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program 7→ trace semantics

finite traces Σ+

infinite traces Σ∞

β final states

Σ states τ transition relation
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program 7→ trace semantics 7→ termination semantics

Example

0

0

1 0

0

2
1 0

0

2
1 0

0

idea = define a ranking function counting the number of
program steps from the end of the program and extracting

the well-founded part of the program transition relation

Theorem (Soundness and Completeness)

the termination semantics is sound and complete
to prove the termination of programs

Cousot&Cousot - An Abstract Interpretation Framework for Termination (POPL 2012)
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Example

int : x

x := ?

while (x > 0) do

x := x − 1

od

ω

0 . . . 0 1

0

2

1

0

. . .

n

n − 1

1

0

. . .

the termination semantics
it is not computable!

the termination semantics
needs ordinals!
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γ

States Abstract Domain S

Functions Abstract Domain F

Piecewise-Defined Ranking Functions Abstract Domain V(S,F)

the abstract termination semantics
has an explicit connection with
the complete concrete semantics

x
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Termination Semantics

〈Σ ⇀ O,v〉
Abstract Termination Semantics

〈V,vV〉

γ

States Abstract Domain S

Natural-Valued Functions Abstract Domain F

Ordinal-Valued Functions Abstract Domain O(F)

Piecewise-Defined Ranking Functions Abstract Domain V(S,O(F))

x
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Affine Ranking Functions Abstract Domain

〈Σ ⇀ O,v〉 〈V , P(S × F),vV〉

γ

States Abstract Domain
S , Intervals Abstract Domain

(Natural-Valued) Functions Abstract Domain
F , {⊥F} ∪ {f | f ∈ Zn → N} ∪ {>F}
where f ≡ f (x1, . . . , xn) = m1x1 + · · ·+ mnxn + q
join tF, widening OF, backward assignments ASSIGNF, . . .

x

5 9
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Example

int : x

while 1(x ≤ 10) do

if 2(x > 6) then
3x := x + 2

fi

od4

we map each point
to a function of x giving
an upper bound on the
steps before termination

the analysis provides x > 6
as sufficient precondition

for termination

1

2

3

4

x > 10

x ≤ 10x ≤ 6

x := x + 2

x > 6

x

0

x

6 8 10

x

6 8 10

x

6 8 10
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Ordinals

0, 1, 2, . . .

ω, ω + 1, ω + 2, . . .

ω · 2, ω · 2 + 1, ω · 2 + 2, . . .

...

ω2, . . .

...

ωω, . . .

...

ε0, . . .

...
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Ordinal Arithmetic

addition

α + 0 = α (zero case)

α + (β + 1) = (α + β) + 1 (successor case)

α + β =
⋃
γ<β

(α + γ) (limit case)

associative: (α + β) + γ = α + (β + γ)
not commutative: 1 + ω = ω 6= ω + 1

multiplication
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Ordinal Arithmetic

addition

multiplication

α ··· 0 = 0 (zero case)

α ··· (β + 1) = (α ··· β) + α (successor case)

α ··· β =
⋃
γ<β

(α ··· γ) (limit case)

associative: (α× β)× γ = α× (β × γ)
left distributive: α× (β + γ) = (α× β) + (α× γ)
not commutative: 2× ω = ω 6= ω × 2
not right distributive: (ω + 1)× ω = ω × ω 6= ω × ω + ω
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Ordinal-Valued Ranking Functions Domain

〈Σ ⇀ O,v〉 〈V , P(S ×O),vV〉

γ

States Abstract Domain
S , Intervals Abstract Domain

Natural-Valued Functions Abstract Domain
F , Affine Ranking Functions Abstract Domain

Ordinal-Valued Functions Abstract Domain
O , {⊥O} ∪ {

∑
i ω

i · fi | fi ∈ F \ {⊥F,>F}} ∪ {>O}

x

5 9
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Backward Assignments: ASSIGNO

backward assignments amount to variable substitution

Example

o , ω · (x1 − x2) + x1

⇓ x1 := x1 + x2

o , ?
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Example

o , ω · x1 + x2

⇓ x1 := ?

o , ω2 · 0 1 + ω · 0 + x2 + 1

ωk · ω = ωk+1 · 1 + ωk × 0 = ωk+1
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x
4

+

x
2

=

x
2 4

join: tO
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Widening: OO

segmentation left-unification

Example

x
4

+

x
2 4

=

x
4

unstable ranking functions yield >O
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Termination Semantics

〈Σ ⇀ O,v〉
Abstract Termination Semantics

〈V,v〉

γ

Theorem (Soundness)

the abstract termination semantics is sound
to prove the termination of programs
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Example

int : x1, x2

while 1(x1 > 0 ∧ x2 > 0) do

if 2( ? ) then
3x1 := x1 − 1
4x2 := ?

else
5x2 := x2 − 1

od6

f1(x1, x2) =

{
1 x1 ≤ 0 ∨ x2 ≤ 0

ω · (x1 − 1) + 7x1 + 3x2 − 5 x1 > 0 ∧ x2 > 0
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Example

int : x1, x2

while 1(x1 6= 0 ∧ x2 > 0) do

if 2(x1 > 0) then

if 3( ? ) then
4x1 := x1 − 1
5x2 := ?

else
6x2 := x2 − 1

else / ∗ x1 < 0 ∗ /
if 7( ? ) then

8x1 := x1 + 1

else
9x2 := x2 − 1

10x1 := ?

od11

f1(x1, x2) =


ω2 + ω · (x2 − 1)− 4x1 + 9x2 − 2 x1 < 0 ∧ x2 > 0

1 x1 = 0 ∨ x2 ≤ 0

ω · (x1 − 1) + 9x1 + 4x2 − 7 x1 > 0 ∧ x2 > 0

the coefficients and their order are
automatically inferred by the analysis
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Non-Linear Ranking Functions

Example

int : N, x1, x2

1x1 := N

while 2(x1 ≥ 0) do
3x2 := N

while 4(x2 ≥ 0) do
5x2 := x2 − 1

od6

7x1 := x1 − 1

od8

f1(x1, x2,N) =

{
1 x1 < 0

ω · (x1 + 1) + 6x1 + 7 x1 ≥ 0

the loop terminates in a
finite number of iterations
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http://www.di.ens.fr/~urban/FuncTion.html

written in OCaml
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Experiments

Benchmarks: 38 programs (collected from publications on termination)

25 always terminating programs

13 conditionally terminating programs

9 simple loops

7 nested loops

13 non-deterministic programs

Results: proved 30 out of 38 programs

proved 8 out of 9 simple loops

proved 4 out of 7 nested loops
ordinals required for 2 out of 4

proved 10 out of 13 non-deterministic programs
ordinals required for 5 out of 10
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Related Work

Ordinal-Valued and Lexicographic Ranking Functions

ωk · fk︸︷︷︸
∈N

+ . . . + ω2 · f2︸︷︷︸
∈N

+ ω · f1︸︷︷︸
∈N

+ f0︸︷︷︸
∈N

∈ O

⇐⇒ (fk , . . . , f2 , f1 , f0) ∈ N × . . . × N︸ ︷︷ ︸
k

Lee & Jones & Ben-Amram - The Size-Change Principle for Program
Termination (POPL 2001)
Alias & Darte & Feautrier & Gonnord - Multi-Dimensional Rankings,
Program Termination, and Complexity Bounds of Flowchart Programs
(SAS 2010)
Cook & See & Zuleger - Ramsey vs. Lexicographic Termination Proving
(TACAS 2013)

Ordinal-Valued + Piecewise-Defined Ranking Functions
−→ Conditional Termination
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