⊕
𝑖=0

𝜔𝑖 (𝛿L (𝑙1, 𝑙2)) (IH)

We now prove that (3) also holds for 𝑘 + 1. We first prove the following inequality

∀𝑙1, 𝑙2 ∈ L. 𝛿L (JPK𝑘+1L 𝑙1, JPK𝑘+1L 𝑙2) ≤ 𝜔𝑘+1 (𝛿L (𝑙1, 𝑙2))) (ST)

as follows:

𝛿L (JPK𝑘+1L 𝑙1, JPK𝑘+1L 𝑙2) = [by definition of JPK𝑘+1L ]

𝛿L (JPKLJPK𝑘L𝑙1, JPKLJPK𝑘L𝑙2) ≤ [by 𝜔-Cont(P)L]

𝜔 (𝛿L (JPK𝑘L𝑙1, JPK
𝑘
L𝑙2)) ≤ [by applying 𝜔-Cont(P)L 𝑘 times]

𝜔 (𝜔𝑘 (𝛿L (𝑙1, 𝑙2))) = [by definition of 𝜔𝑘+1
]

𝜔𝑘+1 (𝛿L (𝑙1, 𝑙2))
It follows that ∀𝑙1, 𝑙2 ∈ L:

𝛿L (
𝑘+1⊔
𝑖=0

{JPK𝑖L𝑙1},
𝑘+1⊔
𝑖=0

{JPK𝑖L𝑙2}) = [by definition of

𝑘+1⊔
𝑖=0

]

𝛿L (
𝑘⊔
𝑖=0

{JPK𝑖L𝑙1} ⊔L JPK𝑘+1L 𝑙1,

𝑘⊔
𝑖=0

{JPK𝑖L𝑙2} ⊔L JPK𝑘+1L 𝑙2) ≤ [by (IH), (ST) and ⊕L join-bound]

(
𝑘⊕
𝑖=0

𝜔𝑖 (𝛿L (𝑙1, 𝑙2))) ⊕L 𝜔𝑘+1 (𝛿L (𝑙1, 𝑙2)) = [by definition of

𝑘+1⊕
𝑖=0

]

(
𝑘+1⊕
𝑖=0

𝜔𝑖 (𝛿L (𝑙1, 𝑙2)))

This concludes that (3) also holds for 𝑘 + 1. Since both the base case and the inductive step

have been proved as true, by mathematical induction the statement (3) holds for every natural
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number 𝑛 ∈ N, thus we can conclude ∀𝑙1, 𝑙2 ∈ L. 𝛿L (JP∗KL𝑙1, JP∗KL𝑙2) ≤ 𝜔∗ (𝛿L (𝑙1, 𝑙2)), namely

𝜔∗-Cont(P)L holds.

□

Proof of Theorem 6.9. (Base): Follows directly by Theorem 5.1.

(Weaken): Follows directly by Proposition 3.3.

(Gen-Switch): Let 𝑐 ∈ [𝑔,𝛾𝛼 (𝑔)] ∩ [ℎ,𝛾𝛼 (ℎ)]. Then, by 𝒆-Bound(P, 𝑔)A , 𝒆′-Bound(P, ℎ)A
and 𝛼 (𝑔) = 𝛼 (ℎ), both 𝛿A (𝛼 (JPKC𝑐), JPKA𝛼 (𝑐)) ≤ 𝒆(𝑔) and 𝛿A (𝛼 (JPKC𝑐), JPKA𝛼 (𝑐)) ≤ 𝒆′ (ℎ) holds.
Thus we can define 𝒆′′ (𝑐) = 𝒆(𝑔) as bounding function without altering the validity of the predicate.

(Seq): Inequality (a):

𝜔-Cont(P2)A ⇔ [by Definition 6.2]

∀𝑎1, 𝑎2 ∈ A. 𝛿A (JP2KA𝑎1, JP2KA𝑎2) ≤ 𝜔 (𝛿A (𝑎1, 𝑎2)) ⇒ [by 𝑎1 = 𝛼 (JP1KC𝑔) and 𝑎2 = JP1KA𝛼 (𝑔)]
𝛿A (JP2KA𝛼 (JP1KC𝑔), JP2KAJP1KA𝛼 (𝑔)) ≤

𝜔 (𝛿A (𝛼 (JP1KC𝑔), JP1KA𝛼 (𝑔))) ≤ [by 𝒆1-Bound(P1, 𝑔)A and 𝜔 order-preserving]

𝜔 (𝒆1 (𝑔))

The two triples [𝑔]P1 [ℎ] and {𝑔}P1{𝛾𝛼 (ℎ)} correspond to the inequality ℎ ⊑C JP1KC𝑔 ⊑C 𝛾𝛼 (ℎ),
thus JP1KC𝑔 ∈ [ℎ,𝛾𝛼 (ℎ)]. We then get the following inequality (b):

𝒆2-Bound(P2, ℎ)A ⇔ [by Definitions 6.8 and 3.1]

𝛿A (𝛼 (JP2KCℎ), JP2KA𝛼 (ℎ)) ≤ 𝒆2 (ℎ) ⇒ [by Theorem 5.1]

∀𝑐 ∈ [ℎ,𝛾𝛼 (ℎ)] . 𝛿A (𝛼 (JP2KC𝑐), JP2KA𝛼 (𝑐)) ≤ 𝒆2 (ℎ) ⇒ [by [𝑔]P1 [ℎ] and {𝑔}P1{𝛾𝛼 (ℎ)}]
𝛿A (𝛼 (JP2KCJP1KC𝑔), JP2KA𝛼 (JP1KC𝑔)) ≤ 𝒆2 (ℎ)

Finally, by considering the chain 𝛼 (JP2KCJP1KC𝑔) ⊑A JP2KA𝛼 (JP1KC𝑔) ⊑A JP2KAJP1KA𝛼 (𝑔) and
by exploiting the (triangle-inequality) axiom of the strong pre-metric 𝛿A , we get the following

derivations:

𝛿A (𝛼 (JP1; P2KC𝑔), JP1; P2KA𝛼 (𝑔)) = [by def of JP1; P2KL]
𝛿A (𝛼 (JP2KCJP1KC𝑔), JP2KAJP1KA𝛼 (𝑔)) ≤ [by 𝛿A strong]

𝛿A (𝛼 (JP2KCJP1KC𝑔), JP2KA𝛼 (JP1KC𝑔)) + 𝛿A (JP2KA𝛼 (JP1KC𝑔), JP2KAJP1KA𝛼 (𝑔)) ≤ [by (b) and (a)]

𝒆2 (ℎ) + 𝜔 (𝒆1 (𝑔)) ⇔ [by Definition 6.8

and 𝒆 as in Figure 4]

𝒆-Bound(P1; P2, 𝑔)A

(Join): The proof follows the same structure as that of proof of rule (Join𝜔 ) in Theorem 6.7.

(Iterate): Suppose the predicate 𝒆-Bound(P, 𝑔)A holds as well as two triples [𝑔]P∗ [𝑝𝑜𝑠𝑡]C and

{𝛼 (𝑔) ⊔A 𝑖𝑛𝑣}P{𝛼 (𝑔) ⊔A 𝑖𝑛𝑣}A . We first prove that this last abstract correctness triple implies

JP∗KA𝛼 (𝑔) ⊑A 𝛼 (𝑔) ⊔A 𝑖𝑛𝑣 . This initial proof is made by induction on the iteration steps 𝑛 by

showing that ∀𝑛 ∈ N. JPK𝑛A𝛼 (𝑔) ⊑A 𝛼 (𝑔) ⊔A 𝑖𝑛𝑣 which implies, by definition of ⊔A , that also

JP∗KA𝛼 (𝑔) ⊑A 𝛼 (𝑔) ⊔A 𝑖𝑛𝑣 holds.

Base case 𝑛 = 0: JPK0A𝛼 (𝑔) = 𝛼 (𝑔) ⊑A 𝛼 (𝑔) ⊔A 𝑖𝑛𝑣 holds trivially.
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Inductive step: suppose the statement holds for an arbitrary natural number 𝑘 , namely (IH)

JPK𝑘A𝛼 (𝑔) ⊑A 𝛼 (𝑔) ⊔A 𝑖𝑛𝑣 . We prove that it also holds for 𝑘 + 1.

JPK𝑘+1A 𝛼 (𝑔) = [by definition of JPK𝑘+1A ]

JPKAJPK𝑘A𝛼 (𝑔) ⊑A [by (IH) and JPKA order-preserving]

JPKA (𝛼 (𝑔) ⊔A 𝑖𝑛𝑣) ⊑A [by {𝛼 (𝑔) ⊔A 𝑖𝑛𝑣}P{𝛼 (𝑔) ⊔A 𝑖𝑛𝑣}A]

𝛼 (𝑔) ⊔A 𝑖𝑛𝑣

Since both the base case and the inductive step have been proved as true, by mathematical induction

the statement ∀𝑛 ∈ N. JPK𝑛A𝛼 (𝑔) ⊑A 𝛼 (𝑔) ⊔A 𝑖𝑛𝑣 holds for every natural number 𝑛 ∈ N, thus we
can conclude JP∗KA𝛼 (𝑔) ⊑A 𝛼 (𝑔) ⊔A 𝑖𝑛𝑣 .

It follows that:

[𝑔]P∗ [𝑝𝑜𝑠𝑡]C ⇔ [by definition of [𝑔]P∗ [𝑝𝑜𝑠𝑡]C]
𝑝𝑜𝑠𝑡 ⊑C JP∗KC𝑔 ⇒ [by 𝛼 order-preserving]

𝛼 (𝑝𝑜𝑠𝑡) ⊑A 𝛼 (JP∗KC𝑔) ⇒ [by J·KA sound]

𝛼 (𝑝𝑜𝑠𝑡) ⊑A 𝛼 (JP∗KC𝑔) ⊑A JP∗KA𝛼 (𝑔) ⇒ [by {𝛼 (𝑔) ⊔A 𝑖𝑛𝑣}P{𝛼 (𝑔) ⊔A 𝑖𝑛𝑣}A]

𝛼 (𝑝𝑜𝑠𝑡) ⊑A 𝛼 (JP∗KC𝑔) ⊑A JP∗KA𝛼 (𝑔) ⊑A 𝛼 (𝑔) ⊔A 𝑖𝑛𝑣 ⇒ [by (chain-order) of 𝛿A]

𝛿A (𝛼 (JP∗KC𝑔), JP∗KA𝛼 (𝑔)) ≤ 𝛿A (𝛼 (𝑝𝑜𝑠𝑡), 𝛼 (𝑔) ⊔A 𝑖𝑛𝑣) ⇔ [by Theorem 5.1]

∀𝑐 ∈ [𝑔,𝛾𝛼 (𝑔)] . 𝛿A (𝛼 (JP∗KC𝑐), JP∗KA𝛼 (𝑐)) ≤ 𝛿A (𝛼 (𝑝𝑜𝑠𝑡), 𝛼 (𝑔) ⊔A 𝑖𝑛𝑣) ⇔ [by 𝒆-Bound(P, 𝑔)A and

𝒆 as in Figure 4 and Definition 3.1]

C𝒆̄[𝑔,𝛾𝛼 (𝑔) ] (JP
∗KC, JP

∗KA) ⇔ [by Definition 6.8]

𝒆-Bound(P∗, 𝑔)A
□
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