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If artificial intelligence in healthcare brings to mind visions of robot
surgeons, BioIntellisense’s stick-on sensor is bound to be a
disappointment. Just 3 inches wide by 1 inch tall, this plastic and
metal double hexagon was cleared last month by the US Food and
Drug Administration for remote monitoring of vital signs with
medical-grade accuracy.

Doctors at UCHealth, which runs 12 Colorado hospitals, say the
device will let them send patients home earlier while still
monitoring their respiratory rate, resting heart rate, skin
temperature and even body position. The data can then be fed into
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Medicine is at the point computer-driven financial trading was in the early

2000s
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Can AI Be a Fair Judge in Court?Estonia Thinks So
Estonia plans to use an artificial intelligence program to decide some

small-claims cases, part of a push to make government services
smarter.
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An applicant being interviewed on their phone

By  Charles Hymas 
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rtificial intelligence (AI) and facial expression technology is being used

for the first time in job interviews in the UK to identify the best

candidates.

Unilever, the consumer goods giant, is among companies using AI

technology to analyse the language, tone and facial expressions of candidates

when they are asked a set of identical job questions which they film on their

mobile phone or laptop.
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Part of  The Real-World AI Issue

ikhail Arroyo had made it out of the coma, but he was still frail
when his mother, Carmen, tried to move him in with her. The
months had been taxing: Mikhail was severely injured in a

devastating fall in 2015. He had spent time in the hospital, and by 2016
was in a nursing home where his mother visited him daily, waiting until

M

AUTOMATED BACKGROUND CHECKS ARE
DECIDING WHO’S FIT FOR A HOME
But advocates say algorithms can’t capture the
complexity of criminal records
By Colin Lecher @colinlecher  Feb 1, 2019, 8:00am EST
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Millions of black people affected by
racial bias in health-care algorithms
Study reveals rampant racism in decision-making
software used by US hospitals — and highlights
ways to correct it.
24 October 2019

NEWS

Heidi Ledford

Black people with complex medical needs were less likely than equally ill white people to be referred to

programmes that provide more personalized care.Credit: Ed Kashi/VII/Redux/eyevine

An algorithm widely used in US hospitals to allocate health care to
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ON A SPRING AFTERNOON IN 2014, Brisha Borden was running late to pick up her god-
sister from school when she spotted an unlocked kid’s blue Hu!y bicycle and a silver
Razor scooter. Borden and a friend grabbed the bike and scooter and tried to ride them
down the street in the Fort Lauderdale suburb of Coral Springs.

Just as the 18-year-old girls were realizing they were too big for the tiny conveyances —
which belonged to a 6-year-old boy — a woman came running after them saying, “That’s
my kid’s stu!.” Borden and her friend immediately dropped the bike and scooter and
walked away.

But it was too late — a neighbor who witnessed the heist had already called the police.
Borden and her friend were arrested and charged with burglary and petty theft for the
items, which were valued at a total of $80.

Machine Bias
There’s software used across the country to predict future criminals. And it’s biased

against blacks.

by Julia Angwin, Je! Larson, Surya Mattu and Lauren Kirchner, ProPublica
May 23, 2016

ProPublica DonateShare on Facebook Share on Twitter Comment
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Amazon scraps secret AI recruiting tool that

showed bias against women

Jeffrey Dastin

8  M I N  R E A D

SAN FRANCISCO (Reuters) - Amazon.com Inc’s (AMZN.O) machine-learning

specialists uncovered a big problem: their new recruiting engine did not like women.

The team had been building computer programs since 2014 to review job applicants’

resumes with the aim of mechanizing the search for top talent, five people familiar with

the effort told Reuters.

Automation has been key to Amazon’s e-commerce dominance, be it inside warehouses

or driving pricing decisions. The company’s experimental hiring tool used artificial

intelligence to give job candidates scores ranging from one to five stars - much like

shoppers rate products on Amazon, some of the people said.

“Everyone wanted this holy grail,” one of the people said. “They literally wanted it to be

an engine where I’m going to give you 100 resumes, it will spit out the top five, and

we’ll hire those.”
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By Steve Lohr

Aug. 17, 2014

Technology revolutions come in measured, sometimes foot-dragging steps. The lab science and marketing

enthusiasm tend to underestimate the bottlenecks to progress that must be overcome with hard work and

practical engineering.

The field known as “big data” offers a contemporary case study. The catchphrase stands for the modern

abundance of digital data from many sources — the web, sensors, smartphones and corporate databases — that

can be mined with clever software for discoveries and insights. Its promise is smarter, data-driven decision-

making in every field. That is why data scientist is the economy’s hot new job.

Yet far too much handcrafted work — what data scientists call “data wrangling,” “data munging” and “data

janitor work” — is still required. Data scientists, according to interviews and expert estimates, spend from 50

percent to 80 percent of their time mired in this more mundane labor of collecting and preparing unruly digital

data, before it can be explored for useful nuggets.

“Data wrangling is a huge — and surprisingly so — part of the job,” said Monica Rogati, vice president for data

science at Jawbone, whose sensor-filled wristband and software track activity, sleep and food consumption, and

suggest dietary and health tips based on the numbers. “It’s something that is not appreciated by data civilians. At

times, it feels like everything we do.”

Several start-ups are trying to break through these big data bottlenecks by developing software to automate the

gathering, cleaning and organizing of disparate data, which is plentiful but messy. The modern Wild West of data

needs to be tamed somewhat so it can be recognized and exploited by a computer program.

“It’s an absolute myth that you can send an algorithm over raw data and have insights pop up,” said Jeffrey Heer,

a professor of computer science at the University of Washington and a co-founder of Trifacta, a start-up based in

San Francisco.

Unlock more free articles.
Create an account or log in

Timothy Weaver, the chief information officer of Del Monte Foods, calls the predicament of data wrangling big

data’s “iceberg” issue, meaning attention is focused on the result that is seen rather than all the unseen toil

beneath. But it is a problem born of opportunity. Increasingly, there are many more sources of data to tap that can

deliver clues about a company’s business, Mr. Weaver said.

For Big-Data Scientists, ‘Janitor
Work’ Is Key Hurdle to Insights

TECHNOLOGY

accidentally duplicated data

mislabeled data

wrongly converted data

accidentally (un)used data

Pre-Processing is Fragile
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Artificial Intelligence / Machine Learning

The Dark Secret at the Heart of AI
No one really knows how the most advanced algorithms do what they do. That
could be a problem.

by Will Knight Apr 11, 2017
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x01 = input()  
x02 = input()  
 
x11 = -0.31 * x01 + 0.99 * x02 + (-0.63)  
x12 = -1.25 * x01 + (-0.64) * x02 + 1.88 
 
x11 = 0 if x11 < 0 else x11  
x12 = 0 if x12 < 0 else x12  
 
x21 = 0.40 * x11 + 1.21 * x12 + 0.00 
x22 = 0.64 * x11 + 0.69 * x12 + (-0.39)  
 
x21 = 0 if x21 < 0 else x21  
x22 = 0 if x22 < 0 else x22  
 
x31 = 0.26 * x21 + 0.33 * x22 + 0.45 
x32 = 1.42 * x21 + 0.40 * x22 + (-0.45)  
 
if x31 > x32:  
      print(‘credit approved’)  
elif x32 < x31:  
      print(‘credit denied’)
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x12

x21

x22

x31

x32

-0.31

16

!

0.40

Toy Example

0.26

0.69

-0.64 0.40

-1.25

0.
99

0.
33

1.42

0.64

1.
21

x01
x02

x11
x12

x21
x22

x31
x32

-0.63

1.88

0.00

-0.39

0.45

-0.45

"#

$$$



x01 = input()  
x02 = input()  
 
x11 = -0.31 * x01 + 0.99 * x02 + (-0.63)  
x12 = -1.25 * x01 + (-0.64) * x02 + 1.88 
 
x11 = 0 if x11 < 0 else x11  
x12 = 0 if x12 < 0 else x12  
 
x21 = 0.40 * x11 + 1.21 * x12 + 0.00 
x22 = 0.64 * x11 + 0.69 * x12 + (-0.39)  
 
x21 = 0 if x21 < 0 else x21  
x22 = 0 if x22 < 0 else x22  
 
x31 = 0.26 * x21 + 0.33 * x22 + 0.45 
x32 = 1.42 * x21 + 0.40 * x22 + (-0.45)  
 
if x31 > x32:  
      print(‘credit approved’)  
elif x32 < x31:  
      print(‘credit denied’)

17

Trace Semantics
JP K

<latexit sha1_base64="/dBDxkFhRp+cnJPG5w4KlgqLxA4="></latexit>

JP K
<latexit sha1_base64="/dBDxkFhRp+cnJPG5w4KlgqLxA4="></latexit> JP K

<latexit sha1_base64="/dBDxkFhRp+cnJPG5w4KlgqLxA4="></latexit>



JP K
<latexit sha1_base64="/dBDxkFhRp+cnJPG5w4KlgqLxA4="></latexit>

P |= FK , JP K 2 FK , {JP K} ✓ FK
<latexit sha1_base64="ejGSsxgWMqpnAe6B0334ZNAmKNg="></latexit>

F
<latexit sha1_base64="E3M+Qwxp+HxEVYkPjDZQOw30wUM="></latexit> "#

18

the classification is independent from the sensitive inputs

$$$ $$ $"" # #
$$ $$$$" # #"

$$$$ $$" # #"

Causal Fairness
FK

<latexit sha1_base64="ULiSn88lDKSpwS1DYm3HrWHFNc4="></latexit>

FK
def
= {JP K | unusedK(JP K)}

<latexit sha1_base64="rKbpJ6EhrfKetiqFuUzl+GY0Y9Y="></latexit>

P |= FK , {JP K} ✓ FK
<latexit sha1_base64="2vlBrcxaoBqehIyYkrOaSDuWnqo="></latexit>

P |= FK , {JP K} ✓ FK
<latexit sha1_base64="2vlBrcxaoBqehIyYkrOaSDuWnqo="></latexit>
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Outcome Semantics

↵•<latexit sha1_base64="cWxim3spCKSDGMzcksatlEQJzw0="></latexit>

JP K•
<latexit sha1_base64="a05EJGCw2AVqTleBfD5D2yjvxVw="></latexit>

partition executions based on their outcome

JP K•
<latexit sha1_base64="a05EJGCw2AVqTleBfD5D2yjvxVw="></latexit>

{JP K}
<latexit sha1_base64="Qpo17weQTgjaKI1Hw0Qq0mg4d7Y="></latexit>

P |= FK , JP K• ✓ FK
<latexit sha1_base64="rIuB7kRMZJ4SEjtFgsZh4gkXuYc="></latexit>

F
<latexit sha1_base64="E3M+Qwxp+HxEVYkPjDZQOw30wUM="></latexit>

"#

$$$ $$ $"" # #

$ $
"#

$$ $$
" #

P |= FK , {
<latexit sha1_base64="2vlBrcxaoBqehIyYkrOaSDuWnqo="></latexit>

, {JP K} ✓ FK

$$$$ $ $
" # #"

$$$$ $$

$$$$ $ $
" # #"

, 8S1, S2 2 JP K• : S1[0]|K \ S2[0]|K = ;
<latexit sha1_base64="yiqO2B0egisbzmIgEUK+Vveln5g="></latexit>
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↵ <latexit sha1_base64="A3Uaw2rWzZ5f3JTdmDCIMxgd3xQ="></latexit> forget intermediate states

JP K•
<latexit sha1_base64="a05EJGCw2AVqTleBfD5D2yjvxVw="></latexit>

JP K 
<latexit sha1_base64="IcPKo6SmVB8/c7yiop9wQBVpSjU="></latexit>

JP K 
<latexit sha1_base64="IcPKo6SmVB8/c7yiop9wQBVpSjU="></latexit>

P |= FK , JP K ✓ ↵ (FK)
<latexit sha1_base64="Pr0tvyzhZCYfPg4gRYu1Wo2pnMk="></latexit>

P |= FK , JP K• ✓ FK
<latexit sha1_base64="rIuB7kRMZJ4SEjtFgsZh4gkXuYc="></latexit>

, 8S1, S2 2 JP K• : S1[0]|K \ S2[0]|K = ;
<latexit sha1_base64="yiqO2B0egisbzmIgEUK+Vveln5g="></latexit>

, 8S1, S2 2 JP K : S1[0]|K \ S2[0]|K = ;
<latexit sha1_base64="j9HLfNILBxrTMY/wlvmJHXbusZg="></latexit>

€ 2.75 

€ 2.95 

€ 3.65 

€ 5.35 

Dependency Semantics
Sounds and Complete Causal Fairness Certification



"#
↵ (F )

<latexit sha1_base64="Q/BDlEP751V2L+Xgj+tumjGk9zc="></latexit>

$$
" #

$$$$$ $$$$$$$" " "
# # #

$$$$$ $$$$$$$" " "
# # #

$$
" #

JP K\
<latexit sha1_base64="HDhyYGHLMfIWCmJ4V4CP6IbE1bM="></latexit>

$$$$$ $$$$$$$" " "
# # #

JP K\
<latexit sha1_base64="HDhyYGHLMfIWCmJ4V4CP6IbE1bM="></latexit>

21

€ 2.75 

€ 2.95 

€ 3.65 

€ 5.35 JP K 
<latexit sha1_base64="IcPKo6SmVB8/c7yiop9wQBVpSjU="></latexit>

P |= FK , JP K ✓ ↵ (FK)
<latexit sha1_base64="Pr0tvyzhZCYfPg4gRYu1Wo2pnMk="></latexit>

JP K ✓ ↵ (FK) ( JP K\ ✓ ↵ (FK)
<latexit sha1_base64="sU/ULGnAxS05CKG3V9deaniWxrA="></latexit>

——— € 3 

——— € 3 

——— € 4 

——— 
   € 6 

JP K ✓ ↵ (FK) ( JP K\ ✓ ↵ (FK)
<latexit sha1_base64="sU/ULGnAxS05CKG3V9deaniWxrA="></latexit>

Abstract Semantics
Sounds and Complete Causal Fairness Certification

( 8S1, S2 2 JP K\ : (S1[!] 6= S2[!] ) S1[0]|K \ S2[0]|K = ;)
<latexit sha1_base64="a8BryVE9trT8H5cM0mgwkAeLyvw="></latexit>
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Causal Fairness Analysis

mathematical models  
of the program behavior

algorithmic approaches  
to decide program properties

practical tools  
targeting specific programs

$$$ $$ $"" # #
$$$ $$ $"" # #
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……

…

…

Naïve Backward Analysis

F
<latexit sha1_base64="E3M+Qwxp+HxEVYkPjDZQOw30wUM="></latexit>

$$
&&

#$$ #

&&
#$$ #

21

Sound Causal Fairness Validation

$$

JP K\
<latexit sha1_base64="HDhyYGHLMfIWCmJ4V4CP6IbE1bM="></latexit>

&&
#$$ #

JP K+ 
<latexit sha1_base64="I8AaxtsM6UAlmTxo0LfkdFYPc2c="></latexit>

JP K\
<latexit sha1_base64="HDhyYGHLMfIWCmJ4V4CP6IbE1bM="></latexit>

8S1, S2 2 JP K\ :
(S1[!] 6= S2[!] )
S1[0]|K \ S2[0]|K = ;)

,
<latexit sha1_base64="CdM02jzzHieS/rt6fWVY7Mit1v4="></latexit>

�+
 (JP K\) ✓ FK ) �+

 (JP K+ ) ✓ FK ) P |= FK
<latexit sha1_base64="ByGOqL2t9ljfpMsO4RvCAB3/UGY="></latexit>

%&
↵ (F )

<latexit sha1_base64="Q/BDlEP751V2L+Xgj+tumjGk9zc="></latexit>

''
% &

''''' '''''''% % %
& & &

''''' '''''''% % %& & &

''
% &

JP K\
<latexit sha1_base64="HDhyYGHLMfIWCmJ4V4CP6IbE1bM="></latexit>

''''' '''''''% % %
& & &

JP K\
<latexit sha1_base64="HDhyYGHLMfIWCmJ4V4CP6IbE1bM="></latexit>

21

€ 2.75 

€ 2.95 

€ 3.65 

€ 5.35 JP K 
<latexit sha1_base64="IcPKo6SmVB8/c7yiop9wQBVpSjU="></latexit>

P |= FK , JP K ✓ ↵ (FK)
<latexit sha1_base64="Pr0tvyzhZCYfPg4gRYu1Wo2pnMk="></latexit>

JP K ✓ ↵ (FK) ( JP K\ ✓ ↵ (FK)
<latexit sha1_base64="sU/ULGnAxS05CKG3V9deaniWxrA="></latexit>

——— € 3 

——— € 3 

——— € 4 

——— 
   € 6 

JP K ✓ ↵ (FK) ( JP K\ ✓ ↵ (FK)
<latexit sha1_base64="sU/ULGnAxS05CKG3V9deaniWxrA="></latexit>

Abstract Semantics
Sounds and Complete Causal Fairness Certification

( 8S1, S2 2 JP K\ : (S1[!] 6= S2[!] ) S1[0]|K \ S2[0]|K = ;)
<latexit sha1_base64="a8BryVE9trT8H5cM0mgwkAeLyvw="></latexit>
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……

…

…

Naïve Backward Analysis

F
<latexit sha1_base64="E3M+Qwxp+HxEVYkPjDZQOw30wUM="></latexit>

$$
&&

#$$ #

&&
#$$ #

21

Sound Causal Fairness Validation

$$

JP K\
<latexit sha1_base64="HDhyYGHLMfIWCmJ4V4CP6IbE1bM="></latexit>

&&
#$$ #

JP K+ 
<latexit sha1_base64="I8AaxtsM6UAlmTxo0LfkdFYPc2c="></latexit>

JP K\
<latexit sha1_base64="HDhyYGHLMfIWCmJ4V4CP6IbE1bM="></latexit>

8S1, S2 2 JP K\ :
(S1[!] 6= S2[!] )
S1[0]|K \ S2[0]|K = ;)

,
<latexit sha1_base64="CdM02jzzHieS/rt6fWVY7Mit1v4="></latexit>

�+
 (JP K\) ✓ FK ) �+

 (JP K+ ) ✓ FK ) P |= FK
<latexit sha1_base64="ByGOqL2t9ljfpMsO4RvCAB3/UGY="></latexit>

%&
↵ (F )

<latexit sha1_base64="Q/BDlEP751V2L+Xgj+tumjGk9zc="></latexit>

''
% &

''''' '''''''% % %
& & &

''''' '''''''% % %& & &

''
% &

JP K\
<latexit sha1_base64="HDhyYGHLMfIWCmJ4V4CP6IbE1bM="></latexit>

''''' '''''''% % %
& & &

JP K\
<latexit sha1_base64="HDhyYGHLMfIWCmJ4V4CP6IbE1bM="></latexit>

21

€ 2.75 

€ 2.95 

€ 3.65 

€ 5.35 JP K 
<latexit sha1_base64="IcPKo6SmVB8/c7yiop9wQBVpSjU="></latexit>

P |= FK , JP K ✓ ↵ (FK)
<latexit sha1_base64="Pr0tvyzhZCYfPg4gRYu1Wo2pnMk="></latexit>

JP K ✓ ↵ (FK) ( JP K\ ✓ ↵ (FK)
<latexit sha1_base64="sU/ULGnAxS05CKG3V9deaniWxrA="></latexit>

——— € 3 

——— € 3 

——— € 4 

——— 
   € 6 

JP K ✓ ↵ (FK) ( JP K\ ✓ ↵ (FK)
<latexit sha1_base64="sU/ULGnAxS05CKG3V9deaniWxrA="></latexit>

Abstract Semantics
Sounds and Complete Causal Fairness Certification

( 8S1, S2 2 JP K\ : (S1[!] 6= S2[!] ) S1[0]|K \ S2[0]|K = ;)
<latexit sha1_base64="a8BryVE9trT8H5cM0mgwkAeLyvw="></latexit>



x01 = float(input())  
x02 = float(input())  
 
x11 = -0.31 * x01 + 0.99 * x02 + (-0.63)  
x12 = -1.25 * x01 + (-0.64) * x02 + 1.88 
 
x11 = 0 if x11 < 0 else x11  
x12 = 0 if x12 < 0 else x12  
 
x21 = 0.40 * x11 + 1.21 * x12 + 0.00 
x22 = 0.64 * x11 + 0.69 * x12 + (-0.39)  
 
x21 = 0 if x21 < 0 else x21  
x22 = 0 if x22 < 0 else x22  
 
x31 = 0.26 * x21 + 0.33 * x22 + 0.45 
x32 = 1.42 * x21 + 0.40 * x22 + (-0.45)  
 
if x31 > x32:  
      print(‘credit approved’)  
elif x32 < x31:  
      print(‘credit denied’)

24

!

x01

x02

x11

x12

x21

x22

x31

x32

-0.31
0.40

0.26

0.69

-0.64 0.40

-1.25

0.
99

0.
33

1.42

0.64

1.
21

x01

x02

x11

x12

x21

x22

x31

x32

-0.63

1.88

0.00

-0.39

0.45

-0.45

"#

$$$

Toy Example
Naïve Backward Analysis

too many disjunctions!

… …

… …

x31 > x32x31 > x32 x32 > x31x32 > x31

1.16 * x21 + 0.07 * x22 > 0.901.16 * x21 + 0.07 * x22 > 0.901.16 * x21 + 0.07 * x22 < 0.901.16 * x21 + 0.07 * x22 < 0.90
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mathematical models  
of the program behavior

algorithmic approaches  
to decide program properties

practical tools  
targeting specific programs

$$$ $$ $"" # #
$$$ $$ $"" # #
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↵k
<latexit sha1_base64="hHrdPlwTngchzdkJ1KdYHfFVTDM="></latexit>

partition with respect to non-sensitive inputs

Parallel Semantics

JP K 
<latexit sha1_base64="IcPKo6SmVB8/c7yiop9wQBVpSjU="></latexit>

$$$$$ $$$$$$$" " "
# # #

$$$$$ $$$$$$$" " "
# # #

JP Kk
<latexit sha1_base64="kHOS1YnY4MEJ6nbWLvUyO6Bk1CI="></latexit>

JP Kk
<latexit sha1_base64="kHOS1YnY4MEJ6nbWLvUyO6Bk1CI="></latexit>

P |= FK , JP K ✓ ↵ (FK)
<latexit sha1_base64="Pr0tvyzhZCYfPg4gRYu1Wo2pnMk="></latexit>

, 8S1, S2 2 JP K : S1[0]|K \ S2[0]|K = ;
<latexit sha1_base64="j9HLfNILBxrTMY/wlvmJHXbusZg="></latexit>

P |= FK , JP Kk ✓ ↵ (FK)
<latexit sha1_base64="+X9CLHweLtN0QJnrZ5lBdly3lvU="></latexit>

, 8S1, S2 2 JP Kk : (S1[!] 6= S2[!] ) S1[0]|K \ S2[0]|K = ;)
<latexit sha1_base64="C9AuuYOaf0qXlnNdMVIE33V+xIc="></latexit>

, 8S1, S2 2 JP Kk : (S1[!] 6= S2[!] ) S1[0]|K \ S2[0]|K = ;)
<latexit sha1_base64="C9AuuYOaf0qXlnNdMVIE33V+xIc="></latexit>
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mathematical models  
of the program behavior

algorithmic approaches  
to decide program properties

practical tools  
targeting specific programs

$$$ $$ $"" # #
$$$ $$ $"" # #



Forward and Backward Analysis
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Forward and Backward Analysis
A Better Solution
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Forward and Backward Analysis
A Better Solution

L

U



x01 = float(input())  
x02 = float(input())  
 
x11 = -0.31 * x01 + 0.99 * x02 + (-0.63)  
x12 = -1.25 * x01 + (-0.64) * x02 + 1.88 
 
x11 = 0 if x11 < 0 else x11  
x12 = 0 if x12 < 0 else x12  
 
x21 = 0.40 * x11 + 1.21 * x12 + 0.00 
x22 = 0.64 * x11 + 0.69 * x12 + (-0.39)  
 
x21 = 0 if x21 < 0 else x21  
x22 = 0 if x22 < 0 else x22  
 
x31 = 0.26 * x21 + 0.33 * x22 + 0.45 
x32 = 1.42 * x21 + 0.40 * x22 + (-0.45)  
 
if x31 > x32:  
      print(‘credit approved’)  
elif x32 < x31:  
      print(‘credit denied’)

x01
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x11

x12

x21

x22

x31

x32

-0.31
0.40

0.26

0.69

-0.64 0.40

-1.25

0.
99
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1.
21
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x12

x21

x22

x31

x32

-0.63

1.88

0.00

-0.39

0.45

-0.45

"#

$$$
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= 0.25

= 2

x02

0
0

1

x011

30

Toy Example
Activation Pattern-Based Analysis !



x01 = float(input())  
x02 = float(input())  
 
x11 = -0.31 * x01 + 0.99 * x02 + (-0.63)  
x12 = -1.25 * x01 + (-0.64) * x02 + 1.88 
 
x11 = 0 if x11 < 0 else x11  
x12 = 0 if x12 < 0 else x12  
 
x21 = 0.40 * x11 + 1.21 * x12 + 0.00 
x22 = 0.64 * x11 + 0.69 * x12 + (-0.39)  
 
x21 = 0 if x21 < 0 else x21  
x22 = 0 if x22 < 0 else x22  
 
x31 = 0.26 * x21 + 0.33 * x22 + 0.45 
x32 = 1.42 * x21 + 0.40 * x22 + (-0.45)  
 
if x31 > x32:  
      print(‘credit approved’)  
elif x32 < x31:  
      print(‘credit denied’)
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Toy Example
Activation Pattern-Based Analysis

x01

x02

x11

x12

x21

x22

x31

x32

!



x01 = float(input())  
x02 = float(input())  
 
x11 = -0.31 * x01 + 0.99 * x02 + (-0.63)  
x12 = -1.25 * x01 + (-0.64) * x02 + 1.88 
 
x11 = 0 if x11 < 0 else x11  
x12 = 0 if x12 < 0 else x12  
 
x21 = 0.40 * x11 + 1.21 * x12 + 0.00 
x22 = 0.64 * x11 + 0.69 * x12 + (-0.39)  
 
x21 = 0 if x21 < 0 else x21  
x22 = 0 if x22 < 0 else x22  
 
x31 = 0.26 * x21 + 0.33 * x22 + 0.45 
x32 = 1.42 * x21 + 0.40 * x22 + (-0.45)  
 
if x31 > x32:  
      print(‘credit approved’)  
elif x32 < x31:  
      print(‘credit denied’)
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Toy Example
Activation Pattern-Based Analysis

x11

x12

x21

x22 !



x01 = float(input())  
x02 = float(input())  
 
x11 = -0.31 * x01 + 0.99 * x02 + (-0.63)  
x12 = -1.25 * x01 + (-0.64) * x02 + 1.88 
 
x11 = 0 if x11 < 0 else x11  
x12 = 0 if x12 < 0 else x12  
 
x21 = 0.40 * x11 + 1.21 * x12 + 0.00 
x22 = 0.64 * x11 + 0.69 * x12 + (-0.39)  
 
x21 = 0 if x21 < 0 else x21  
x22 = 0 if x22 < 0 else x22  
 
x31 = 0.26 * x21 + 0.33 * x22 + 0.45 
x32 = 1.42 * x21 + 0.40 * x22 + (-0.45)  
 
if x31 > x32:  
      print(‘credit approved’)  
elif x32 < x31:  
      print(‘credit denied’)

x01

x02

x11

x12

x21

x22

x31

x32

-0.31
0.40

0.26

0.69

-0.64 0.40

-1.25

0.
99

0.
33

1.42

0.64

1.
21

x01

x02

x11

x12

x21

x22

x31

x32

-0.63

1.88

0.00

-0.39

0.45

-0.45

"#

$$$

L
U

= 0.25

= 2

x02

0
0

1

x0110.5 0.5

30

Toy Example
Activation Pattern-Based Analysis !



x01 = float(input())  
x02 = float(input())  
 
x11 = -0.31 * x01 + 0.99 * x02 + (-0.63)  
x12 = -1.25 * x01 + (-0.64) * x02 + 1.88 
 
x11 = 0 if x11 < 0 else x11  
x12 = 0 if x12 < 0 else x12  
 
x21 = 0.40 * x11 + 1.21 * x12 + 0.00 
x22 = 0.64 * x11 + 0.69 * x12 + (-0.39)  
 
x21 = 0 if x21 < 0 else x21  
x22 = 0 if x22 < 0 else x22  
 
x31 = 0.26 * x21 + 0.33 * x22 + 0.45 
x32 = 1.42 * x21 + 0.40 * x22 + (-0.45)  
 
if x31 > x32:  
      print(‘credit approved’)  
elif x32 < x31:  
      print(‘credit denied’)
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x01 = float(input())  
x02 = float(input())  
 
x11 = -0.31 * x01 + 0.99 * x02 + (-0.63)  
x12 = -1.25 * x01 + (-0.64) * x02 + 1.88 
 
x11 = 0 if x11 < 0 else x11  
x12 = 0 if x12 < 0 else x12  
 
x21 = 0.40 * x11 + 1.21 * x12 + 0.00 
x22 = 0.64 * x11 + 0.69 * x12 + (-0.39)  
 
x21 = 0 if x21 < 0 else x21  
x22 = 0 if x22 < 0 else x22  
 
x31 = 0.26 * x21 + 0.33 * x22 + 0.45 
x32 = 1.42 * x21 + 0.40 * x22 + (-0.45)  
 
if x31 > x32:  
      print(‘credit approved’)  
elif x32 < x31:  
      print(‘credit denied’)
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x01 = float(input())  
x02 = float(input())  
 
x11 = -0.31 * x01 + 0.99 * x02 + (-0.63)  
x12 = -1.25 * x01 + (-0.64) * x02 + 1.88 
 
x11 = 0 if x11 < 0 else x11  
x12 = 0 if x12 < 0 else x12  
 
x21 = 0.40 * x11 + 1.21 * x12 + 0.00 
x22 = 0.64 * x11 + 0.69 * x12 + (-0.39)  
 
x21 = 0 if x21 < 0 else x21  
x22 = 0 if x22 < 0 else x22  
 
x31 = 0.26 * x21 + 0.33 * x22 + 0.45 
x32 = 1.42 * x21 + 0.40 * x22 + (-0.45)  
 
if x31 > x32:  
      print(‘credit approved’)  
elif x32 < x31:  
      print(‘credit denied’)
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x01 = float(input())  
x02 = float(input())  
 
x11 = -0.31 * x01 + 0.99 * x02 + (-0.63)  
x12 = -1.25 * x01 + (-0.64) * x02 + 1.88 
 
x11 = 0 if x11 < 0 else x11  
x12 = 0 if x12 < 0 else x12  
 
x21 = 0.40 * x11 + 1.21 * x12 + 0.00 
x22 = 0.64 * x11 + 0.69 * x12 + (-0.39)  
 
x21 = 0 if x21 < 0 else x21  
x22 = 0 if x22 < 0 else x22  
 
x31 = 0.26 * x21 + 0.33 * x22 + 0.45 
x32 = 1.42 * x21 + 0.40 * x22 + (-0.45)  
 
if x31 > x32:  
      print(‘credit approved’)  
elif x32 < x31:  
      print(‘credit denied’)
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x01 = float(input())  
x02 = float(input())  
 
x11 = -0.31 * x01 + 0.99 * x02 + (-0.63)  
x12 = -1.25 * x01 + (-0.64) * x02 + 1.88 
 
x11 = 0 if x11 < 0 else x11  
x12 = 0 if x12 < 0 else x12  
 
x21 = 0.40 * x11 + 1.21 * x12 + 0.00 
x22 = 0.64 * x11 + 0.69 * x12 + (-0.39)  
 
x21 = 0 if x21 < 0 else x21  
x22 = 0 if x22 < 0 else x22  
 
x31 = 0.26 * x21 + 0.33 * x22 + 0.45 
x32 = 1.42 * x21 + 0.40 * x22 + (-0.45)  
 
if x31 > x32:  
      print(‘credit approved’)  
elif x32 < x31:  
      print(‘credit denied’)
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x01 = float(input())  
x02 = float(input())  
 
x11 = -0.31 * x01 + 0.99 * x02 + (-0.63)  
x12 = -1.25 * x01 + (-0.64) * x02 + 1.88 
 
x11 = 0 if x11 < 0 else x11  
x12 = 0 if x12 < 0 else x12  
 
x21 = 0.40 * x11 + 1.21 * x12 + 0.00 
x22 = 0.64 * x11 + 0.69 * x12 + (-0.39)  
 
x21 = 0 if x21 < 0 else x21  
x22 = 0 if x22 < 0 else x22  
 
x31 = 0.26 * x21 + 0.33 * x22 + 0.45 
x32 = 1.42 * x21 + 0.40 * x22 + (-0.45)  
 
if x31 > x32:  
      print(‘credit approved’)  
elif x32 < x31:  
      print(‘credit denied’)
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x01 = float(input())  
x02 = float(input())  
 
x11 = -0.31 * x01 + 0.99 * x02 + (-0.63)  
x12 = -1.25 * x01 + (-0.64) * x02 + 1.88 
 
x11 = 0 if x11 < 0 else x11  
x12 = 0 if x12 < 0 else x12  
 
x21 = 0.40 * x11 + 1.21 * x12 + 0.00 
x22 = 0.64 * x11 + 0.69 * x12 + (-0.39)  
 
x21 = 0 if x21 < 0 else x21  
x22 = 0 if x22 < 0 else x22  
 
x31 = 0.26 * x21 + 0.33 * x22 + 0.45 
x32 = 1.42 * x21 + 0.40 * x22 + (-0.45)  
 
if x31 > x32:  
      print(‘credit approved’)  
elif x32 < x31:  
      print(‘credit denied’)
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x01 = float(input())  
x02 = float(input())  
 
x11 = -0.31 * x01 + 0.99 * x02 + (-0.63)  
x12 = -1.25 * x01 + (-0.64) * x02 + 1.88 
 
x11 = 0 if x11 < 0 else x11  
x12 = 0 if x12 < 0 else x12  
 
x21 = 0.40 * x11 + 1.21 * x12 + 0.00 
x22 = 0.64 * x11 + 0.69 * x12 + (-0.39)  
 
x21 = 0 if x21 < 0 else x21  
x22 = 0 if x22 < 0 else x22  
 
x31 = 0.26 * x21 + 0.33 * x22 + 0.45 
x32 = 1.42 * x21 + 0.40 * x22 + (-0.45)  
 
if x31 > x32:  
      print(‘credit approved’)  
elif x32 < x31:  
      print(‘credit denied’)
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x01 = float(input())  
x02 = float(input())  
 
x11 = -0.31 * x01 + 0.99 * x02 + (-0.63)  
x12 = -1.25 * x01 + (-0.64) * x02 + 1.88 
 
x11 = 0 if x11 < 0 else x11  
x12 = 0 if x12 < 0 else x12  
 
x21 = 0.40 * x11 + 1.21 * x12 + 0.00 
x22 = 0.64 * x11 + 0.69 * x12 + (-0.39)  
 
x21 = 0 if x21 < 0 else x21  
x22 = 0 if x22 < 0 else x22  
 
x31 = 0.26 * x21 + 0.33 * x22 + 0.45 
x32 = 1.42 * x21 + 0.40 * x22 + (-0.45)  
 
if x31 > x32:  
      print(‘credit approved’)  
elif x32 < x31:  
      print(‘credit denied’)
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Scalability-vs-Precision Tradeoff
Japanese Credit Screening Dataset
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Table 5. Comparison of Di�erent Analysis Configurations (Japanese Credit Screening) — 12 CPUs

L U ����� �������� ��������
����� |C| |F| ���� ����� |C| |F| ���� ����� |C| |F| ����

4 15.28% 37 0 0 8s 58.33% 79 8 20 1m 26s 69.79% 115 10 39 3m 18s
6 17.01% 39 6 6 51s 69.10% 129 22 61 5m 41s 80.56% 104 23 51 7m 53s
8 51.39% 90 28 85 12m 2s 82.64% 88 31 67 12m 35s 91.32% 84 27 56 19m 33s

0.5

10 79.86% 89 34 89 34m 15s 93.06% 98 40 83 42m 32s 96.88% 83 29 58 43m 39s
4 59.09% 1115 20 415 54m 32s 95.94% 884 39 484 54m 31s 98.26% 540 65 293 14m 29s
6 83.77% 1404 79 944 37m 19s 98.68% 634 66 376 23m 31s 99.70% 322 79 205 13m 25s
8 96.07% 869 140 761 1h 7m 29s 99.72% 310 67 247 1h 3m 33s 99.98% 247 69 177 22m 52s

0.25

10 99.54% 409 93 403 1h 35m 20s 99.98% 195 52 176 1h 2m 13s 100.00% 111 47 87 34m 56s
4 97.13% 12449 200 9519 3h 33m 48s 99.99% 1101 60 685 47m 46s 99.99% 768 81 415 19m 1s
6 99.83% 5919 276 4460 3h 23m 100.00% 988 77 606 26m 47s 100.00% 489 80 298 16m 54s
8 99.98% 1926 203 1568 2h 14m 25s 100.00% 404 73 309 46m 31s 100.00% 175 57 129 20m 11s

0.125

10 100.00% 428 95 427 1h 39m 31s 100.00% 151 53 141 57m 32s 100.00% 80 39 62 28m 33s
4 100.00% 19299 295 15446 6h 13m 24s 100.00% 1397 60 885 40m 5s 100.00% 766 87 425 16m 41s
6 100.00% 4843 280 3679 2h 24m 7s 100.00% 763 66 446 35m 24s 100.00% 401 81 242 32m 29s
8 100.00% 1919 208 1567 2h 9m 59s 100.00% 404 73 309 45m 48s 100.00% 193 68 144 24m 16s

0

10 100.00% 486 102 475 1h 41m 3s 100.00% 217 55 192 1h 2m 11s 100.00% 121 50 91 30m 53s

had no activation patterns to explore; this implies that the entire covered input space (i.e., the
percentage shown in the ����� column) was already certi�ed to be fair by the forward analysis.
Overall, we observe that whenever the analyzed input space is small enough (i.e., queries D � F ),

the size of the neural network has little in�uence on the input space coverage and slightly impacts
the analysis running time, independently of the domain used for the forward pre-analysis. Instead,
for larger analyzed input spaces (i.e., queries A � C) performance degrades quickly for larger
neural networks. These results thus support our claim. Again, as expected, we observe that the
�������� domain generally is the better choice for the forward pre-analysis, in particular for
queries exercising a larger input space or larger neural networks.

RQ5: Scalability-vs-Precision Tradeo�. To evaluate the e�ect of the analysis budget (bounds
L and U), we analyzed a model using di�erent budget con�gurations. For this experiment, we used
the Japanese Credit Screening8 dataset, which we made fair with respect to gender. Our 2-class
model (17 inputs and 4 hidden layers with 5 nodes each) had a classi�cation accuracy of 86%. Note
that accuracy does not increase by adding more layers or nodes per layer, in fact, it may signi�cantly
decrease — we tried up to 100 hidden layers with 100 nodes each.

Table 5 shows the results of the analysis for di�erent budget con�gurations and choices for the
domain used for the forward pre-analysis. The best con�guration in terms of input-space coverage
and analysis running time is highlighted. The symbol next to each domain name introduces the
marker used in the scatter plot of Figure 3a, which visualizes the coverage and running time.
Figure 3b zooms on 90.00%  ����� and 1000s  ����  1000s .
Overall, we observe that the more precise �������� and �������� domains boost input coverage,

most noticeably for con�gurations with a larger L. This additional precision does not always result
in longer running times. In fact, a more precise pre-analysis often reduces the overall running
time. This is because the pre-analysis is able to prove that more partitions are already fair without
requiring them to go through the backward analysis (cf. columns |F|).
Independently of the chosen domain for the forward pre-analysis, as expected, a larger U or a

smaller L increase precision. Increasing U or L typically reduces the number of completed partitions
(cf. columns |C|). Consequently, partitions tend to be more complex, requiring both forward and
backward analyses. Since the backward analysis tends to dominate the running time, more partitions

8https://archive.ics.uci.edu/ml/datasets/Japanese+Credit+Screening

Proc. ACM Program. Lang., Vol. 1, No. CONF, Article 1. Publication date: January 2018.
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Seeded Bias
German Credit Dataset (L = 0)

17 inputs
4 HL * 5 N
2 classes  
71% accuracy

17 inputs
4 HL * 5 N
2 classes  
65% accuracy
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Table 9. Analysis of Neural Networks Trained on Fair and {Age, Credit > 1000}-Biased Data (German Credit
Data) — Full Table (�������� Domain)

������
��������

���� ���� ������ ����
U ���� |C| |F| ���� U ���� |C| |F| ����
8 0.33% 170 21 25 3m 40s 8 0.79% 260 42 53 5m 42s
6 0.17% 211 10 10 4m 5s 4 0.31% 218 9 20 1m 6s
2 0.09% 176 4 5 14s 12 0.82% 271 53 61 18m 18s
7 0.15% 212 9 9 1m 31s 4 0.42% 242 21 28 1m 36s
3 0.23% 217 8 15 32s 10 0.95% 260 42 67 3m 2s
12 0.30% 213 17 23 5m 45s 2 0.41% 226 20 26 1m 56s
6 0.20% 193 11 11 52s 3 0.48% 228 19 34 39s

 1000

5 0.16% 193 9 10 10s 1 0.09% 206 5 5 51s
��� 0.09% 10s 0.09% 39s

������ 0.19% 1m 12s 0.45% 1m 46s
��� 0.33% 5m 45s 0.95% 18m 18s

10 12.08% 321 85 150 10m 30s 11 27.59% 498 234 333 1h 16m 41s
11 7.43% 329 75 125 22m 33s 7 30.77% 394 70 228 6m 34s
2 2.21% 217 15 16 39s 7 33.17% 435 185 327 6h 51m 50s
10 4.29% 239 24 33 4m 4s 6 16.45% 448 162 260 18m 25s
4 9.73% 268 29 87 4m 0s 13 30.17% 418 141 332 43m 12s
14 14.96% 403 116 231 1h 9m 45s 5 17.24% 460 91 217 12m 53s
7 5.83% 313 92 115 4m 17s 8 19.23% 363 79 189 7m 24s

> 1000

9 4.61% 264 50 74 5m 38s 2 4.52% 331 45 95 4m 44s
��� 2.21% 39s 4.52% 4m 44s

������ 6.63% 4m 58s 23.41% 15m 39s
��� 14.96% 1h 9m 45s 31.17% 6h 51m 50s

F.2 RQ2: Answering Bias �eries
Table 10, 11 and 12 show the analysis results for all eight models trained on the ������ dataset
from ProPublica. All columns are shown as before and, again, we highlighted across all tables the
choice of the abstract domain that entailed the shortest analysis time.

F.3 RQ6: Leveraging Multiple CPUs.
Table 13 shows the results of the experiment with the Japanese Credit Screening dataset on 24 vCPU.

Proc. ACM Program. Lang., Vol. 1, No. CONF, Article 1. Publication date: January 2018.
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Bias Queries
ProPublica COMPAS Dataset (L = 0)
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19 inputs
4 HL * 5 N
3 classes
55% | 56% accuracy
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Table 12. �eries on Neural Networks Trained on Fair and Race-Biased Data (ProPublica’s ������ Data) —
Full Table (�������� Domain)

����
��������

���� ���� ������ ����
U ���� |C| |F| ���� U ���� |C| |F| ����
10 0.23% 71 18 20 1h 11m 43s 10 0.83% 43 15 33 2h 5m 5s
10 0.75% 33 14 16 10m 33s 10 6.48% 63 25 34 8m 46s
10 0.22% 34 17 22 52m 29s 10 1.15% 33 10 14 11m 58s
10 0.24% 118 28 29 42m 2s 10 0.42% 31 13 30 10m 51s
10 0.31% 117 49 54 1h 0m 2s 10 0.12% 37 11 16 18m 18s
10 0.33% 59 18 21 53m 29s 10 2.27% 33 16 24 1h 4m 35s
10 1.19% 39 17 23 9m 39s 10 3.41% 133 92 102 33m 43s

��� < 25
���� ����?

10 2.12% 33 17 31 5m 18s 10 0.18% 33 12 17 14m 58s
��� 0.22% 5m 18s 0.12% 8m 46s

������ 0.32% 47m 16s 0.99% 16m 38s
��� 2.12% 1h 11m 43s 6.48% 2h 5m 5s

10 3.86% 242 96 180 2h 30m 23s 10 5.22% 204 65 180 3h 25m 21s
10 8.84% 100 45 77 19m 47s 10 12.38% 387 152 318 40m 49s
10 8.14% 204 47 143 28m 12s 10 7.10% 181 63 142 20m 51s
10 2.70% 563 168 232 1h 49m 9s 10 6.90% 96 23 95 1h 21m 37s
10 4.65% 545 280 415 1h 33m 36s 10 6.14% 157 62 110 27m 43s
10 5.77% 217 68 154 1h 35m 25s 10 8.10% 345 61 284 47m 9s
10 7.76% 252 62 226 23m 10s 10 6.78% 251 141 223 50m 13s

����
��� ����?

10 8.70% 267 90 266 53m 26s 10 12.88% 257 124 228 47m 46s
��� 2.70% 19m 47s 5.22% 20m 51s

������ 6.77% 1h 13m 31s 7.00% 47m 28s
��� 8.84% 2h 20m 23s 12.88% 3h 25m 21s

11 2.18% 106 21 53 2h 32m 44s 11 2.92% 86 26 69 2h 26m 20s
7 3.66% 105 38 55 18m 26s 11 6.95% 108 33 71 15m 29s
11 2.73% 100 32 57 39m 5s 14 4.43% 69 12 51 1h 47m 5s
17 2.19% 101 28 57 16h 19m 14s 7 3.40% 83 21 82 20m 1s
19 3.17% 86 30 53 52h 10m 2s 13 3.09% 96 24 58 1h 8m 4s
11 2.45% 94 26 52 2h 18m 42s 14 5.79% 99 45 87 1h 51m 2s
15 3.94% 87 29 52 2h 39m 18s 17 5.10% 110 73 94 17h 48m 22s

���������
������ ����?

15 5.36% 90 35 89 3h 41m 16s 14 3.99% 97 38 65 1h 21m 8s
��� 2.18% 18m 26s 2.92% 15m 29s

������ 2.95% 2h 36m 1s 4.21% 1h 34m 7s
��� 5.36% 52h 10m 2s 6.95% 17h 48m 22s

Table 13. Comparison of Di�erent Analysis Configurations (Japanese Credit Screening) — 24 vCPUs

L U ����� �������� ��������
����� |C| |F| ���� ����� |C| |F| ���� ����� |C| |F| ����

4 15.28% 36 0 0 7s 58.33% 120 7 34 3m 32s 69.79% 75 10 27 2m 43s
6 17.01% 39 6 7 49s 69.10% 80 21 40 4m 19s 80.56% 138 26 65 12m 27s
8 51.39% 92 30 86 12m 27s 82.64% 96 32 76 14m 13s 91.32% 89 36 61 13m 33s

0.5

10 79.86% 89 34 89 29m 41s 93.06% 91 37 83 47m 1s 96.88% 73 33 52 30m
4 59.09% 1320 21 433 57m 33s 95.94% 656 42 340 32m 38s 98.26% 488 65 272 14m 11s
6 83.77% 1600 80 1070 1h 6m 58s 98.68% 516 61 287 18m 6s 99.70% 286 77 182 13m 14s
8 96.07% 1148 141 969 2h 41m 1s 99.72% 260 58 207 28m 57s 99.98% 241 70 175 29m 27s

0.25

10 99.54% 409 93 403 1h 38m 38s 99.98% 213 50 189 1h 16m 11s 100.00% 88 42 68 20m 25s
4 97.13% 12449 203 9519 3h 59m 27s 99.99% 1101 59 685 1h 2m 58s 99.99% 892 86 493 18m 4s
6 99.83% 4198 266 3234 2h 31m 54s 100.00% 759 73 461 51m 28s 100.00% 563 108 344 40m 35s
8 99.98% 1741 217 1488 2h 16m 27s 100.00% 308 67 242 33m 14s 100.00% 230 67 167 22m 36s

0.125

10 100.00% 582 97 564 2h 16m 13s 100.00% 180 56 154 1h 5m 59s 100.00% 80 39 62 30m 18s
4 100.00% 16018 288 12964 5h 3m 18s 100.00% 1883 63 1196 1h 52m 25s 100.00% 804 90 442 19m 47s
6 100.00% 4675 279 3503 3h 2m 30s 100.00% 632 71 371 38m 3s 100.00% 302 75 189 19m 51s
8 100.00% 1609 217 1382 2h 7m 9s 100.00% 326 67 252 1h 12s 100.00% 194 68 148 26m 9s

0

10 100.00% 463 99 460 2h 12m 12s 100.00% 217 55 192 1h 13m 55s 100.00% 130 48 98 50m 10s
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Table 3. Comparison of Di�erent Model Structures (Adult Census Data)

|M| U ����� �������� ��������
����� |C| |F| ���� ����� |C| |F| ���� ����� |C| |F| ����

4 88.26% 1482 77 1136 33m 55s 95.14% 1132 65 686 19m 5s 93.99% 1894 77 992 29m 55s
6 99.51% 769 51 723 1h 10m 25s 99.93% 578 47 447 39m 8s 99.83% 1620 54 1042 1h 24m 24s
8 100.00% 152 19 143 3h 47m 23s 100.00% 174 18 146 1h 51m 2s 100.00% 1170 26 824 8h 2m 27s

10

10 100.00% 1 1 1 55m 58s 100.00% 1 1 1 56m 8s 100.00% 1 1 1 56m 43s
4 49.83% 719 9 329 13m 43s 72.29% 1177 11 559 24m 9s 60.52% 1498 14 423 10m 32s
6 72.74% 1197 15 929 2h 6m 49s 98.54% 333 7 195 20m 46s 66.46% 1653 17 594 15m 44s
8 98.68% 342 9 284 1h 46m 43s 98.78% 323 9 190 1h 27m 18s 70.87% 1764 18 724 2h 19m 11s

12

10 99.06% 313 7 260 1h 21m 47s 99.06% 307 5 182 1h 13m 55s 80.76% 1639 18 1007 3h 22m 11s
4 38.92% 1044 18 39 2m 6s 51.01% 933 31 92 15m 28s 49.62% 1081 34 79 3m 2s
6 46.22% 1123 62 255 20m 51s 61.60% 916 67 405 44m 40s 59.20% 1335 90 356 22m 13s
8 64.24% 1111 96 792 2h 24m 51s 74.27% 1125 78 780 3h 26m 20s 69.69% 1574 127 652 5h 6m 7s

20

10 85.90% 1390 71 1339 >13h 89.27% 1435 60 1157 >13h 76.25% 1711 148 839 4h 36m 23s
4 0.35% 10 0 0 1m 39s 34.62% 768 1 1 6m 56s 26.39% 648 2 3 10m 11s
6 0.35% 10 0 0 1m 38s 34.76% 817 4 5 43m 53s 26.74% 592 8 10 1h 23m 11s
8 0.42% 12 1 2 14m 37s 35.56% 840 21 28 2h 48m 15s 27.74% 686 32 42 2h 43m 2s

40

10 0.80% 23 10 13 1h 48m 43s 37.19% 880 50 75 11h 32m 21s 30.56% 699 83 121 >13h
4 1.74% 50 0 0 1m 38s 41.98% 891 14 49 10m 14s 36.60% 805 6 8 2m 47s
6 2.50% 72 3 22 4m 35s 45.00% 822 32 143 45m 42s 38.06% 847 25 50 5m 7s
8 9.83% 282 25 234 25m 30s 47.78% 651 46 229 1h 14m 5s 42.53% 975 74 180 25m 1s

45

10 18.68% 522 33 488 1h 51m 24s 49.62% 714 51 294 3h 23m 20s 48.68% 1087 110 373 1h 58m 34s

models trained on biased data. This bias is intended and present in the original data: as one would
expect, recidivism risk di�ers for di�erent numbers of priors. Overall, these results demonstrate the
e�ectiveness of our analysis in answering speci�c bias queries.

For each line in Table 2, we highlighted the choice of abstract domain that entailed the shortest
analysis time. We observe that �������� seems generally the better choice. The di�erence in
performance becomes more striking as the analyzed input space becomes smaller, i.e., for QC . This
is because �������� is speci�cally designed for proving local robustness of neural networks. Thus,
our input partitioning, in addition to allowing for parallelism, is also enabling analyses designed
for local properties to prove global properties, like causal fairness.

The analysis results for all models are shown in the appendix (see Tables 10, 11, and 12).

RQ3: E�ect of Model Structure on Scalability. To evaluate the e�ect of the model structure
on the scalability of our analysis, we trained models on the Adult Census dataset6 by varying
the number of layers and nodes per layer. The dataset assigns a yearly income (> or  USD 50K)
based on personal attributes such as gender, race, and occupation. We trained all models (with 23
inputs) on a fair dataset with respect to gender and ensured that each model reached a minimum
classi�cation accuracy of 78%. Accuracy does not increase by adding more layers or nodes per layer,
in fact, it may signi�cantly decrease — we tried up to 100 hidden layers with 100 nodes each.
Table 3 shows the results. The �rst column (|M|) shows the total number of hidden nodes and

introduces the marker symbols used in the scatter plot of Figure 2 (to identify the domain used for
the forward pre-analysis: left, center, and right symbols respectively refer to the �����, ��������,
and �������� domains). The models have the following number of hidden layers and nodes per
layer (from top to bottom): 2 and 5; 4 and 3; 4 and 5; 4 and 10; 9 and 5.

Column U shows the chosen upper bound for the analysis. For each model, we tried four di�erent
choices of U. Column ����� shows the input-space coverage, i.e., the percentage of the input space
that was completed by the analysis. Column |C| shows the total number of analyzed (i.e., completed)
input space partitions. Column |F| shows the total number of abstract activation patterns (left) and
feasible input partitions (right) that the backward analysis had to explore. The di�erence between
|C| and the number of partitions shown in |F| are the input partitions that the pre-analysis found
6https://archive.ics.uci.edu/ml/datasets/adult
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Table 4. Comparison of Di�erent Input Space Sizes and Model Structures (Adult Census Data)

|M| ���� ����� �������� ��������
����� |C| |F| ���� ����� |C| |F| ���� ����� |C| |F| ����

F 100.000% 100.000% 100.000%
0.009% 0.009%

9 2 3 3m 3s
0.009%

5 1 2 3m 5s
0.009%

3 1 1 2m 33s

E 99.996% 100.000% 100.000%
0.104% 0.104%

83 9 39 3m 13s
0.104%

26 3 9 3m 8s
0.104%

22 3 9 2m 38s

D 99.978% 100.000% 100.000%
1.042% 1.042%

457 13 176 5m
1.042%

292 9 63 4m 50s
1.042%

287 6 65 5m 14s

C 99.696% 100.000% 100.000%
8.333% 8.308%

3173 20 1211 36m 12s
8.333%

2668 13 417 17m 40s
8.333%

2887 10 519 29m 52s

B 97.318% 99.991% 99.978%
50% 48.659%

15415 61 5646 1h 39m 36s
49.996%

12617 34 2112 1h 1m 19s
49.989%

13973 24 2405 1h 14m 19s

A 94.032% 99.935% 99.896%

20

100% 94.032%
18642 70 8700 2h 30m 46s

99.935%
15445 40 3481 1h 29m

99.896%
17784 39 4076 1h 47m 7s

F 99.931% 99.961% 99.957%
0.009% 0.009%

11 0 0 3m 5s
0.009%

17 0 0 3m 2s
0.009%

10 0 0 2m 36s

E 99.583% 99.783% 99.753%
0.104% 0.104%

61 0 0 3m 6s
0.104%

89 0 0 3m 10s
0.104%

74 0 0 2m 44s

D 97.917% 99.258% 98.984%
1.042% 1.020%

151 0 0 2m 56s
1.034%

297 0 0 3m 41s
1.031%

477 0 0 2m 58s

C 83.503% 95.482% 93.225%
8.333% 6.958%

506 2 3 2h 1m
7.956%

885 25 34 >13h
7.768%

1145 23 33 12h 57m 37s

B 25.634% 76.563% 63.906%
50% 12.817%

5516 7 11 1h 28m 6s
38.281%

4917 123 182 >13h
31.953%

7139 117 152 >13h

A 0.052% 61.385% 43.698%

80

100% 0.052%
12 0 0 25m 51s

61.385%
5156 73 102 10h 25m 2s

43.698%
4757 68 88 >13h

F 99.931% 99.944% 99.931%
0.009% 0.009%

6 0 0 3m 15s
0.009%

9 0 0 3m 35s
0.009%

6 0 0 3m 30s

E 99.583% 99.627% 99.583%
0.104% 0.104%

121 0 0 3m 39s
0.104%

120 0 0 6m 34s
0.104%

31 0 0 4m 22s

D 97.917% 98.247% 97.917%
1.042% 1.020%

151 0 0 6m 18s
1.024%

597 0 0 21m 9s
1.020%

301 0 0 9m 35s

C 83.333% 88.294% 83.342%
8.333% 6.944%

120 0 0 30m 37s
7.358%

755 0 0 1h 36m 35s
6.945%

483 0 0 52m 29s

B 25.000% 46.063% 25.074%
50% 12.500%

5744 0 0 2h 24m 36s
23.032%

4676 0 0 7h 25m 57s
12.537%

5762 4 4 >13h

A 0.000% 24.258% 0.017%

320

100% 0.000%
0 0 0 2h 54m 25s

24.258%
2436 0 0 9h 41m 36s

0.017%
4 0 0 5h 3m 33s

F 99.931% 99.948% 99.931%
0.009% 0.009%

11 0 0 7m 35s
0.009%

10 0 0 24m 42s
0.009%

6 0 0 7m 6s

E 99.583% 99.674% 99.583%
0.104% 0.104%

31 0 0 15m 49s
0.104%

71 0 0 51m 52s
0.104%

31 0 0 15m 14s

D 97.917% 98.668% 97.917%
1.042% 1.020%

151 0 0 1h 49s
1.028%

557 0 0 3h 31m 45s
1.020%

301 0 0 1h 3m 33s

C 83.333% 83.333%
8.333% 6.944%

481 0 0 7h 11m 39s � � � � >13h
6.944%

481 0 0 7h 12m 57s

B
50%

� � � � >13h � � � � >13h � � � � >13h

A

1280

100%
� � � � >13h � � � � >13h � � � � >13h

D: C ^work class = private exercised input space: 1.043% (4 work class choices)
E: D ^marital status = single exercised input space: 0.104% (5 marital status choices)
F : E ^ occupation = blue-collar exercised input space: 0.009% (6 occupation choices)

For the analysis budget, we used L = 0.25, U = 0.1 ⇤ |M|, and a time limit of 13h. Column �����
shows, for each domain used for the forward pre-analysis, the coverage of the exercised input
space (i.e., the percentage of the input space that satis�es the query and was completed by the
analysis) and the corresponding input-space coverage (i.e., the same percentage but this time scaled
to the entire input space). Columns U, |C|, |F|, and ���� are as before. Where a timeout is indicated
(i.e., ���� > 13h) and the values for the �����, |C|, and |F| columns are missing, it means that the
timeout occurred during the pre-analysis; otherwise, it happened during the backward analysis.
For each model and query, we highlighted the con�guration (i.e., the abstract domain used for the
pre-analysis) that achieved the highest input-space coverage with the shortest analysis running
time. Note that, where the |F| column only contains zeros, it means that the backward analysis
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Table 4. Comparison of Di�erent Input Space Sizes and Model Structures (Adult Census Data)

|M| ���� ����� �������� ��������
����� |C| |F| ���� ����� |C| |F| ���� ����� |C| |F| ����

F 100.000% 100.000% 100.000%
0.009% 0.009%

9 2 3 3m 3s
0.009%

5 1 2 3m 5s
0.009%

3 1 1 2m 33s

E 99.996% 100.000% 100.000%
0.104% 0.104%

83 9 39 3m 13s
0.104%

26 3 9 3m 8s
0.104%

22 3 9 2m 38s

D 99.978% 100.000% 100.000%
1.042% 1.042%

457 13 176 5m
1.042%

292 9 63 4m 50s
1.042%

287 6 65 5m 14s

C 99.696% 100.000% 100.000%
8.333% 8.308%

3173 20 1211 36m 12s
8.333%

2668 13 417 17m 40s
8.333%

2887 10 519 29m 52s

B 97.318% 99.991% 99.978%
50% 48.659%

15415 61 5646 1h 39m 36s
49.996%

12617 34 2112 1h 1m 19s
49.989%

13973 24 2405 1h 14m 19s

A 94.032% 99.935% 99.896%

20

100% 94.032%
18642 70 8700 2h 30m 46s

99.935%
15445 40 3481 1h 29m

99.896%
17784 39 4076 1h 47m 7s

F 99.931% 99.961% 99.957%
0.009% 0.009%

11 0 0 3m 5s
0.009%

17 0 0 3m 2s
0.009%

10 0 0 2m 36s

E 99.583% 99.783% 99.753%
0.104% 0.104%

61 0 0 3m 6s
0.104%

89 0 0 3m 10s
0.104%

74 0 0 2m 44s

D 97.917% 99.258% 98.984%
1.042% 1.020%

151 0 0 2m 56s
1.034%

297 0 0 3m 41s
1.031%

477 0 0 2m 58s

C 83.503% 95.482% 93.225%
8.333% 6.958%

506 2 3 2h 1m
7.956%

885 25 34 >13h
7.768%

1145 23 33 12h 57m 37s

B 25.634% 76.563% 63.906%
50% 12.817%

5516 7 11 1h 28m 6s
38.281%

4917 123 182 >13h
31.953%

7139 117 152 >13h

A 0.052% 61.385% 43.698%

80

100% 0.052%
12 0 0 25m 51s

61.385%
5156 73 102 10h 25m 2s

43.698%
4757 68 88 >13h

F 99.931% 99.944% 99.931%
0.009% 0.009%

6 0 0 3m 15s
0.009%

9 0 0 3m 35s
0.009%

6 0 0 3m 30s

E 99.583% 99.627% 99.583%
0.104% 0.104%

121 0 0 3m 39s
0.104%

120 0 0 6m 34s
0.104%

31 0 0 4m 22s

D 97.917% 98.247% 97.917%
1.042% 1.020%

151 0 0 6m 18s
1.024%

597 0 0 21m 9s
1.020%

301 0 0 9m 35s

C 83.333% 88.294% 83.342%
8.333% 6.944%

120 0 0 30m 37s
7.358%

755 0 0 1h 36m 35s
6.945%

483 0 0 52m 29s

B 25.000% 46.063% 25.074%
50% 12.500%

5744 0 0 2h 24m 36s
23.032%

4676 0 0 7h 25m 57s
12.537%

5762 4 4 >13h

A 0.000% 24.258% 0.017%

320

100% 0.000%
0 0 0 2h 54m 25s

24.258%
2436 0 0 9h 41m 36s

0.017%
4 0 0 5h 3m 33s

F 99.931% 99.948% 99.931%
0.009% 0.009%

11 0 0 7m 35s
0.009%

10 0 0 24m 42s
0.009%

6 0 0 7m 6s

E 99.583% 99.674% 99.583%
0.104% 0.104%

31 0 0 15m 49s
0.104%

71 0 0 51m 52s
0.104%

31 0 0 15m 14s

D 97.917% 98.668% 97.917%
1.042% 1.020%

151 0 0 1h 49s
1.028%

557 0 0 3h 31m 45s
1.020%

301 0 0 1h 3m 33s

C 83.333% 83.333%
8.333% 6.944%

481 0 0 7h 11m 39s � � � � >13h
6.944%

481 0 0 7h 12m 57s

B
50%

� � � � >13h � � � � >13h � � � � >13h

A

1280

100%
� � � � >13h � � � � >13h � � � � >13h

D: C ^work class = private exercised input space: 1.043% (4 work class choices)
E: D ^marital status = single exercised input space: 0.104% (5 marital status choices)
F : E ^ occupation = blue-collar exercised input space: 0.009% (6 occupation choices)

For the analysis budget, we used L = 0.25, U = 0.1 ⇤ |M|, and a time limit of 13h. Column �����
shows, for each domain used for the forward pre-analysis, the coverage of the exercised input
space (i.e., the percentage of the input space that satis�es the query and was completed by the
analysis) and the corresponding input-space coverage (i.e., the same percentage but this time scaled
to the entire input space). Columns U, |C|, |F|, and ���� are as before. Where a timeout is indicated
(i.e., ���� > 13h) and the values for the �����, |C|, and |F| columns are missing, it means that the
timeout occurred during the pre-analysis; otherwise, it happened during the backward analysis.
For each model and query, we highlighted the con�guration (i.e., the abstract domain used for the
pre-analysis) that achieved the highest input-space coverage with the shortest analysis running
time. Note that, where the |F| column only contains zeros, it means that the backward analysis
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Table 4. Comparison of Di�erent Input Space Sizes and Model Structures (Adult Census Data)

|M| ���� ����� �������� ��������
����� |C| |F| ���� ����� |C| |F| ���� ����� |C| |F| ����

F 100.000% 100.000% 100.000%
0.009% 0.009%

9 2 3 3m 3s
0.009%

5 1 2 3m 5s
0.009%

3 1 1 2m 33s

E 99.996% 100.000% 100.000%
0.104% 0.104%

83 9 39 3m 13s
0.104%

26 3 9 3m 8s
0.104%

22 3 9 2m 38s

D 99.978% 100.000% 100.000%
1.042% 1.042%

457 13 176 5m
1.042%

292 9 63 4m 50s
1.042%

287 6 65 5m 14s

C 99.696% 100.000% 100.000%
8.333% 8.308%

3173 20 1211 36m 12s
8.333%

2668 13 417 17m 40s
8.333%

2887 10 519 29m 52s

B 97.318% 99.991% 99.978%
50% 48.659%

15415 61 5646 1h 39m 36s
49.996%

12617 34 2112 1h 1m 19s
49.989%

13973 24 2405 1h 14m 19s

A 94.032% 99.935% 99.896%

20

100% 94.032%
18642 70 8700 2h 30m 46s

99.935%
15445 40 3481 1h 29m

99.896%
17784 39 4076 1h 47m 7s

F 99.931% 99.961% 99.957%
0.009% 0.009%

11 0 0 3m 5s
0.009%

17 0 0 3m 2s
0.009%

10 0 0 2m 36s

E 99.583% 99.783% 99.753%
0.104% 0.104%

61 0 0 3m 6s
0.104%

89 0 0 3m 10s
0.104%

74 0 0 2m 44s

D 97.917% 99.258% 98.984%
1.042% 1.020%

151 0 0 2m 56s
1.034%

297 0 0 3m 41s
1.031%

477 0 0 2m 58s

C 83.503% 95.482% 93.225%
8.333% 6.958%

506 2 3 2h 1m
7.956%

885 25 34 >13h
7.768%

1145 23 33 12h 57m 37s

B 25.634% 76.563% 63.906%
50% 12.817%

5516 7 11 1h 28m 6s
38.281%

4917 123 182 >13h
31.953%

7139 117 152 >13h

A 0.052% 61.385% 43.698%

80

100% 0.052%
12 0 0 25m 51s

61.385%
5156 73 102 10h 25m 2s

43.698%
4757 68 88 >13h

F 99.931% 99.944% 99.931%
0.009% 0.009%

6 0 0 3m 15s
0.009%

9 0 0 3m 35s
0.009%

6 0 0 3m 30s

E 99.583% 99.627% 99.583%
0.104% 0.104%

121 0 0 3m 39s
0.104%

120 0 0 6m 34s
0.104%

31 0 0 4m 22s

D 97.917% 98.247% 97.917%
1.042% 1.020%

151 0 0 6m 18s
1.024%

597 0 0 21m 9s
1.020%

301 0 0 9m 35s

C 83.333% 88.294% 83.342%
8.333% 6.944%

120 0 0 30m 37s
7.358%

755 0 0 1h 36m 35s
6.945%

483 0 0 52m 29s

B 25.000% 46.063% 25.074%
50% 12.500%

5744 0 0 2h 24m 36s
23.032%

4676 0 0 7h 25m 57s
12.537%

5762 4 4 >13h

A 0.000% 24.258% 0.017%

320

100% 0.000%
0 0 0 2h 54m 25s

24.258%
2436 0 0 9h 41m 36s

0.017%
4 0 0 5h 3m 33s

F 99.931% 99.948% 99.931%
0.009% 0.009%

11 0 0 7m 35s
0.009%

10 0 0 24m 42s
0.009%

6 0 0 7m 6s

E 99.583% 99.674% 99.583%
0.104% 0.104%

31 0 0 15m 49s
0.104%

71 0 0 51m 52s
0.104%

31 0 0 15m 14s

D 97.917% 98.668% 97.917%
1.042% 1.020%

151 0 0 1h 49s
1.028%

557 0 0 3h 31m 45s
1.020%

301 0 0 1h 3m 33s

C 83.333% 83.333%
8.333% 6.944%

481 0 0 7h 11m 39s � � � � >13h
6.944%

481 0 0 7h 12m 57s

B
50%

� � � � >13h � � � � >13h � � � � >13h

A

1280

100%
� � � � >13h � � � � >13h � � � � >13h

D: C ^work class = private exercised input space: 1.043% (4 work class choices)
E: D ^marital status = single exercised input space: 0.104% (5 marital status choices)
F : E ^ occupation = blue-collar exercised input space: 0.009% (6 occupation choices)

For the analysis budget, we used L = 0.25, U = 0.1 ⇤ |M|, and a time limit of 13h. Column �����
shows, for each domain used for the forward pre-analysis, the coverage of the exercised input
space (i.e., the percentage of the input space that satis�es the query and was completed by the
analysis) and the corresponding input-space coverage (i.e., the same percentage but this time scaled
to the entire input space). Columns U, |C|, |F|, and ���� are as before. Where a timeout is indicated
(i.e., ���� > 13h) and the values for the �����, |C|, and |F| columns are missing, it means that the
timeout occurred during the pre-analysis; otherwise, it happened during the backward analysis.
For each model and query, we highlighted the con�guration (i.e., the abstract domain used for the
pre-analysis) that achieved the highest input-space coverage with the shortest analysis running
time. Note that, where the |F| column only contains zeros, it means that the backward analysis
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For the analysis budget, we used L = 0.25, U = 0.1 ⇤ |M|, and a time limit of 13h. Column �����
shows, for each domain used for the forward pre-analysis, the coverage of the exercised input
space (i.e., the percentage of the input space that satis�es the query and was completed by the
analysis) and the corresponding input-space coverage (i.e., the same percentage but this time scaled
to the entire input space). Columns U, |C|, |F|, and ���� are as before. Where a timeout is indicated
(i.e., ���� > 13h) and the values for the �����, |C|, and |F| columns are missing, it means that the
timeout occurred during the pre-analysis; otherwise, it happened during the backward analysis.
For each model and query, we highlighted the con�guration (i.e., the abstract domain used for the
pre-analysis) that achieved the highest input-space coverage with the shortest analysis running
time. Note that, where the |F| column only contains zeros, it means that the backward analysis
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