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Machine Learning in High-Stakes Systems

4

Safety-Critical Applications Socio-Economic Applications
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Machine Learning in High-Stakes Systems

5

HOW CAN WE TRUST?

% CERTIFICATION

& Regulatory Standards  
       (e.g., EU AI Act) 
 
' Benchmarking & Testing  

( Verification 
• ROBUSTNESS

• SAFETY

• FAIRNESS

• SECURITY

• PRIVACY

) ACCOUNTABILITY

* Traceability 
       track design decisions, data, updates 

+ Explainability 
       understand model decisions 

, Responsibility 
       identify who is accountable 

⚙ Governance 
       oversight & risk management
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Machine Learning in High-Stakes Systems

7

FORMAL METHODS FOR MACHINE LEARNING

% CERTIFICATION

& Regulatory Standards  
       (e.g., EU AI Act) 
 
' Benchmarking & Testing  

( Verification 
• ROBUSTNESS

• SAFETY

• FAIRNESS

• SECURITY

• PRIVACY

) ACCOUNTABILITY

* Traceability 
       track design decisions, data, updates 

+ Explainability 
       understand model decisions 

, Responsibility 
       identify who is accountable 

⚙ Governance 
       oversight & risk management
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MODELS ONLY GIVE PROBABILISTIC GUARANTEES
Machine Learning Development Pipeline

8

data preparation model training model deploymentdata predictions

Stop
Max Speed 100

+
= not sufficient for guaranteeing  

an acceptable failure rate  
under any circumstance
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Static Analysis for Trained Models

9

Verification Explainability

( +
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Static Analysis for Trained Models
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Verification Explainability

( +
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Static Analysis by Abstract Interpretation
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PROPERTY OF INTEREST

SOFTWARE

UNKNOWN

YES

STATIC ANALYSIS . /ALARM

AUTOMATIC COMPUTATION OF FORMAL GUARANTEES
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Static Analysis by Abstract Interpretation

12

INTUITION

[[P]]
SOFTWARE 

𝒫

[[P]]♮

[[P]]

FALSE  
ALARM𝒫

[[P]]♮

[[P]]

[[P]]♮
ABSTRACTION

27.95€

35.85€

4.85€

9.95€ 10€

40€

30€

10€

€ 10 + 
€ 40 + 
€ 30 + 
€ 10  
——— 
€ 90

€   9.95 + 
€ 35.85 + 
€ 27.95 + 
€   4.85  
———— 
€ 78.60 

/

PROPERTY OF INTEREST

SOUNDNESS

COMPLETENESS

𝒫
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Static Analysis by Abstract Interpretation

13

SOFTWARE

[[P]]
SOFTWARE 

27.95€

35.85€

4.85€

9.95€
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SINGLE-CLASS CLASSIFIERS
Neural Networks

14

4

f : ℝd → ℝkx ∈ ℝd
yf(x)
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FEED-FORWARD RELU-ACTIVATED NEURAL NETWORKS
Neural Networks

15

input layer output layerhidden layers

output maxj xN,j

…

x0,0

x0,1

x0,2

x0,|L0|

x0,3 …

xi,j = max {∑
k

wi−1
j,k ⋅ xi−1,k + bi,j, 0}

Rectified Linear Unit (ReLU)

x1,0

x1,1

x1,|L1|

xN,0

xN,|LN|

f : ℝd → ℝk

x ∈ ℝd
yf(x)

x

  ReLU(x)

Active
1

Inactive
0
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EXAMPLE
Neural Networks

16

x00

x01

x10 x20

x30

x31

-0.31

-0.64

-1.25

0.9
9

-0.63

x11

0.40

0.69

0.00

0.64

1.2
1

x21

0.40

0.26

0.45

1.42

0.3
3

-0.45

-0.391.88

x00 = input() 
x01 = input() 
 
x10 = -0.31 * x00 + 0.99 * x01 + (-0.63) 
x11 = -1.25 * x00 + (-0.64) * x01 + 1.88   

x10 = 0 if x10 < 0 else x10 
x11 = 0 if x11 < 0 else x11 
 
x20 = 0.40 * x10 + 1.21 * x11 + 0.00 
x21 = 0.64 * x10 + 0.69 * x11 + (-0.39) 
  
x20 = 0 if x20 < 0 else x20 
x21 = 0 if x21 < 0 else x21 
 
x30 = 0.26 * x20 + 0.33 * x21 + 0.45 
X31 = 1.42 * x20 + 0.40 * x21 + (-0.45) 
 
return ‘         ’ if x31 < 30 else ‘         ’
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Maximal Trace Semantics

17

x00 = input() 
x01 = input() 
 
x10 = -0.31 * x00 + 0.99 * x01 + (-0.63) 
x11 = -1.25 * x00 + (-0.64) * x01 + 1.88   

x10 = 0 if x10 < 0 else x10 
x11 = 0 if x11 < 0 else x11 
 
x20 = 0.40 * x10 + 1.21 * x11 + 0.00 
x21 = 0.64 * x10 + 0.69 * x11 + (-0.39) 
  
x20 = 0 if x20 < 0 else x20 
x21 = 0 if x21 < 0 else x21 
 
x30 = 0.26 * x20 + 0.33 * x21 + 0.45 
X31 = 1.42 * x20 + 0.40 * x21 + (-0.45) 
 
return ‘         ’ if x31 < 30 else ‘         ’[[P]]

: inputt0

: predictiontω
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Static Analysis by Abstract Interpretation

18

PROPERTY OF INTEREST

[[P]]
SOFTWARE 

27.95€

35.85€

4.85€

9.95€

PROPERTY OF INTEREST
𝒫
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Safety

Stability
Stop Max Speed 100

+ =
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Safety

Stability
Stop Max Speed 100

+ =
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PREDICTION IS UNAFFECTED BY INPUT PERTURBATIONS
Local Prediction Stability

21

4

fx ∈ ℝd
yf(x)

(x, , , f)𝒜 ϵ (
v

1

-1
0

′x∧ ∈ ∞ϵ
𝒜 : yf(x∧ ) = yf(x)

≤x∧ ∈ ∞ϵ
𝒜 : yf(x∧ ) ∀ yf(x)

.

Bϵ
𝒜(x) def= {x∧ ∈ ℝd x∧ 𝒜 = x𝒜 ℬ x∧ 𝒜 − x𝒜 ∃

≠ ϵ}
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EXAMPLE
Local Prediction Stability

22

Bϵ
𝒜(↦0 . 5, 0 . 75⟨) def= {x∧ ∈ ℝ2 0 ≠ x∧ 0 ≠ 1 ℬ 0 ≠ x∧ 1 ≠ 1}

x00

x01

x10

1

0.5

0.5

1

4

x11

2

-1

1

3

3

0.5

0.75

x20

x30

x31

0

x21

-1.5

1

-14

0.5

-1

-8

0

x11 ⟩ 3.625

x10 ⟩ 4.25 x20 ⟩ 19.375

x21 ⟩ 0.625

x30 ⟩ 4.75

x31 ⟩ 0.75
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STATIC FORWARD ANALYSIS
Verifying Local Prediction Stability

23

…

…

1. proceed forwards from an 
abstraction of Bϵ

𝒜(x)

2. check output for inclusion  
in expected output: 
included        stable 
otherwise       alarm 

→
→/
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Static Analysis by Abstract Interpretation

24

ABSTRACTION #1: INTERVALS ABSTRACT DOMAIN

[[P]]
SOFTWARE 

[[P]]♮
ABSTRACTION

27.95€

35.85€

4.85€

9.95€ 10€

40€

30€

10€

PROPERTY OF INTEREST
𝒫
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Intervals Abstract Domain

25

EXAMPLE
xi,j ⟩ [a, b]

a, b ∈ ℝ

x00

x01

x10

1

0.5

0.5

1

4

x11

2

-1

1

3

3

x20

x30

x31

0

x21

-1.5

1

-14

0.5

-1

-8

0

x00 ⟩ [0, 1]

x01 ⟩ [0, 1]

x10 ⟩ [4, 6]
ReLU

x11 ⟩ [3, 4]

x11 ⟩ [3, 4]
ReLU

x10 ⟩ [4, 6]

x20 ⟩ [17, 24]

x20 ⟩ [17, 24]

x21 ⟩ [0, 3]

x21 ⟩ [0, 3]

x30 ⟩ [0, 10]

x31 ⟩ [−4, 4]ReLU

ReLU

FALSE ALARM
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Static Analysis by Abstract Interpretation

26

ABSTRACTION #2: SYMBOLIC ABSTRACT DOMAIN

[[P]]
SOFTWARE 

[[P]]♮
ABSTRACTION

27.95€

35.85€

4.85€

9.95€ 10€

36€

28€

 5€

PROPERTY OF INTEREST
𝒫

€ 10 + 
€ 36 + 
€ 28 + 
€   5  
——— 
€ 79
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Symbolic Abstract Domain

27

represent each neuron as  a linear combination of the inputs  and the previous ReLUs

xi,j ⟩ {∑i−1
k=0 ck ⋅ xk + c ck, c ∈ ℝ|Xk|

[a, b] a, b ∈ ℝ

0 ≠ axi,j ⟩ {Ei,j
[a, b]

a < 0 ℬ 0 < bxi,j ⟩ {xi,j
[0, b]

b ≠ 0xi,j ⟩ {0
[0, 0]

xi,j ⟩ {Ei,j
[a, b]

ReLU

xi−1,0 ⟩ Ei−1,0…
xi−1,j ⟩ Ei−1,j…

xi,j ⟩ ∑
k

wi−1
j,k ⋅ Ei−1,k + bi,j

xi,j = ∑
k

wi−1
j,k ⋅ xi−1,k + bi,j
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Symbolic Abstract Domain

28

EXAMPLE

x00

x01

x10

1

0.5

0.5

1
4

x11

2

-1

1

3

3

x20

x30

x31

0

x21

-1.5

1

-14

0.5

-1

-8

0

x00 ⟩ {x00
[0, 1]

x01 ⟩ {x01
[0, 1]

x11 ⟩ {0.5 ⋅ x00 + 0.5 ⋅ x01 + 3
[3, 4]

x10 ⟩ {x00 + x01 + 4
[4, 6] x20 ⟩ {2 ⋅ (x00 + x01 + 4) + 3 ⋅ (0.5 ⋅ x00 + 0.5 ⋅ x01 + 3)

[17, 24]

x21 ⟩ {(x00 + x01 + 4) − 1 ⋅ (0.5 ⋅ x00 + 0.5 ⋅ x01 + 3)
[1, 2]

x30 ⟩ {3 ⋅ x00 + 3 ⋅ x01 + 2
[2, 8]

x31 ⟩ {x00 + x01 − 1
[−1, 1]

0
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Symbolic Abstract Domain

29

MODIFIED EXAMPLE

x00

x01

x10

1

0.5

0.5

1
4

x11

2

-1

1

3

3

x20 x30

x40

x41

0

x21

1

-1.5

-14

0.5

-1

x31

1

0.5

1

0

-2

0

-80

0.5

0.75

x00 ⟩ {x00
[0, 1]

x01 ⟩ {x01
[0, 1]

x30 ⟩ {3 ⋅ x00 + 3 ⋅ x01 + 2
[2, 8]

x40 ⟩ {1.5 ⋅ x00 + 1.5 ⋅ x01 − 2 ⋅ x31 + 2
[0, 5]

x41 ⟩ {x31
[0, 1]

x31 ⟩ {x00 + x01 − 1
[−1, 1]

x31 ⟩ {x31
[0, 1]

ReLU

FALSE ALARM
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Static Analysis by Abstract Interpretation

30

ABSTRACTION #3: DEEPPOLY ABSTRACT DOMAIN

[[P]]
SOFTWARE 

[[P]]♮
ABSTRACTION

27.95€

35.85€

4.85€

9.95€ 10€

36€

28€

 5€

PROPERTY OF INTEREST
𝒫

€ 10 + 
€ 36 + 
€ 28 + 
€   5  
——— 
€ 79
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DeepPoly Abstract Domain

31

maintain symbolic lower- and  upper-bounds for each neuron  + convex ReLU approximations

xi+1,j ⟩ {[∑k ci,k ⋅ xi,k + c, ∑k di,k ⋅ xi,k + d] ci,k, c, di,k, d ∈ ℝ
[a, b] a, b ∈ ℝ

ba x

ReLU(x)

ReLU(x) ≠
b(x − a)

b − a

0 ≠ ReLU(x)

xi,j ⟩ [0, b(xi,j − a)
b − a ]

[0, b]

ba x

ReLU(x)

ReLU(x) ≠
b(x − a)

b − a

    
   x

≠ ReL
U(x)

xi,j ⟩ [xi,j,
b(xi,j − a)

b − a ]
[a, b]

xi,j ⟩ {[Li,j, Ui,j]
[a, b]

xi,j ⟩ {[Li,j, Ui,j]
[a, b]

xi,j ⟩ {[0, 0]
[0, 0]

0 ≠ a

b ≠ 0

ReLU

ReLU

ReLU a < 0 ℬ 0 < b

b ≠ − a

−a < b
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DeepPoly Abstract Domain
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EXAMPLE

x00

x01

x10

1

0.5

0.5

1
4

x11

2

-1

1

3

3

x20 x30

x40

x41

0

x21

1

-1.5

-14

0.5

-1

x31

1

0.5

1

0

-2

0

-80

0.5

0.75

x10 ⟩ {[x00 + x01 + 4, x00 + x01 + 4]
[4, 6]

x11 ⟩ {[0.5 ⋅ x00 + 0.5 ⋅ x01 + 3, 0.5 ⋅ x00 + 0.5 ⋅ x01 + 3]
[3, 4]

x00 ⟩ {[x00, x00]
[0, 1]

x01 ⟩ {[x01, x01]
[0, 1]
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DeepPoly Abstract Domain
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EXAMPLE

x00

x01

x10

1

0.5

0.5

1
4

x11

2

-1

1

3

3

x20 x30

x40

x41

0

x21

1

-1.5

-14

0.5

-1

x31

1

0.5

1

0

-2

0

-80

0.5

0.75

x00 ⟩ {[x00, x00]
[0, 1]

x01 ⟩ {[x01, x01]
[0, 1]

x20 ⟩ {[2 ⋅ x10 + 3 ⋅ x11, 2 ⋅ x10 + 3 ⋅ x11]
[17, 24]

x21 ⟩ {[x10 − x11, x10 − x11]
[1, 2]



Caterina UrbanStatic Analysis for Machine LearningMOVEP 2026

DeepPoly Abstract Domain
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EXAMPLE

x00

x01

x10

1

0.5

0.5

1
4

x11

2

-1

1

3

3

x20 x30

x40

x41

0

x21

1

-1.5

-14

0.5

-1

x31

1

0.5

1

0

-2

0

-80

0.5

0.75

x00 ⟩ {[x00, x00]
[0, 1]

x01 ⟩ {[x01, x01]
[0, 1]

x30 ⟩ {[x20 − x21 − 14, x20 − x21 − 14]
[2, 8]

x31 ⟩ {[0.5 ⋅ x20 − 1.5 ⋅ x21 − 8, 0.5 ⋅ x20 − 1.5 ⋅ x21 − 8]
[−1, 1]

x31 ⟩ {[0, 0.5 ⋅ x31 + 0.5]
[0, 1]

ReLU

ba
x

ReLU(x)

ReLU(x) ≠
b (x − a)

b − a

0 ≠ ReLU(x)
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DeepPoly Abstract Domain
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EXAMPLE

x00

x01

x10

1

0.5

0.5

1
4

x11

2

-1

1

3

3

x20 x30

x40

x41

0

x21

1

-1.5

-14

0.5

-1

x31

1

0.5

1

0

-2

0

-80

0.5

0.75

x00 ⟩ {[x00, x00]
[0, 1]

x01 ⟩ {[x01, x01]
[0, 1]

x40 ⟩ {[0.5 ⋅ x30 − 2 ⋅ x31 + 1, 0.5 ⋅ x30 − 2 ⋅ x31 + 1]
[2, 5]
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DeepPoly Abstract Domain
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PARTIAL BACK-SUBSTITUTION
x00 ⟩ [0, 1] x01 ⟩ [0, 1]

x30 ⟩ {[x20 − x21 − 14, x20 − x21 − 14]
[2, 8]

x40 ⟩ {[0.5 ⋅ x30 − 2 ⋅ x31 + 1, 0.5 ⋅ x30 − 2 ⋅ x31 + 1]
[0, 5]

x40 ⟩ {[x21 + 1, 0.5 ⋅ x20 − 0.5 ⋅ x21 − 6]
[2, 5 . 5]

x40 ⟩ {[x10 − x11 + 1, 0.5 ⋅ x10 + 2 ⋅ x11 − 6]
[1, 5]

x40 ⟩ {[0.5 ⋅ x00 + 0.5 ⋅ x01 + 2, 1.5 ⋅ x00 + 1.5 ⋅ x11 + 2]
[2, 5]

x10 ⟩ {[x00 + x01 + 4, x00 + x01 + 4]
[4, 6] x11 ⟩ {[0.5 ⋅ x00 + 0.5 ⋅ x01 + 3, 0.5 ⋅ x00 + 0.5 ⋅ x01 + 3]

[3, 4]

x20 ⟩ {[2 ⋅ x10 + 3 ⋅ x11, 2 ⋅ x10 + 3 ⋅ x11]
[17, 24] x21 ⟩ {[x10 − x11, x10 − x11]

[1, 2]

x31 ⟩ {[0, 0.5 ⋅ (0.5 ⋅ x20 − 1.5 ⋅ x21 − 8) + 0.5]
[0, 1]
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DeepPoly Abstract Domain

40

EXAMPLE

x00

x01

x10

1

0.5

0.5

1
4

x11

2

-1

1

3

3

x20 x30

x40

x41

0

x21

1

-1.5

-14

0.5

-1

x31

1

0.5

1

0

-2

0

-80

0.5

0.75

x00 ⟩ {[x00, x00]
[0, 1]

x01 ⟩ {[x01, x01]
[0, 1]

x40 ⟩ {[0.5 ⋅ x30 − 2 ⋅ x31 + 1, 0.5 ⋅ x30 − 2 ⋅ x31 + 1]
[2, 5]

x41 ⟩ {[x31, x31]
[0, 1]

0
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Safety

Stability
Stop Max Speed 100

+ =
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INPUT-OUTPUT PROPERTIES
Safety

42

f

( , f, )I O (
v

1

-1
0

′x ⊧ I : f(x) ⊧ O

≤x∧ ⊧ I : f(x) /⊧ O
.

: input specificationI
: output specificationO
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EXAMPLE
Safety

43

x00

x01

x10

1

-1

1

1

0

x11

1

-1

1

1

0

x20

x30

x31

0

x21

1

1

1

0

1

-1.25

0

−1 ≠ θ ≠ 1

0 ≠ ρ ≠ 1 Clear of Conflict

I O
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STATIC FORWARD ANALYSIS
Verifying Safety

44

…

…

1. proceed forwards from an 
abstraction  of I# I

2. check output for inclusion  
in output specification : 
included        safe 
otherwise       alarm 

O
→
→/
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Static Analysis by Abstract Interpretation
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ABSTRACTION #3: DEEPPOLY ABSTRACT DOMAIN

[[P]]
SOFTWARE 

[[P]]♮
ABSTRACTION

27.95€

35.85€

4.85€

9.95€ 10€

36€

28€

 5€

PROPERTY OF INTEREST
𝒫

€ 10 + 
€ 36 + 
€ 28 + 
€   5  
——— 
€ 79
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DeepPoly Abstract Domain
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EXAMPLE

x00

x01

x10

1

-1

1

1

0

x11

1

-1

1

1

0

x20

x30

x31

0

x21

1

1

1

0

1

-1.25

0

−1 ≠ θ ≠ 1

0 ≠ ρ ≠ 1 Clear of Conflict

Strong Turn

x11 ⟩ {[x00 − x01, x00 − x01]
[−1, 2]

x11 ⟩ {[x11, 2
3 ⋅ x11 + 2

3 ]
[−1, 2]

ReLU

x10 ⟩ {[x00 + x01, x00 + x01]
[−1, 2]

x10 ⟩ {[x10, 2
3 ⋅ x10 + 2

3 ]
[−1, 2]

ReLU

ba
x

ReLU(x)

ReLU(x) ≠
b (x − a)

b − a

    
   x

≠ ReLU(x)

x01 ⟩ {[x01, x01]
[−1, 1]

x00 ⟩ {[x00, x00]
[0, 1]
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DeepPoly Abstract Domain
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EXAMPLE

x00

x01

x10

1

-1

1

1

0

x11

1

-1

1

1

0

x20

x30

x31

0

x21

1

1

1

0

1

-1.25

0

−1 ≠ θ ≠ 1

0 ≠ ρ ≠ 1 Clear of Conflict

Strong Turn

x01 ⟩ {[x01, x01]
[−1, 1]

x00 ⟩ {[x00, x00]
[0, 1]

x20 ⟩ {
[x10 + x11, x10 + x11]
[0, 8

3 ]

x21 ⟩ {
[x10 − x11, x10 − x11]
[− 7

3 , 7
3 ]

x21 ⟩
[0, 0.5 ⋅ x21 + 7

6 ]

[0, 7
3 ]

ReLU

ba
x

ReLU(x)

ReLU(x) ≠
b (x − a)

b − a

0 ≠ ReLU(x)
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DeepPoly Abstract Domain
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EXAMPLE

x00

x01

x10

1

-1

1

1

0

x11

1

-1

1

1

0

x20

x30

x31

0

x21

1

1

1

0

1

-1.25

0

−1 ≠ θ ≠ 1

0 ≠ ρ ≠ 1 Clear of Conflict

Strong Turn

x01 ⟩ {[x01, x01]
[−1, 1]

x00 ⟩ {[x00, x00]
[0, 1]

x30 ⟩ {[x20 + x21 + 1, x20 + x21 + 1]
[1, 5 . 5]

x31 ⟩
[x21 − 1.25, x21 − 1.25]
[−1 . 25, 13

12 ]

FALSE ALARM
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Static Analysis by Abstract Interpretation

50

ABSTRACTION #2: SYMBOLIC ABSTRACT DOMAIN

[[P]]
SOFTWARE 

[[P]]♮
ABSTRACTION

27.95€

35.85€

4.85€

9.95€ 10€

36€

28€

 5€

PROPERTY OF INTEREST
𝒫

€ 10 + 
€ 36 + 
€ 28 + 
€   5  
——— 
€ 79
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Symbolic Abstract Domain

52

EXAMPLE

x00

x01

x10

1

-1

1

1

0

x11

1

-1

1

1

0

x20

x30

x31

0

x21

1

1

1

0

1

-1.25

0

−1 ≠ θ ≠ 1

0 ≠ ρ ≠ 1 Clear of Conflict

Strong Turn

x01 ⟩ {x01
[−1, 1]

x00 ⟩ {x00
[0, 1]

x10 ⟩ {x00 + x01
[−1, 2] x10 ⟩ {x10

[0, 2]

x11 ⟩ {x11
[0, 2]x11 ⟩ {x00 − x01

[−1, 2]
ReLU

ReLU
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Symbolic Abstract Domain

53

EXAMPLE

x00

x01

x10

1

-1

1

1

0

x11

1

-1

1

1

0

x20

x30

x31

0

x21

1

1

1

0

1

-1.25

0

−1 ≠ θ ≠ 1

0 ≠ ρ ≠ 1 Clear of Conflict

Strong Turn

x01 ⟩ {x01
[−1, 1]

x00 ⟩ {x00
[0, 1]

x20 ⟩ {x10 + x11
[0, 4]

x21 ⟩ {x21
[0, 2]x21 ⟩ {x10 − x11

[−2, 2]
ReLU
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Symbolic Abstract Domain

54

EXAMPLE

 with DeepPoly← [−1 . 25, 13
12 ]

x00

x01

x10

1

-1

1

1

0

x11

1

-1

1

1

0

x20

x30

x31

0

x21

1

1

1

0

1

-1.25

0

−1 ≠ θ ≠ 1

0 ≠ ρ ≠ 1 Clear of Conflict

Strong Turn

x01 ⟩ {x01
[−1, 1]

x00 ⟩ {x00
[0, 1]

x30 ⟩ {x10 + x11 + x21 + 1
[1, 7]

x31 ⟩ {x21 − 1.25
[−1 . 25, 0 . 75]

 with DeepPoly← [1, 5 . 5]

0
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Static Analysis by Abstract Interpretation

55

ABSTRACTION #4: REDUCED PRODUCT DOMAIN

[[P]]
SOFTWARE 

[[P]]♮
ABSTRACTION

27.95€

35.85€

4.85€

9.95€ 10€

36€

28€

 5€

PROPERTY OF INTEREST
𝒫

€ 10 + 
€ 36 + 
€ 28 + 
€   5  
——— 
€ 79
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Reduced Product Domain

56

SYMBOLIC DOMAIN & DEEPPOLY DOMAIN

[max(as, ad), min(bs, bu)]
DeepPolySymbolic

[ad, bd]

[as, bs]

[max(as, ad), min(bs, bu)]
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Reduced Product Domain

57

EXAMPLE

x00

x01

x10

1

-1

1

1

0

x11

1

-1

1

1

0

x20

x30

x31

0

x21

1

1

1

0

1

-1.25

0

−1 ≠ θ ≠ 1

0 ≠ ρ ≠ 1 Clear of Conflict

Strong Turn

x01 ⟩
x01
[x01, x01]
[−1, 1]

x00 ⟩
x00
[x00, x00]
[0, 1]
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Reduced Product Domain

58

EXAMPLE

x00

x01

x10

1

-1

1

1

0

x11

1

-1

1

1

0

x20

x30

x31

0

x21

1

1

1

0

1

-1.25

0

−1 ≠ θ ≠ 1

0 ≠ ρ ≠ 1 Clear of Conflict

Strong Turn

x10 ⟩
x00 + x01
[x00 + x01, x00 + x01]
[−1, 2]

x10 ⟩
x10 → [0, 2]
[x10, 2

3 ⋅ x10 + 2
3 ] → [−1, 2]

[0, 2]

x11 ⟩
x00 − x01
[x00 − x01, x00 − x01]
[−1, 2]

x11 ⟩
x11 → [0, 2]
[x11, 2

3 ⋅ x11 + 2
3 ] → [−1, 2]

[0, 2]
ReLU
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Reduced Product Domain

59

EXAMPLE

x00

x01

x10

1

-1

1

1

0

x11

1

-1

1

1

0

x20

x30

x31

0

x21

1

1

1

0

1

-1.25

0

−1 ≠ θ ≠ 1

0 ≠ ρ ≠ 1 Clear of Conflict

Strong Turn

x21 ⟩
x21 → [0, 2]
[0, 0.5 ⋅ x21 + 1] → [0, 2]
[0, 2]

x21 ⟩
x10 − x11 → [−2, 2]
[x10 − x11, x10 − x11] → [− 7

3 , 7
3 ]

[−2, 2] ReLU

x20 ⟩

x10 + x11 → [0, 4]
[x10 + x11, x10 + x11] → [0, 8

3 ]

[0, 8
3 ]
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Reduced Product Domain

60

EXAMPLE

x00

x01

x10

1

-1

1

1

0

x11

1

-1

1

1

0

x20

x30

x31

0

x21

1

1

1

0

1

-1.25

0

−1 ≠ θ ≠ 1

0 ≠ ρ ≠ 1 Clear of Conflict

Strong Turn

x30 ⟩

x10 + x11 + x21 + 1 → [1, 20
3 ]

[x20 + x21 + 1, x20 + x21 + 1] → [1, 16
3 ]

[1, 16
3 ]

x31 ⟩
x21 − 1.25 → [−1 . 25, 0 . 75]
[x21 − 1.25, x21 − 1.25] → [−1 . 25, 0 . 75]
[−1 . 25, 0 . 75]

0
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Neural Network Verification

61

GOING FARTHER: BRANCH-AND-BOUND (BAB) WITH INPUT SPLITTING

( , f, )I O (
v

1

-1
0

(x, A, 0.6, f, →)

(x, A, 0.6, f, {x̂13 ↑ 0})

x̂13 ↑ 0

(x, A, 0.6, f, {x̂13 < 0})

(x, A, 0.6, f, {x̂13 < 0, x̂11 ↑ 0})

x̂11 ↑ 0

(x, A, 0.6, f, {x̂13 < 0, x̂11 < 0})

x̂11 < 0

x̂13 < 0

Q

Q1

Q1
2

Q2
2

Q2

( , f, , )I O ∅

( , f, , {  ≥ 0})I O x0i ( , f, , {  ≤ 0})I O x0i

( , f, , {  ≤ 0.5,  ≥ 0})I O x0i x0j ( , f, , {  ≤ 0.5,  ≤ 0})I O x0i x0j

Q

Q1 Q2

Q21 Q22

x0,i ≥ 0.5 x0,i ≠ 0.5

x0j ≥ 0 x0j ≠ 0
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PARTITIONING STRATEGY #1: LARGEST RANGE
BaB with Input Splitting

62

x00: [-1, 1]
x01: [-1, 1]
x02: ⊤
x03: [-1, 1]
x04: [-1, 1]
x05: [-1, 1]

x05: [0, 1]x05: [-1, 0] x05: [0, 1]x05: [-1, 0] x05: [0, 1]x05: [-1, 0] x05: [0, 1]x05: [-1, 0] x05: [0, 1]x05: [-1, 0] x05: [0, 1]x05: [-1, 0] x05: [0, 1]x05: [-1, 0] x05: [0, 1]x05: [-1, 0]

x04: [0, 1]x04: [-1, 0] x04: [0, 1]x04: [-1, 0] x04: [0, 1]x04: [-1, 0] x04: [0, 1]x04: [-1, 0]

x01: [-1, 0] x01: [0, 1] x01: [-1, 0] x01: [0, 1]

x00: [-1, 0] x00: [0, 1]

x03: [-1, 0] x03: [0, 1] x03: [-1, 0] x03: [0, 1] x03: [-1, 0] x03: [0, 1] x03: [-1, 0] x03: [0, 1]
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PARTITIONING STRATEGY #2: LARGEST COEFFICIENT
BaB with Input Splitting

63

x00: [-1, 1]
x01: [-1, 1]
x02: ⊤
x03: [-1, 1]
x04: [-1, 1]
x05: [-1, 1]

x01: [0, 1]x01: [-1, 0] x01: [0, 1]x01: [-1, 0]

x04: [0, 1]x04: [-1, 0]

x03: [-1, 0] x03: [0, 1]

x05: [-1, 0] x05: [0, 1]

x00: [-1, 0] x00: [0, 1]

x50 - x51: {17 * x00 + 9 * x01 + … + 293 * x03 + 14 * x04 − 309 * x05
⋮

x50 - x51: {49 * x00 + 26 * x01 + … + 824 * x03 + 41 * x04 + …
⋮

x50 - x51: {−52 * x00 − 18 * x01 + … − 27 * x04 + …
⋮

x50 - x51: {… + 139 * x01 + … + 205 * x04 + …
⋮
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BAB WITH INPUT SPLITTING  OUTPUT REFINEMENT⇏
DeePoly Abstract Domain

64

x00: [-1, 1]
x01: [-1, 1]
x02: ⊤
x03: [-1, 1]
x04: [-1, 1]
x05: [-1, 1]

x01: [0, 1]x01: [-1, 0] x01: [0, 1]x01: [-1, 0]

x04: [0, 1]x04: [-1, 0]

x03: [-1, 0] x03: [0, 1]

x05: [-1, 0] x05: [0, 1]

x00: [-1, 0] x00: [0, 1]

x50 - x51: { ⋮
[−1362.398776, 3886.062977]

x50 - x51: { ⋮
[−262.252316, 2501.513908]

x50 - x51: { ⋮
[−151.552777, 2332.647602]

x50 - x51: { ⋮
[−385.766878, 2593.282420]
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Neural Network Verification

65

GOING FARTHER: BRANCH-AND-BOUND (BAB) WITH RELU SPLITTING

( , f, )I O (
v

1

-1
0

(x, A, 0.6, f, →)

(x, A, 0.6, f, {x̂13 ↑ 0})

x̂13 ↑ 0

(x, A, 0.6, f, {x̂13 < 0})

(x, A, 0.6, f, {x̂13 < 0, x̂11 ↑ 0})

x̂11 ↑ 0

(x, A, 0.6, f, {x̂13 < 0, x̂11 < 0})

x̂11 < 0

x̂13 < 0

Q

Q1

Q1
2

Q2
2

Q2

( , f, , )I O ∅

( , f, , {ReLU( ) > 0})I O xij ( , f, , {ReLU( ) = 0})I O xij

( , f, , {ReLU( ) = 0, ReLU( ) > 0})I O xij xkl ( , f, , {ReLU( ) = 0, ReLU( ) = 0})I O xij xkl

Q

Q1 Q2

Q21 Q22

ReLU( )xi, j > 0 ReLU( )xi, j = 0

ReLU( )xkl > 0 ReLU( )xkl = 0
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-CROWNαβ

66

THE STATE OF THE ART

Winner of the International Verification of Neural Networks Competition since 2021
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Static Analysis for Trained Models

67

Verification Explainability

( +
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SUBSET-MINIMAL SET OF FEATURES SUFFICIENT TO ENSURE A PREDICTION
Abductive Explanation (AXp)

68

x1

x2

x3 x4

x5x4

x5

1

1

101

0

0 1

=1=0

=1

=1

=1=1

=1

=0

=0

=0

=0

=0

=0=1

AXp = { x3, x5 }

x3 x5 x1 x2 x4
1 1 0 0 0 1
1 1 0 0 1 1
1 1 0 1 0 1
1 1 0 1 1 1
1 1 1 0 0 1
1 1 1 0 1 1
1 1 1 1 0 1
1 1 1 1 1 1

→
→
→
→
→
→
→
→
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DROP (I.E., FREE) INPUT FEATURES WHILE AXp CONDITION HOLDS
Computing One AXp

69

x1

x2

x3 x4

x5x4

x5

1

1

101

0

0 1

=1=0

=1

=1

=1=1

=1

=0

=0

=0

=0

=0

=0=1

{ 1, 2, 3, 4, 5 } → 1

Free 1: { 2, 3, 4, 5 } → 1

Free 2: { 3, 4, 5 } → 1

Free 4: { 3, 5 } → 1

Free 3: { 4, 5 } →

Free 5: { 3 } →
AXp = { x3, x5 }

SAME PREDICTION
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Optimal Robust Explanations

70

ABDUCTIVE EXPLANATIONS (AXps)

′i ∈ ℰ :

v

-1(x, , , f)ℰ ∪ {i} ϵ (

4

fx ∈ ℝd
yf(x)

(x, , , f)ℰ ϵ 1(

ℰ

Useful Semantic Ideal, but Unrealistic in Practice
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Optimal Robust Explanations

71

WEAK ABDUCTIVE EXPLANATIONS

′i ∈ ℰ :

v

-1 or 0(x, , , f)ℰ ∪ {i} ϵ (

4

fx ∈ ℝd
yf(x)

(x, , , f)ℰ ϵ 1(

ℰ

 is a COUNTERFACTUALi

 is an UNKNOWNi



Caterina UrbanStatic Analysis for Machine LearningMOVEP 2026 77

x00 = float(input())
x01 = float(input())
x02 = float(input())
x03 = float(input())
x04 = float(input())
x05 = float(input())

x10 = ReLU((0.120875)*x00 + (0.065404)*x01 + (0.097862)*x02 + (2.030051)*x03 + (0.101956)*x04 + (-2.103565)*x05 + (1.623834))
x11 = ReLU((0.113805)*x00 + (0.064486)*x01 + (0.090701)*x02 + (2.123338)*x03 + (0.076374)*x04 + (-1.651132)*x05 + (-0.828711))
x12 = ReLU((0.755487)*x00 + (0.224640)*x01 + (0.344943)*x02 + (2.619876)*x03 + (0.346636)*x04 + (1.418635)*x05 + (-0.686885))

x20 = ReLU((1.803209)*x10 + (1.222249)*x11 + (2.725716)*x12 + (-3.489653))
x21 = ReLU((1.958950)*x10 + (2.388245)*x11 + (2.245851)*x12 + (-3.834811))
x22 = ReLU((1.958103)*x10 + (2.273354)*x11 + (0.662405)*x12 + (-4.211086))

x30 = ReLU((1.735994)*x20 + (0.666507)*x21 + (3.192344)*x22 + (-2.627086))
x31 = ReLU((2.327110)*x20 + (2.685314)*x21 + (1.424807)*x22 + (-3.695113))
x32 = ReLU((2.147212)*x20 + (2.285599)*x21 + (2.665507)*x22 + (-4.299974))

x40 = ReLU((2.296390)*x30 + (1.980387)*x31 + (2.945360)*x32 + (-4.096463))
x41 = ReLU((-0.552155)*x30 + (-0.828226)*x31 + (-0.495998)*x32)
x42 = ReLU((-2.509773)*x30 + (1.199384)*x31 + (-0.245429)*x32 + (5.024773))

x50 = (-2.278012)*x40 + (0.180652)*x41 + (-16.663048)*x42 + (1864)  
x51 = (2.278012)*x40 + (-0.180652)*x41 + (16.663048)*x42 + (-1864)

x00 = float(input())
x01 = float(input())
x02 = float(input())
x03 = float(input())
x04 = float(input())
x05 = float(input())

x10 = ReLU((0.120875)*x00 + (0.065404)*x01 + (0.097862)*x02 + (2.030051)*x03 + (0.101956)*x04 + (-2.103565)*x05 + (1.623834))
x11 = ReLU((0.113805)*x00 + (0.064486)*x01 + (0.090701)*x02 + (2.123338)*x03 + (0.076374)*x04 + (-1.651132)*x05 + (-0.828711))
x12 = ReLU((0.755487)*x00 + (0.224640)*x01 + (0.344943)*x02 + (2.619876)*x03 + (0.346636)*x04 + (1.418635)*x05 + (-0.686885))

x20 = ReLU((1.803209)*x10 + (1.222249)*x11 + (2.725716)*x12 + (-3.489653))
x21 = ReLU((1.958950)*x10 + (2.388245)*x11 + (2.245851)*x12 + (-3.834811))
x22 = ReLU((1.958103)*x10 + (2.273354)*x11 + (0.662405)*x12 + (-4.211086))

x30 = ReLU((1.735994)*x20 + (0.666507)*x21 + (3.192344)*x22 + (-2.627086))
x31 = ReLU((2.327110)*x20 + (2.685314)*x21 + (1.424807)*x22 + (-3.695113))
x32 = ReLU((2.147212)*x20 + (2.285599)*x21 + (2.665507)*x22 + (-4.299974))

x40 = ReLU((2.296390)*x30 + (1.980387)*x31 + (2.945360)*x32 + (-4.096463))
x41 = ReLU((-0.552155)*x30 + (-0.828226)*x31 + (-0.495998)*x32)
x42 = ReLU((-2.509773)*x30 + (1.199384)*x31 + (-0.245429)*x32 + (5.024773))

 
x51 = (2.278012)*x40 + (-0.180652)*x41 + (16.663048)*x42 + (-1864)

x00: [-1, 1]
x01: [-1, 1]
x02: -1
x03: [-1, 1]
x04: [-1, 1]
x05: [-1, 1]

:x { x00, x01, x02, x03, x04, x05 } → x51

Free x02: { x03, x04, x05 } →

AXp = { x02 }

Free x00: { x01, x02, x03, x04, x05 } → x51

Free x01: { x02, x03, x04, x05 } → x51

Free x03: { x02, x04, x05 } → x51

Free x04: { x02, x05 } → x51

Free x05: { x02 } → x51

Computing Optimal Robust Explanations
DROP (I.E., FREE) INPUT FEATURES WHILE AXp CONDITION HOLDS

LOCAL STABILITY IN Bϵ
ℰ(x)ADD TO ℰ
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x00 = float(input())
x01 = float(input())
x02 = float(input())
x03 = float(input())
x04 = float(input())
x05 = float(input())

x10 = ReLU((0.120875)*x00 + (0.065404)*x01 + (0.097862)*x02 + (2.030051)*x03 + (0.101956)*x04 + (-2.103565)*x05 + (1.623834))
x11 = ReLU((0.113805)*x00 + (0.064486)*x01 + (0.090701)*x02 + (2.123338)*x03 + (0.076374)*x04 + (-1.651132)*x05 + (-0.828711))
x12 = ReLU((0.755487)*x00 + (0.224640)*x01 + (0.344943)*x02 + (2.619876)*x03 + (0.346636)*x04 + (1.418635)*x05 + (-0.686885))

x20 = ReLU((1.803209)*x10 + (1.222249)*x11 + (2.725716)*x12 + (-3.489653))
x21 = ReLU((1.958950)*x10 + (2.388245)*x11 + (2.245851)*x12 + (-3.834811))
x22 = ReLU((1.958103)*x10 + (2.273354)*x11 + (0.662405)*x12 + (-4.211086))

x30 = ReLU((1.735994)*x20 + (0.666507)*x21 + (3.192344)*x22 + (-2.627086))
x31 = ReLU((2.327110)*x20 + (2.685314)*x21 + (1.424807)*x22 + (-3.695113))
x32 = ReLU((2.147212)*x20 + (2.285599)*x21 + (2.665507)*x22 + (-4.299974))

x40 = ReLU((2.296390)*x30 + (1.980387)*x31 + (2.945360)*x32 + (-4.096463))
x41 = ReLU((-0.552155)*x30 + (-0.828226)*x31 + (-0.495998)*x32)
x42 = ReLU((-2.509773)*x30 + (1.199384)*x31 + (-0.245429)*x32 + (5.024773))

x50 = (-2.278012)*x40 + (0.180652)*x41 + (-16.663048)*x42 + (1864)  
x51 = (2.278012)*x40 + (-0.180652)*x41 + (16.663048)*x42 + (-1864)

x00 = float(input())
x01 = float(input())
x02 = float(input())
x03 = float(input())
x04 = float(input())
x05 = float(input())

wAXp = { x02, x03, x05 }
INTERVALS

wAXp = { x00, x02, x03 }
wAXp = { x02, x03, x05 }

SYMBOLIC
x00: 1
x01: 1
x02: -1
x03: 1
x04: 1
x05: -1

:x wAXp = { x02, x03 }
wAXp = { x02, x05 }

DEEPPOLY

= PRODUCT

Computing Optimal Robust Explanations
DROP (I.E., FREE) INPUT FEATURES WHILE AXp CONDITION HOLDS

LOCAL STABILITY IN Bϵ
ℰ(x)ADD TO ℰ
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Computing Optimal Robust Explanations

79

FINDING COUNTERFACTUALS RAPIDLY BECOMES INFEASIBLE

Model
MNIST, ϵ=0.25 CIFAR-10, ϵ=8/255

Counterfactuals Unknowns Time Counterfactuals Unknowns Time

CNN-3 0.00 247.80 45m 0.00 461.00 2h 30m

Model
MNIST, ϵ=0.25 CIFAR-10, ϵ=16/255

Counterfactuals Unknowns Time Counterfactuals Unknowns Time

CNN-7 0.00 452.00 3h 59m 0.00 730.67 7h 5m
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Computing Optimal Robust Explanations

79

FINDING COUNTERFACTUALS RAPIDLY BECOMES INFEASIBLE

Model
MNIST, ϵ=0.25 CIFAR-10, ϵ=8/255

Counterfactuals Unknowns Time Counterfactuals Unknowns Time

CNN-3 0.00 247.80 45m 0.00 461.00 2h 30m

Model
MNIST, ϵ=0.25 CIFAR-10, ϵ=16/255

Counterfactuals Unknowns Time Counterfactuals Unknowns Time

CNN-7 0.00 452.00 3h 59m 0.00 730.67 7h 5m
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WEAK ABDUCTIVE EXPLANATIONS

-1(x, , , f)′i ∈ 𝒞 : 𝒞 ∪ 𝒰 ∪ 𝒰 ∪ {i} ϵ (

(

(

1

0

(x, , , f)𝒞 ∪ 𝒰 ϵ

(x, , , f)𝒞 ∪ 𝒰 ∪ 𝒰 ϵ

4

fx ∈ ℝd
yf(x)

𝒞
v

𝒰
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EXAMPLE

x1

x2

x14

x15

x3

x4

x5

x6

x7

x8

x9

x10

x11

x12

x13

0.7  
uniformity of shape

0.7  
uniformity of size

1.0  
thickness

0.3  
normal nucleoli

0.7  
bland chromatin

0.4  
bare nuclei

0.8  
epithelial cell size

0.2  
marginal adhesion

malignant

benign

0.2  
mitoses
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DROP (I.E., FREE) INPUT FEATURES WHILE AXp CONDITION HOLDS
LOCAL STABILITY IN Bϵ

𝒞 ∪ 𝒰(x)ADD TO 𝒞 ∪ 𝒰
A. De Palma and G. Dolcetti and C. Urban 23:5

x1

x2

x3

x4

x5

x6

x7

x8

x9

↭ ↭
↭

↭
↭
↭

↭
↭
↭
↭

↭
↭
↭
↭
↭

↭
↭
↭
↭
↭
→

↭
↭
↭
↭
↭

U

→

↭
↭
↭
↭
↭

U

→

→

↭
↭
↭
↭
↭

U

→

→
→

Figure 4 Example of computing a verifier-optimal robust explanation on 9 features. The
verification steps proceed from left to right; the dotted box indicates the feature under analysis,
dark grey shows the invariants ( ↭ ), blue shows the unknowns ( U ), yellow shows the explanations
for which a counterexample has been found ( → ). The final results of the analysis can be seen in
the rightmost column.

then proceeds by allowing perturbations also to the features indexed by Ux. This way,139

a counterexample is found for both x9 and x8 (which was instead invariant in Figure 3).140

This can occur because the considered perturbation region is e!ectively larger, as it also141

includes the features indexed by Ux. (This e!ect can also be observed in practice beyond this142

illustrative example: for instance, upon closer inspection, Figure 1b contains few more pixels143

highlighted in blue than Figure 1a.) The explanation, containing the features x6, x7, x8, x9,144

is larger than the one in Figure 3 but it is hierarchical: features x6, x8, x9 (counterfactuals)145

are more important to the classification outcome, while x7 (unknown) is less important.146

3 Background147

In the following, we will denote vectors by boldface lowercase letters (x → Rd), and use148

subscripts to index their entries (for instance, xi denotes the i-th entry). Furthermore, we149

will denote sets by calligraphic uppercase letters (e.g, A), and use xA to denote the vector150

containing the entries of x indexed by the elements of A.151

3.1 Neural Network Verification152

Neural Networks. A neural network classifier is a function f : Rd ↑ Rk mapping a153

d-dimensional input vector of features x to a k-dimensional output vector f(x) of logits, i.e.,154

unnormalized confidence scores. The classification output of a neural network classifier f is155

yf : Rk ↑ {1, . . . , k} defined as yf (x) def= argmaxi f(x)i.156

Among the most widely used classifiers in modern deep learning are neural networks157

with rectified linear unit (ReLU) activations, which consist of a sequential composition158

f = fl ↓ · · · ↓ f1 of l layers, where each layer fi : Rm ↑ Rn, is either an a"ne transformation159

fi(x) = Ax+b, with A → Rn→m, b → Rn, or an entry-wise application of the ReLU activation160

function, ReLU(x) def= max(0, x); the final layer fl is an a"ne transformation.161

Local Robustness. Neural network verification aims to provide formal guarantees about162

the neural network behavior. In particular, verifying neural network safety, involves proving163

that all network outputs corresponding to inputs satisfying a given input property also satisfy164

a specified output property. A widely studied safety property is local robustness, which165

ensures that small perturbations of an input do not change the classification output of a166

neural network. Formally, a neural network classifier f : Rd ↑ Rk is said to be locally robust167

CVIT 2016

ϵ=0.6
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EXAMPLE

x1

x2

x14

x15

x3

x4

x5

x6

x7

x8

x9

x10

x11

x12

x13

0.7 
bland chromatin

0.4  
bare nuclei

malignant

benign

0.2  
mitoses

[0.7 - ε, 0.7 + ε] 
uniformity of shape

[0.7 - ε, 0.7 + ε] 
uniformity of size

[1.0 - ε, 1.0 + ε] 
thickness

0.3 
normal nucleoli

[0.8 - ε, 0.8 + ε] 
epithelial cell size

[0.2 - ε, 0.2 + ε] 
marginal adhesion
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FAVEX (SIMPLIFIED)
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SINGLE QUERIES

(

-1
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CNN-3

MNIST, ϵ=0.25 CIFAR-10, ϵ=8/255

Counterfactuals  Unknowns  Time Counterfactuals  Unknowns  Time

Standard 0.00 247.80 45m 0.00 461.00 2h 30m

Verifier-
Optimal 160.30 94.40 10m 210.40 251.70 19m

160.30 +  
  94.40 =  
254.70

210.40 +  
251.70 =  
462.10

| |𝒞 | |𝒞| |𝒰 | |𝒰
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CNN-7

MNIST, ϵ=0.25 CIFAR-10, ϵ=16/255

Counterfactuals  Unknowns  Time Counterfactuals  Unknowns  Time

Standard 0.00 452.00 239m 0.00 730.67 7h 5m

Verifier-
Optimal 207.33 249.33 1h 14m 467.00 266.33 1h 49m

207.33 +  
249.33 =  
456.66

467.00 +  
266.33 =  
733.33

| |𝒫 | |𝒫| |♮ | |♮
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TRAVERSAL STRATEGIES

Model Traversal MNIST, ϵ=0.25 CIFAR-10, ϵ=8/255
Time Time

CNN-3

VeriX 160.50 122.30 16m 437.20 328.30 32m
VeriX+ 155.20 92.20 10m 262.00 206.90 15m
⍺-FAVEX 181.20 108.70 12m 210.40 251.70 19m

FaVeX-IBP 160.30 94.40 10m 250.90 215.50 16m

| |𝒞 | |𝒞| |𝒰 | |𝒰

Model Traversal MNIST, ϵ=0.25 CIFAR-10, ϵ=16/255
Time Time

CNN-7

VeriX 123.33 423.67 2h 9m 728.67 216.33 1h 23m
VeriX+ 196.67 232.67 1h 13m 522.00 213.67 1h 25m
⍺-FAVEX 234.67 317.67 1h 29m 467.00 266.33 1h 49m

FaVeX-IBP 207.33 249.33 1h 14m 512.67 216.67 1h 25m

| |𝒞 | |𝒞| |𝒰 | |𝒰
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SUBSET-MINIMAL SET OF FEATURES SUFFICIENT TO ALTER A PREDICTION
Contrastive Explanation (CXp)
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x1

x2

x3 x4

x5x4

x5

1

1

101

0

0 1

=1=0

=1

=1

=1=1

=1

=0

=0

=0

=0

=0

=0=1

CXp = { x3 }
CXp = { x5 }
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x1

x2

x3 x4

x5x4

x5

1

1

101

0

0 1

=1=0

=1

=1

=1=1

=1

=0

=0

=0

=0

=0

=0=1

{ 1, 2, 3, 4, 5 } → 1 0

Fix 1: { 2, 3, 4, 5 } → 1 0

Fix 2: { 3, 4, 5 } → 1 0

Fix 4: { 5 } → 1 0

1 0Fix 3: { 4, 5 } →

Fix 5:  ∅ →
CXp = { x5 }

 SAME PREDICTION¬
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x1

x2

x3 x4

x5x4

x5

1

1

101

0

0 1

=1=0

=1

=1

=1=1

=1

=0

=0

=0

=0

=0

=0=1

0{ 1, 2, 3, 4, 5 } → 1

1 0Fix 5: { 1, 2, 3, 4 } →
0Fix 4: { 1, 2, 3 } → 1

0Fix 2: { 1, 3 } → 1

Fix 3: { 1, 2 } →

1 0Fix 1: { 3 } →
CXp = { x3 }

Computing One CXp
DROP (I.E., FIX) INPUT FEATURES WHILE CXp CONDITION HOLDS

 SAME PREDICTION¬
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